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1. SYNOPSIS. ' ’
:Lue t o  t h e i r  a r c h i t e c t u r a l  a t t r a c t i o n ,  h y p e r b o l i c  
p a r a b o l o i d  s h e l l s  h ave  b e e n  c o n s t r u c t e d  i n  i n c r e a s i n g  • 
n um bers  d u r i n g  t h e  l a s t  d e c a d e ,  a l t h o u g h . v e r y  l i t t l e ■ 
a t t e n t i o n  h a s  b e e n  p a i d  t o w a r d s  t h e  d e v e l o p m e n t ■o f  
a c c u r a t e  m e th o ds  o f  a n a l y s i s .  Even t h e  r e l a t e d  membrane . 
' t h e o r i e s  h a v e  n o t  ye t .  b e e n  sum m ar ized .
T h is  t h e s i s  i s  c o n c e r n e d  w i t h  an  a n a l y t i c a l  and 
e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  t h e  s t r e s s e s ,  d e f o r m a t i o n s  
and s t a b i l i t y  o f  t h i n ' h y p e r b o l i c  p a r a b o l o i d  s h e l l s -  
s u b j e c t e d  t o  u n i f o r m  and n o n - u n i f o r m ,  v e r t i c a l  a s  w e l l  ... 
a s  h o r i z o n t a l  l o a d s .  .
A f t e r  a  h i s t o r i c a l  r e v i e w , '  t h e  g e n e r a l - s h e l l -  - - -
t h e o r y  i s  d i s c u s s e d .  \  I t  i s  n o t  t h e  p u r p o s e  of:  t h i s  t h e s i s  
t o  d e s c r i b e - . t h e  g e n e r a l  s h e l l  t h e o r y  i n ‘ g r e a t  d e t a i l ' a n d  
i t  i s  e x p l a i n e d  h e r e  o n l y  f ro m  a  c e r t a i n  v i e w p o i n t ,  by  
e m p h a s i z i n g  t h e  g r e a t  i m p o r t a n c e  o f  VLASOV*s e q u a t i o n s .
■It w i l l  be  p o i n t e d  o u t  t h a t  t h o s e ,  e q u a t i o n s  p r o v i d e  a l l .  
t h e  s u f f i c i e n t -  and n e c e s s a r y  i n f o r m a t i o n  on w h ic h  t h e  
t h e o r e t i c a l  i n v e s t i g a t i o n  f o r  a l l  t h e  two and t h r e e  
d i m e n s i o n a l  p r o b l e m s  o f  e l a s t i c i t y  r e s t s .  As l o n g  a s  we 
r e s o r t  t o  t h e  domain  o f  r e a l  n u m b e r s ,  t h e  VLASOV e q u a t i o n s  
a r e  t h e  b a s e s  f o r  a l l  t h e  e x i s t i n g  s h e l l - t h e o r i e s  a s  w e l l  
a s  t h e  f u r t h e r  d e v e l o p m e n t s  w h ic h  c an  be  made i n  t h i s  f i e l d .
A c o m p r e h e n s iv e  d i s c u s s i o n  f o r  t h e  m e m b ra n e . t h e o r y  
o f  h y p e r b o l i c  p a r a b o l o i d  s h e l l s  f o l l o w s ,  where  p a r t i c u l a r  
a t t e n t i o n  i s  p a i d  t o  t h e  v a r i o u s  s h a p e s  and l o a d i n g  c o n d i t i o n s .
The p o s s i b i l i t y  o f  t h e  d i r e c t  and  i n d i r e c t  s o l u t i o n  a s  w e l l  
a s • t h e  p e r m i s s i b l e  b o u n d a r y  c o n d i t i o n  a r e  d i s c u s s e d  and t h e  ^ 
p o l y n o m i a l  m e th o d ,  a s  a  s u i t a b l e .a p p r o x i m a t i o n  f o r  i n d i r e c t  
s o l u t i o n  i s  a l s o  i n t r o d u c e d .
T h e ' e d g e - d i s t u r b a n c e  and t h e  d e f o r m a t i o n  o f  t h e  
r e c t a n g u l a r  t i m b e r  s h e l l s  a r e . i n v e s t i g a t e d  f o r  two d i f f e r e n t  
b o u n d a r y  c o n d i t i o n s . .  A s e p a r a t e  c h a p t e r  i s  d e v o t e d  t o  t h e  
a n a l y s i s  o f  l a m i n a t e d  t i m b e r  d iam ond s h e l l s ,  w h e r e ' p a r t i c u l a r  
a t t e n t i o n  i s  p a i d  t o  t h e  wind  e f f e c t .  The c r e e p  e f f e c t  and- 
t h e  m o d e l - p r o t o t y p e  c o r r e l a t i o n  f o r  t i m b e r  s h e l l s  a r e  a l s o  
i n v e s t i g a t e d .  I t  i s  o b s e r v e d ,  t h a t  t h e  membrane t h e o r y  
seems t o  be  a  s u i t a b l e  a p p r o x i m a t i o n  f o r  t i m b e r  s h e l l s ,  
where  t h e  m a t e r i a l  c an  e a i i a l l y  r e s i s t  b o t h  t e n s i l e  and. 
c o m p r e s s i v e  f o r c e s .  ■ The d i s p l a c e m e n t s ,  h o w e v e r ,  a r e  c r i t i c a l  
so m e t im es  and  t o  r e d u c e _them t h e  s t i f f n e s s  o f  th e .  u n s u p p o r t e d
- i ■
edge beams h a s  to  be  i n c r e a s e d .  ' B a s e d  on t e s t  r e s u l t s ,  
n o m o g ram s ' a r e  p r e s e n t e d  f o r  t h e  d e t e r m i n a t i o n  o f  t h e '  
n e c e s s a r y  edge  beam s i z e s  f o r  a  g i v e n  s i d e  l e n g t h  and p r e ­
d e t e r m i n e d  v e r t i c a l  d i s p l a c e m e n t s .  ■ L
A n . a d d i t i o n a l  c h a p ' t e r  i s  d e v o t e d  t o  t h e  t i m b e r  s h e l l  
i n  g e n e r a l .
A s i m p l i f i e d  b e n d i n g  t h e o r y  i s  d e v e l o p e d  t o  a n a l y s e  
a  r e c t a n g u l a r ,  p r e c a s t  c o n c r e t e  h y p a r  s h e l l ,  where  two 
o p p o s i t e  low c o r n e r s  a r e  b u i l t - i n  and  no edge  beams a r e  u s e d  
a l o n g  t h e  p e r i m e t e r .  I t  i s  f o u n d  t h a t  t h e  e d g e - d i s t u r b a n c e  
i s  n o t  c r i t i c a l ,  and  t h e  f a i l u r e  o f  t h e  s h e l l  o c c u r s  due' t o  
t a n g e n t i a l  s h e a r .  The a n a l y t i c a l  and  e x p e r i m e n t a l  r e s u l t s  
a r e  n o t  i n  v e r y  good a g r e e m e n t  and  d i s c r e p a n c i e s  a r e  f o u n d
i n  c e r t a i n  r e g i o n s  o f  t h e  s h e l l .  T h is  l e a d s  to  t h e  
c o n c l u s i o n  t h a t  t h e  b e n d i n g  t h e o r y  i s  n o t  a d e q u a t e  f o r  
a n a l y s i n g  a l l  o f  t h e  p o s s i b l e  b o u n d a r y  c o n d i t i o n s ,  and 
s o m e t im e s ,  a s  i n  t h e  . p r e s e n t  c a s e ,  i t  i s  a l s o '  n e c e s s a r y  
t o  i n v e s t i g a t e  t h e  n o n - l i n e a r  b e h a v io u r . "
F i n a l l y ,  t h e  r e s i s t a n c e  o f  t h e  f r e e  edge a g a i n s t  
b u c k l i n g  i s  e x am in e d .  A n a l y t i c a l  and  e x p e r i m e n t a l  .. 
i n v e s t i g a t i o n s  a r e  c a r r i e d  o u t  on a  b l a c k  P e r s p e x  
r e c t a n g u l a r  h y p a r  s h e l l ,  w here  two o p p o s i t e  low c o r n e r s  
a r e ' b u i l t - i n  and  no edge beams a r e  u s e d .  The a n a l y t i c a l '  
and  e x p e r i m e n t a l ,  r e s u l t s  a r e  c l o s e  t o  e a c h  o t h e r .  I t  i s  
o b s e r v e d ,  t h a t  t h e  s t i f f n e s s  o f  t h e  edge  s t r i p  i s  o f  g r e a t '  
i m p o r t a n c e  and t o  i n c r e a s e  t h e  r e s i s t a n c e  o f  t h e  h y p a r ■ 
a g a i n s t  b u c k l i n g ,  t h e ‘i n e r t i a  o f  t h e ‘edge- s t r i p  h a s  t o • 
be  i n c r e a s e d .  . ’ A . ■ " :
LONDON 1967. . •-• ■ L.O.KERESZTESY.
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t h e y  o c c u r .  /  ' ■
,V. HISTORICAL BACKGROUND. ■ '
The t h e o r y  o f  s h e l l s  a s  a  s e p a r a t e  b r a n c h  o f '  
k now ledge  e v o l v e d  o n l y  i n  t h e  p r e s e n t  c e n t u r y  /and; I  
u n t i l  t h e  r e c e n t  p a s t  i t  h a s  b e e n  c o n s i d e r e d  a  s u b - . '  
d i v i s i o n  o f  t h e  T h eo ry  o f  E l a s t i c i t y , w h ic h  was i n  - 
t u r n  a  c h a p t e r  o f  t h e  m e c h a n i c a l  s c i e n c e s  and  ' i t s  
h i s t o r y  fo rm s  a  v e r y  i m p o r t a n t  and  f a s c i n a t i n g  
" c h a p t e r  o f  t h e  d e v e lo p m e n t  o f  human k n o w le d g e .  ■
; When man i n v e n t e d  t o o l s  t o  i n c r e a s e  h i s  own 
power  and  when he c r e a t e d  t h e  f i r s t , d w e l l i n g  t o  g iv e '  
him p r o t e c t i o n  and  s e c u r i t y ,  h i s  a t t e n t i o n  n a t u r a l l y  
t u r n e d  t o w a r d s  t h e  p r o b le m '  o f  m e c h a n i c s .  I n  e v e r y  
a n c i e n t  c i v i l i z a t i o n ,  i n c l u d i n g  t h e  E g y p t i a n s ,  t h e  • 
C h i n e s e  and H indu  s c i e n t i s t s ,  t h e  C r e e k s ,  t h e  Hebrews 
and t h e  A rabs '  t r i e d  t o  t a c k l e  t h e s e  p r o b l e m s .  The. 
b r a n c h  o f  m e c h a n ic s  w h ic h  c o n c e r n s " u s ’ h e r e ,  n a m e ly  
s t a t i c s ,  was g i v e n  a  s t r o n g  b o o s t  when t h e  d e v e l o p - ,  
m en t  o f  towns n e c e s s i t a t e d  t h e  b u i l d i n g  o f  h o u s e s  
and  o t h e r  e n g i n e e r i n g  " s t r u c t u r e s  on a  ' l a r g e  s c a l e ; 
how ever  t h i s  p r o g r e s s  was c h a r a c t e r i s e d  by  t h e  i m p r o v e ­
m en ts  w h ic h  a f f e c t e d ' o n l y  t h e  t r a d e  c o n c e r n e d ,  and  a s  
a  r e s u l t ,  h a r d l y  a n y  g e n e r a l  t h e o r e t i c a l  a d v a n c e s  
. were  made. ' ;
I n  t h e  IX c e n t u r y  B . C . ,  t h e  - f i r s t  U n i v e r s i t y  was
fo u n d e d  i n  I n d i a  and i t s  main- f i e l d s  o f '  s t u d y  i n c l u d e d
n o t  o n l y  SANSKRIT and  R e l i g i o u s  P h i l o s o p h y  b u t  a l s o
A l g e b r a ,  G eom etry  and  M e c h a n ic s .  I n  t h e  IV c e n t u r y  B . C . ,
ARISTOTELES s o l v e d  t h e  p r o b l e m  o f  t h e  l e v e r  b u t  a s  he ■
d i d  n o t  k n o w . t h e  c o n c e p t o f  moments ,  c o n c l u d e d  t h a t  i t  ..
m us t  be one o f  t h e  "Wondrous q u a l i t i e s  o f  t h e  C i r c l e " .
' In .  t h e  I I  c e n t u r y  B . C . ,  t h e  c o n c e p t  o f  moments f i r s t '
■ a p p e a r s  i n  t h e  A r a b i c  t r a n s l a t i o n  o f  t h e  w orks  o f
HERON OP ALEXANDRIA. The Romans -  t h o u g h  e x c e l l e n t '  . ,
e n g i n e e r s  - ' c u r i o u s l y  d i d  n o t  c o n t r i b u t e  t o  t h e  
t h e o r e t i c a l  a d v a n c e s  i n  m e c h a n ic s  and  o n l y  t o w a r d s  t h e  
end o f - t h e  M id d le  Ages do we h e a r  o f  s t u d i e s  w h ic h  
i n v e s t i g a t e d .u n i v e r s a l  l aw s  i n  t h e  s u b j e c t .
I n  t h e  X I I I  c e n t u r y ,  JORDANUS DE HEMORE ’ .
p r o d u c e d  a  work o n . t h e  f o r c e  o f ' g r a v i t y .  I n  XIV c e n t u r y ,  : 
JEAN BOURIDALI, R e c t o r  o f  t h e  P a r i s  U n i v e r s i t y ,  
i n t r o d u c e d  t h e  p r o b l e m  . o f  i n e r t i a  and  . ALBERT _SZAS Z 
d i r e c t e d  h i s  s t u d e n t s ’ a t t e n t i o n  t o  t h e  p r o b l e m  o f  
c e n t r e  o f  g r a v i t y  and  f r e e  f a l l .  I t . i s  a p p r o x i m a t e l y  
d u r i n g  t h i s  p e r i o d  t h a t  t h e  O xfo rd  S c h o o l  i n t r o d u c e d  
t h e  c o n c e p t ,  o f  a c c e l e r a t i o n  and  d e s c r i b e d  t h e  a c c e l e r a t i o n ; !
a t  u n i f o r m  r a t e .  • B
■ ’• * . •* ' ■ '
The f o u n d a t i o n s  f o r  t h e ' s c i e n t i f i c  d e v e l o p m e n t  ■ . 
o f " m echanic 's  were  l a i d  down d u r i n g 1 t h e  R e n a i s s a n c e .  The 
t h r e e  l a w s  o f  COPERNICUS and  KEPLER f i n a l l y  s e t t l e d  t h e  
■ l o n g - d i s p u te d  p r o b l e m s  of ,  t h e  movements'  o f  t h e  p l a n e t s .
P a r  a h e a d  o f  h i s  t i m e • LEONARDO da VINCI d e s i g n e d  i n 11502 
a  240 m e t e r  sp a n  s t o n e  - b r i d g e . f o r  BAJAZID t h e  2nd T u r k i s h  
E m pero r ,  c o n n e c t i n g '  t h e  two s i d e s  o f  t h e  B o s p h o r u s .  
P r o f e s s o r . 'S T U S S I ,  h a v i n g  exam ined  t h e  d e s i g n  came t o  t h e  ■ 
c o n c l u s i o n  t h a t  t h e  b r i d g e  c o u l d  have  b e e n  b u i l t .  •
G-ALILEO ( 1 5 6 4 - 1 6 4 2 )  and  h i s  f o l l o w e r s  gave  r i s e  t o  t h e  
t h e o r y  f o r  t h e  s t r e n g t h  o f  c a n t i l e v e r  and  s i m p l e  s u p p o r t e d  
beam b u t  a s  . t h e y . did. n o t  know t h e  concept- ,  o f  e l a s t i c i t y  
t h e y  were  o n l y  g r o p i n g  i n  t h e ' d a r k  u n t i l  t h e  i m p a c t  o f  
HOOKE' s work i n  t h i s  f i e l d .  '
SIR ISAAC NEWTON (1:642-1703) s y s t e m a t i z e d  a l l  t h e  
known b r a n c h e s  o f  m e c h a n ic s  and  ad d ed  t o  i t  h i s  own t h e o r i e s  
. o f  g r a v i t a t i o n a l  a t t r a c t i o n  and h i s  memorable  law :  "ACTIO - 
' PAR REACTIO". I n  h i s  "PHILOSOPHIAE NATURA1IS PRINCIPIA 
MATHEMATICA" he l a i d  down, t h e  b a s e s  o f  t h e  i n f i n i t e s i m a l  
c a l c u l a t i o n s  f ro m  w h ic h  d i f f e r e n t i a l . e q u a t i o n s  were  .to be  
d e r i v e d .  These l a t t e r  were  s i g n i f i c a n t  f ro m  t h e  p o i n t  o f  
v iew  o f  an y  t h e o r e t i c a l  r e s e a r c h  and  b y  t h e i r  a p p l i c a t i o n ,  
' f o r  i n s t a n c e ,  m u l t i v a r i a n t ,  p r o c e s s e s  o f  m e c h a n i c s  .could  be  
' m a t h e m a t i c a l l y  e x p r e s s e d .  •
R. HOOKE . ( 1 6 3 5 -1 70 3 )  s t a t e d  h i s  f a m o u s - l a w :  "UT 
TENSIO SIC VIS" and w i t h  t h i s  t h e  s t u d y  o f  E l a s t i c i t y  
commenced. E. MARIOTTE w'as t h e  f i r s t  t o  m e n t i o n  t h a t  t h e  
f i b r e s  i n  t h e  b e n t  g i r d e r  l e n g t h e n  on one s i d e  w h i l e  
s h o r t e n i n g  on t h e  o t h e r  one .  LEIBNIZ came t o  t h e  same 
c o n c l u s i o n  and e v e n t u a l l y  PARENT i n  1 Y1 O d e f i n e d  t h e  n e u t r a l  
a x i s t  JACOB BERNOULLI ( 1 6 5 9 - 1 7 0 9 )  s t a t e d  h i s  v ie w  t h a t  t h e  
c r o s s - s e c t i o n s  o f  a  b e n t  b e a m ’r e m a i n  p l a n e s  a f t e r  b e n d i n g  '
■ and  he was t h e  f i r s t  t o p . s t a t e  t h e  d i f f e r e n t i a l  e q u a t i o n  o f ,  •/ 
t h e  e l a s t i c  l i n e  a s :  : 1 ’ . 5 , • A
•JOHN BERNOULLI i n  1717 s t a t e d  t h e  c o n c e p t  o f  t h e  
v i r t u a l  work .  L,.  EULER ( 1 707-17.83) . d e f i n e d  t h e  c o n c e p t  o f  
t h e  moment o f  i n e r t i a  and  a l s o  i n v e n t e d  t h e  t h e o r y  o f  b e n d i n g  
f o r  t h e  c u r v e d  b a r s .  By v i r t u e  o f  h i s  d i f f e r e n t i a l  e q u a t i o n  
f o r  t h e  c r i t i c a l  b r e a k i n g  f o r c e  o f  t h e  c e n t r a l l y  c o m p r e s s e d  
c o lu m n s ,  he i s  . the  f i r s t  s c i e n t i s t . - t o  u n d e r s t a n d  b u c k l i n g A '
EULER a l s o  c a r r i e d  o u t  s i g n i f i c a n t  r e s e a r c h  i n t o  t h e  
p r o b l e m  o f  v i b r a t i n g  membranes and  he e x p r e s s e d  h i s  
r e s u l t s  i n  t h e  f o l l o w i n g  d i f f e r e n t i a l ' e q u a t i o n :
- f r *  ^  *2 .
T h is  d i f f e r e n t i a l  e q u a t i o n  d e a l s  w i t h  v i b r a t i - o n  in- t e r m s  
o f  t im e  b u t  i t  c an  be. u s e d  f o r  d e d u c i n g  a d i f f e r e n t  fo rm  . 
f  o r  i t  • i n  w h i c h ' l o a d  i s  s u b s t i t u t e d  f o r  t im e  and 
e q u i l i b r i u m  ' f o r  v i b r a t i o n  and  t h i s 1 f o r m u l a  became i m p o r t a n t  
i n  t h e  XIX c e n t u r y  i n  t h e  t h e o r y  o f  s h e l l s .  J .  LAG-RANG-E 
( 1 7 6 3 - 1 8 1 3)' c a r r i e d  o u t  r e s e a r c h  on t h e  t h e o r y  o f  p l a t e s  
and  w i t h  SOPHIE G-ERMAIN ' o u t l i n e d  t h e  d i f f e r e n t i a l  e q u a t i o n  . 
f o r  t h e  v i b r a t i o n  o f  p l a t e s : '  .
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These d i s c o v e r i e s  d i d  n o t  ho w ev er  h e l p  t h o s e  who ■... 
were  a c t i v e l y  eng ag e d  i n  t h e  c o n s t r u c t i o n  o f  b u i l d i n g s . -  
b e c a u s e  t h e r e  e x i s t e d  a  l a r g e  gap b e tw e e n  t h e i r  k n o w le d g e  
o f  m a t h e m a t i c s  a n d - t h a t  o f  t h e  t h e o r e t i c a l  r e s e a r c h e r s . ,  
TRELG-OLL, * an  E n g l i s h  e n g i n e e r  o f  t h e  t i m e , w i t h  s l i g h t  
s a r c a s m  t u r n e d  up . t h e  e x i s t i n g  d i s c o r d ' b e t w e e n  d e s i g n e r s  ■, 
and  b u i l d e r s  when he p o i n t e d  o u t  t h a t  t h e  p e rm a n e n c e  o f  a  • 
b u i l d i n g  w a s ■i n v e r s e l y  p r o p o r t i o n a l  to  t h e  t h e o r e t i c a l ;  1 
know led ge  o f  i t s  b u i l d e r .  vp
F i n a l l y ,  i n  t h i s  r a t h e r  c o n f u s e d  age  L. NAVIER-. 
p u b l i s h e d  h i s  work (1826)  i n  w h i c h  a l l  t h e  known f a c t s  
a b o u t . t h e  s t r e n g t h -  and s t a b i l i t y  o f  t h e •b u i l d i n g s  w e re ,  
sum m arized  and s y s t e m a t i z e d .  T h e r e f o r e . h e  c a n  b e  c o n s i d e r e d  
a s  a  f o u n d e r  o f  t h e  THEORY OE STRUCTURES. I t  was also-NAVIER 
who u s i n g  LAG-RANG-ET s r e s u l t s  i n v e n t e d  t h e  d i f f e r e n t i a l - . .  ' ... 
e q u a t i o n  f o r  e q u i l i b r i u m ,  c o n d i t i o n s  o f  t h e  p l a t e s ,  i n  t h e
fo rm  o f :
. -> v _ _3L3 ^ Oa5- «> y1- c> cl 0
T h is  f o r m u l a  w as ,  i n ' f a c t ,  t h e  f o u n d a t i o n  . s t o n e  o f  t h e  
' e l a s t i c  ^ theory of .  p l a t e s .  . ' , .
By t h i s  t im e  t h e  Theory  o f  E l a s t i c i t y  c o u l d  he  ■ 
c l e a r l y  s e p a r a t e d  f ro m  t h e  e s t a b l i s h e d  E n g i n e e r i n g  
M e c h a n ic s ,  th o u g h '  t h e  t h e o r y  o f  s t r e s s e s  was t h e  work o f ‘ 
CAUCHY ( 1 7 8 9 ~ 1 8 5 7 ) .  ■ He was t h e  f i r s t  t o  i n t r o d u c e  the,  
c o n c e p t s  o f . p r i n c i p a l  s t r e s s e s  and  he a l s o  i n v e n t e d  t h e
V . *
b h s i c  e q u a t i o n s  d e s c r i b i n g  t h e  e q u i l i b r i u m  c o n d i t i o n s  o f  
t h e  e l a s t i c  body:. i ,
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'He l a t e r  p r o d u c e d ,  u s i n g  G-AUSS 1S and EULER’ s r e s u l t s , .  t h e  ; 
p r i n c i p l e s  o f  t h e  a n a l y s i s  o f  com plex  v a r i a b l e s .  .H i s  r e s u l t s  
o f f e r e d  a l m o s t  u n l i m i t e d  o p p o r t u n i t i e s  i n  s o l v i n g  t h e  tw o-  
d i m e n s i o n a l  p r o b l e m s  o f  E l a s t i c i t y ,and  H y d r a u l i c s .  . CAUCHY’ s ' 
i d e a s  have  b e e n  b r o u g h t ; , i n t o  b e i n g  f o r - . t h e  T heo ry  o f  
E l a s t i c i t y  t y  H. I  .MUSEHELISHYILY^ 1 ■, G.H. SAVlH 2 b  and 
SZ.G.MIHLIN d u r i n g  t h e  p r e s e n t  :d e c a d e .
I n  1852 D r-SAINT YENANT p r e s e n t e d  hi"s e p o c h - m a k in g  " . 
memoire to  t h e  ACABEMIE ERANCAISE i n  w h ic h  he p r o v e s  t h a t  
t h e  s t r e s s e s  c a n  be  c a l c u l a t e d  i n  any  p o i n t  o f  t h e  e l a s t i c  .■ 
body  i f  t h e  d e f o r m a t i o n a l  f u n c t i o n s  a r e  k n o w n , ' .  T h is  w a s . t h e '  
f i r s t  e v i d e n c e  f o r  t h e  e x i s t e n c e  o f  r e l a t i o n s 'b e tw e e n  
s t r e s s e s  a n d , d e f o r m a t i o n s .  He. a l s o  r e a l i s e d . t h a t  t h e  p r i s m  
s u b j e c t e d  t o  a x i a l  f o r c e  u n d e r g o e s  d e f o r m a t i o n  n o r m a l  t o  t h e
f o r c e  and he e x p r e s s e d ,  t h i s '  phenomenon i n  t h e  f o l l o w i n g
l i n e a r  e q u a t i o n :  ' .' -
£y *  <5*
T h is  c o n t r i b u t i o n  made i t  p o s s i b l e  t o  g e n e r a l i s e  HOOKE’ s 
haw and r e w r i t e  i t  ' i n  t h e  f o l l o w i n g  fo rm :  . ■
t % *  i f  [  6 *  b />  (. 6b + (>z)] -
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h 1 SAINT .VENAET a l s o  l a i d  down t h e  b a s i c  law  o f  t h e  A p p l i e d  
S t r e n g t h  o f  M a t e r i a l s  a c c o r d i n g  t o  w h ic h :  I f  a  system, o f
s e l f - e q u i l i b r a t e d  f o r c e s  i s  d i s t r i b u t e d  on a  s m a l l  p o r t i o n  
o f  t h e  s u r f a c e  o f  t h e  p r i s m ,  a  s u b s t a n t i a l  d e f o r m a t i o n  w i l l '  ■ 
be  p r o d u c e d  o n l y  i n  t h e  v i c i n i t y  o f  t h e s e  f o r c e s .  1 .
' I n  1853 Gr. LAM4 p r e s e n t e d  h i s  fam ous  . d i s s e r t a t i o n  t o
t h e  ACALEMIE ERANCAISE (SUR L 1EQUILIBRE INTERIEURE LES' CORPS 
SOLIBES HOMOG-ENES).. T h is  work h a s  become a  c l a s s i c  and  h a s  
n o t . l o s t  i t s  s i g n i f i c a n c e  e v en  to d a y . .  T h is  was . th e  f i r s t  
work w h ich  sum m arized  a l l  t h e  known f a c t s  a b o u t  e l a s t i c i t y  
and  m o r e o v e r ,  i t  a lso ,  ad d ed  t o  t h e  e x i s t i n g  p o o l  o f  k n o w le d g e .  
He was t h e  f i r s t  t o  s t a t e  d e f i n i t e l y . t h a t  i n  a  g i v e n  s h e l l  o f  
i n f i n i t e .e x t e n s i o n  t h e r e  e x i s t s  a  t w o - d i m e n s i o n a l  s t a t e  o f  
s t r e s s e s  and c o n s e q u e n t l y  . the  s t r e s s  r e s u l t a n t s  c a n  be  '
c a l c u l a t e d  by  t h e  CAUCHY e q u a t i o n s .  . T ak in g  i n t o  a c c o u n t , '  
h o w ev er ,  t h a t  t h e  p r o b l e m  c o n t a i n e d  ‘ t h r e e  unknowns (^ x ' ,6 y ,  ^xy) 
a t h i r d  e q u a t i o n  had  t o  b e  d e r i v e d ,  w h ic h  he gave  i n  t h e  
f o l l o w i n g  fo rm :  •
6* ^  *. o r  ^ fir __ v r  0 ^  Oz. -7
T h is  e q u a t i o n  i s  c a l l e d ' t h e  LAMi’ s RELATION o r  t h e . e q u a t i o n  ' 
o f  c o m p a t i b i l i t y .  . As a  r e s u l t  o f  t h e  above  work LAmA became 
t h e  f o u n d e r  o f  . t h e  MEMBRANE THEORY OE SHELLS and  . . i t  i s  a l s o  
a  r e s u l t  o f  t h i s  s t u d y  t h a t  t h e  t h e o r y  of. s h e l l s  became a  _ 
c l e a r l y  d e f i n e d  a n d . r e l i a n t ' b r a n c h  o f  s c i e n c e s .  •
At t h e  t urn  o f  t h e  c e n t u r y ,  '.SIR d P .  AIRY, 
d i s c o v e r e d ' t h e  f u n c t i o n  whose s e c o n d a r y  p a r t i a l  d e r i v a t i v e s  
d e s c r i b e  t h e  s t r e s s - c o m p o n e n t s  i n  t h e  f o l l o w i n g  way:
<5*
S.
.T h is  f u n c t i o n ,  whose i m p o r t a n c e  i s  n o t  l i m i t e d  t o  t h e  '
t h e o r y  o f - s h e l l s  b u t  a l s o  e l a s t i c i t y  i t s e l f ,  was named .
a f t e r  t h e  i n v e n t o r  and i s  known t o d a y  a s  AIRY*s STRESS 
* ~ . . •
FUNCTION.- -  \  t A, >
' A. PUCHER^) was t h e  f i r s f  t o  u s e  i n  1933 t h e  s t r e s s
f u n c t i o n  f o r  f u r t h e r  s i m p l i f y i n g  t h e  LAME’ s e q u a t i o n s  and he
o b t a i n e d  t h e  f o l l o w i n g  p a r t i a l  " d i f f e r e n t i a l . e q u a t i o n  o f  t h e ■
s e c o n d  o r d e r :  .
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As a  r e s u l t  o f  PUCHER1s ' s t u d y . t h e  t h r e e  b a s i c  f u n c t i o n s  o f  
t h e  membrane t h e o r y  were- b r o u g h t ,  t o  l i g h t  ( s h a p e , ■l o a d ,  s t r e s s ) ; 
f u r t h e r m o r e , -  one o f  t h e s e  d  s - a lw a y s  d e f i n a b l e  i f  ' t h e / o t h e r  
two a r e  known. PUCHER and h i s  f o l l o w e r s  n a m e ly  W.ELUG-UE^) , 
A.L.PARME^6 t  I.BRAKECOV^h 1 .  E I S C H E p e t c . ,  t o o k  t h e  •
sh ap e  and l o a d  f u n c t i o n s  a s  k n o w n .a n d  d e v e l o p e d  v a r i o u s
a c c u r a t e  and  a p p ro x im a te ,  m e th o d s  f o r  t h e  d e f i n i t i o n  o f  t h e  '•
■ ( q )
s t r e s s - f u n c t i o n .  P r o f e s s o r  P. CSONKAw ' was t h e  f i r s t  t o  s t u d y
t h e  s o - c a l l e d  i n v e r s e  p r o b l e m  and s o l v e d ,  i t  i n  g r e a t  d e t a i l ; /
He to o k  t h e  lo ad  f u n c t i o n  a s  known and f o r ' V a r i o u s  s t r e s s  V
f u n c t i o n s  he c o n s t r u c t e d  c o r r e s p o n d i n g  s u r f a c e s .  U s in g
P r o f e s s o r  CSONKA's r e s u l t s ' ,  J. 'PELIEAtK 1 0  ^ worked  o u t  an 
a p p r o x i m a t e  m ethod "based on i t e r a t i o n  and w i t h  i t s  a i d  he 
was a b l e  to  d e f i n e  d i f f e r e n t  s u r f a c e s  c o r r e s p o n d i n g  t o  t h e  
s e p a r a t e  d i s t r i b u t i o n s  o f  n o r m a l  f o r c e s  w h ic h  were  assum ed 
a l o n g  t h e  \ e d g e s .  ■' ; . '
The s h e l l  o f  i n f i n i t e  e x t e n s i o n , "  f o r  w h ic h  CAUCHYs 
and LAME's e q u a t i o n s  a r c  c o n c e r n e d ,  h a s  h o w ever  no / r /.
s i g n i f i c a n c e  i n  p r a c t i c e .  The p r a c t i c a l  a p p l i c a t i o n  i  ;•
• X
r e q u i r e s  t h a t  we c u t  o u t  t h e  a p p r o p r i a t e '  s u r f a c e  f ro m  t h e  
s h e l l  o f  i n f i n i t e  e x t e n s i o n  and s u p p o r t  i t  a l o n g  t h e  
" p e r i m e t e r  i n  s u c h  a  way a s  t h e  p a r t i c u l a r , a p p l i c a t i o n  o r  
a r c h i t e c t u r a l  r e q u i r e m e n t s  make i t  n e c e s s a r y .  We s h a l l  have  
n a t u r a l l y  v a r i o u s  f o r c e s  and moments a l o n g  t h e s e ,  s u p p o r t e d . ,  
e d g e s  w h ic h ,  i n  s e v e r a l  c a s e s ,  w i l l  d i s t u r b  t h e  membrane/  
s t a t e  o f  s t r e s s e s .  . I n " s e v e r a l ' o t h e r  c a s e s  t h e  s t i f f n e s s  o f '
■ t h e ■edge and t h e  same o f  t h e  s h e l l  a r e  d i f f e r e n t  a n d - a s  a .  
r e s u l t ,  t h e  s h e l l - w i l l  n o t  be a b l e  t o  f o l l o w  th e '  d e f o r m a t i o n  
o f  t h e  edge w i t h o u t  t h e  o c c u r r e n c e  o f . b e n d i n g  w i t h i n  t h e  s h e l l .
The p r o b l e m  o f  b e n d i n g  was' f i r s t  m e n t i o n e d  by  
A..E.H. LOVE i n  1892 and-he-  d e a l t  w i t h  i t  i n  h i s  b o o k ' " A 
TREATISE ON THE MATHEMATICAL THEORY OE ELASTICITY". When, 
a t-  t h e  end o f  t h e .  1 9 3 0 ’ s,- s h e l l  s t r u c t u r e s  became more w i d e l y  
u sed '  and a s  t h i s  new t r e n d  i n  a r c h i t e c t u r e  a s  w e l l  a s  . t h e
v a r i o u s  f u n c t i o n a l . r e q u i r e m e n t s  n e c e s s i t a t e d  t h e  a p p l i c a t i o n .
/ ’ '
o f  s e v e r a l  m e tho d s  o f  s u p p o r t ,  / the  p r o b l e m  o f  b e n d i n g  became
i n e v i t a b l e . .  Thus i n  1932 V.EINS TER VALUER ^   ^  ^ , i n  -1933’
F . D I S C K I N G B f U ^ . i n  1936 H. SCHORe V  1 3 L n d  i n  1940 S. TIMOSHENkA
m i l  a t t e m p t e d  t o  s o l v e  t h i s  p r o b l e m  b u t .  i t s  s u c c e s s f u l  ' “ -
(-1 T )s o l u t i o n  d i d  . r o t  come b y  u n t i l  V. Z.VLAS0Vv ■ '  i n  t h e  f o l l o w i n g  
fo rm :  . . •
VLASOV’ s e q u a t i o n s  a r e  s e t  up with, t n e  l i n e s  o f  c u r v a t u r e  
on t h e  s h e l l  s u r f a c e  a s  c o - o r d i n a t e s ,  r e f e r  t o  s h a l l o w  s h e l l s  
The g e o m e t r y  o f  t h o s e  s h e l l s  on t h e  s u r f a c e  i s  n e a r l y ,  e q u a l  
t o  .the g e o m e t r y  on t h e  p l a n e  w i t h  c o n s t a n t  . r a d i i  o f  c u r v a t u r e  
The POISSON’ s r a t i o  i s  n e g l e c t e d  and  t h e  a p p l i c a t i o n . o f  
t h i s  s e t  o f  e q u a t i o n s , i s ,  l i m i t e d  - t o  s h e l l s  f o r  w h ic h  t h e  . 
ra^ t io  o f  r i s e  t o  . sp a n  i s  n o t  g r e a t e r  t h a n  1 / 5 .
. In  1951 N. AMBARTUMJAN^ ^  i n t r o d u c e d  t h e  s t r e s s -  
d i s p l a c e m e n t  f u n c t i o n  i n  the,- f o l l o w i n g  fo rm :
and w i t h  i t  VLASOV’ s e q u a t i o n s  "became s i m p l e r .  The ' • 
. s i m p l i f i c a t i o n  was c a r r i e d  o u t  Toy K.APELAILD and P r o f e s s o r  '■
E .P .  P O P ( V V  T I n  1953 A . l .ao i 'P E R W E IZ E R ^1 8 t  i n -1966 
W.PlttGrG-E, i n  1956 W.BOHGARD*-1 9  ^ l a t e r  P r o f e s s o r  A.I.BOIMA*-20' 
E .S .  JEHKINS1' 21 t  J . E . G I B S O l f 2 2  ^ and W. ZERNA^ c o n t r i b u t e d .  ' 
new s e c t i o n s  t o  t h e  a l r e a d y ,  r a p i d l y  e x p a n d i n g  l i t e r a t u r e  o f  .-/ 
t h e  s h e l l  s t r u c t u r e s .  I n  1956 ? . V.NOVOZHIloA2 4 ' was t h e  V  
f i r s t  t o  a p p l y  t h e  d e f i n i t i o n  o f  uLINEAR 'THEORY" and s t a t e d  *x 
t h a t  t h e  t h e o r i e s  so f a r  had  Toeen a l l  l i n e a r  on a c c o u n t  o f  
t h e  l i n e a r i t y  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  . d e s c r i b i n g .  them. .
- I n  1959 H. TQTENHAM p o s e d  t h e  f o l l o w i n g - q u e s t i o n :
What w i l l  t h e  s t r e s s - d i s t r i b u t i o n  i n , t h e  s h e l l  Toe. i f  -the 
s t r e s s e s  a r e  exam ined  n o t  on t h e  o r i g i n a l  sh a p e  o f  t h e  s h e l l  
"but on t h e  d e fo rm e d  one? T h i s  i d e a . h a s  l e d  t o  t h e  n o n - l i n e a r  
t h e o r i e s  whose p o s s i b l e  s o l u t i o n s  were  o u t l i n e d  i n  c o n n e c t i o n  
w i t h  t i m b e r  s h e l l s ,  w h ic h  TOTTENHAM^ ^  d e s c r i b e d  i n -1 9 6 1 .
P r o f e s s o r  C.G-.J. VREELENBURGH^2 6  ^ a l s o  c a r r i e d  o u t  a n • 
i n v e s t i g a t i o n  i n t o  t h e  n o n - l i n e a r  t h e o r i e s  an'd he f o u n d  
t h a t  t h e  b e h a v i o u r  o f  t h e  - s h e l l  w a s . c o m p a ra b le  t o  t h e  
e l a s t i c a l l y  s u p p o r t e d  p l a t e .  .
The p r o b l e m  o f  t h e . s t a b i l i t y  o f  s h e l l s  a p p e a r e d  
a t-  t h e  same t im e  a s  t h o s e  a b o u t  b e n d i n g .  TIMOSHENKO i n  
1940 and l a t e r  on K. GIRKHANN^ were  t h e  f i r s t  t o  . t a c k l e
t h e s e  p r o b l e m s  i n  d e t a i l ,  w i t h  s p e c i a l  r e f e r e n c e  t o  '•} ■
c y l i n d r i c a l  s h e l l s .  The d i f f e r e n t i a l  e q u a t i o n  f o r .
. s t a b i l i t y  o f  t r a n s l a t i o n a l  s h e l l s  was i n t r o d u c e d  by  
’ E .R E IS S N E R ^^-  i n  t h e  f o l l o w i n g  f o r m : N
. v t  -  2 E U ' ^
v V  -
( pQ VI n  1959 L.KOLLAR^ . worked o u t  t h e  t h e o r y  f o r  c o n s i d e r i n g  
th e  b u c k l i n g '  e f f e c t . i n  p a r a b o l i c , h y p e r b o l i c  and  e l l i p t i c  (
. s h e l l ; a r c h e s ,  where  he a l s o  t o o k  i n t o  a c c o u n t  t h e  b e n d i n g  ■ 
d i s t u r b a n c e s . .  L a t e r  i n  19P1 he e s t a b l i s h e d  a  n o n - l i n e a r  
t h e o r y  i n  c o n j u n c t i o n  w i t h  . the  same s u b j e c t .
L u r i n g  t h e  c o u r s e ' o f  t h e  l a s t  d e c a d e  s e v e r a l  r e s e a r c h / ,  
w o r k e r s  became i n t e r e s t e d  i n  t h e  f i e l d - o f  s h e l l  s t r u c t u r e s  T 
and t h u s  s e v e r a l  p r o b le m s  were.' s o l v e d ,  b u t  a l s o  a  g r e a t  
d e a l  o f  new p r o b l e m s  came i n t o ,  e x i s t a n c e .  The WARSAW -. 
s c h o o l - s o l v e d  s u c c e s s f u l l y  t h e  p r o b l e m  o f  p l a s t i c  and 
t h e r m a l  d e f o r m a t i o n s .  SCIENTIA SIHECA i n f o r m s  u s  f r e q u e n t l y  
o f  t h e  r e s u l t s  o f . C h i n e s e  R e s e a r c h  and t h e  JOURNAL OF APPLIED 
MECHANICS g i v e s  u s  an a c c o u n t  o f  t h e  p r o g r e s s  made by  A m er ican  
a i r c r a f t  e n g i n e e r s .  F i f t e e n  y e a r s  a g o ,  on t h e  i n i t i a t i v e  o f ” 
P r o f e s s o r  E. TORROJA, t h e  INTERNATIONAL ASSOCIATION OF SHELL /  
STRUCTURES was fo rm ed  whose a im s  i n c l u d e d  t h e  s y s t e m a t i c
s t u d y  o f  p r o b l e m s  and t h e  exch a n g e  o f  d a t a  and e x p e r i e n c e s  
on an i n t e r n a t i o n a l  l e v e l .  The f i r s t  s u c h  c o n f e r e n c e  was 
h e l d  u n d e r  t h e  a u s p i c e s  o f  t h e  CEMENT AND CONCRETE ASSOCIATION 
i n  LONDON i n  1962,  and s i n c e '  t h e n  t e n  s u c h  c o n f e r e n c e s ,  have  
h e e n  h e l d  i n  d i f f e r e n t  c o u n t r i e s .
The T heory  o f  S h e l l s  i s  n o w , a c c e p t e d  t o  have  a  
g r e a t  d e a l  o f  i m p o r t a n c e ' i n  i t s  own r i g h t  and  t h e . l i t e r a t u r e  
d e s c r i b i n g  i t  h a s  grown g r e a t l y  i n  volume and v a l u e .
VI. -STATEMENT OR THE- PROBLEM' AND SCOPE OF THE RESEARCH 
I n  s p i t e  o f  t h e  works  o u t l i n e d  i n  t h e  p r e v i o u s  
s e c t i o n  many o f  t h e  s h e l l ' t h e o r i e s  have  n o t  y e t  b e e n  f u l l y  
d e r i v e d .  I n  f a c t ,  due t o  t h e  p o s s i b l e  v a r i a t i o n  i n  t h e  
- s h a p e ,  b o u n d a r y  c o n d i t i o n s  and l o a d i n g  c a s e s ,  a  g r e a t  d e a l  
o f  p r o b le m s  a r e  e n c o u n t e r e d ,  many o f  them a r e  w a i t i n g  f o r  
s o l u t i o n .  T ak in g  t h e  h y p e r b o l i c  p a r a b o l o i d  s h e l l  i n .  , 
p a r t i c u l a r ,  v a r i o u s  p rob lem s ,  a s s o c i a t e d  w i t h  i t  may be 
m e n t i o n e d .  . ■ :
S in c e  t h e  e x i s t i n g  l i t e r a t u r e ,  c o n c e r n i n g  the- t h e o r y  
o f  s h e l l s ,  i s  s h o r t  i n . a  c o m p r e h e n s iv e  work w h ic h  d i s c u s s e s  
c o n c i s e l y . t h e  a p p l i c a t i o n  o f  t h e  membrane t h e o r y  f o r  v a r i o u s  
ty p e  o f  . .h y p e rb o l ic  p a r a b o l o i d  s h e l l s ,  t h e  a u t h o r  u n d e r t a k e s  
t o  sum m arise  t h e  e x i s t i n g  a n a l y s e s  r e l a t i n g  t o  t h e  p r a c t i c a l  
a p p l i c a t i o n s  and . . a m p l i fy  i t  t o  a c e r t a i n  e x t e n t  w i th -  
- a d d i t i o n a l  c o n c e p t i o n s . .  ' '' *
; U n f o r t u n a t e l y ,  t h e  b e n d i n g  t h e o r y  o f  t h e  h y p a r s ,  even  
t h e  n o n - l i n e a r ; t h e o r y  o f  t h i s  . s h a p e ,  c a n n o t  be  sum m arized  i n  
s i m i l a r  m an ne r ,  f o r  th ey i i i i i e  b e i n g ,  b e c a u s e ,  o f  t h e  g r e a t ,  
number  o f  t h e  u n s o l v e d  p r o b l e m s . -  The a u t h o r ,  - t h e r e f o r e ,  
r e s o r t s  to  t h e  d i s c u s s i o n  o f  o n l y  f o u r  s e p a r a t e  p r o b l e m s  i n  
t h e  f o l l o w i n g  o r d e r :
PROBLEM 1 o The e l a s t i c  b e h a v i o u r  o f  a sy m m e t r i c  
diamond h y p a r  s h e l l s  s u p p o r t e d  a l o n g  
t h e i r  two s h o r t ' a d j a c e n t  e d g e s .
PROBLEM 2» The a n a l y s i s  o f  r e c t a n g u l a r ,  l a m i n a t e d  
■ t i m b e r  h y p a r  s h e l l s  w i t h  p a r t i c u l a r  
r e f e r e n c e  t o  t h e  e d g e - d i s t u r b a n c e  and 
f r e e  c o r n e r  d e f l e c t i o n .
PROBLEM 3. The e l a s t i c  b e h a v i o u r  o f  r e c t a n g u l a r ,  
edge b e a m - l e s s  h y p a r . s h e l l s  s u p p o r t e d
■ ■ • ' . 1 ft;
a t  two o p p o s i t e  low e n c a s t r e  c o r n e r s . .
PROBLEM 4. • The r e s i s t a n c e  o f  t h e  f r e e  e d g e s  -of
r e c t a n g u l a r  h y p a r  s h e l l s  a g a i n s t  b u c k l i n g . .
C e r t a i n  p a r t s  o f  t h e  above  programme a re ,  a l r e a d y  
p u b l i s h e d  and t h e r e f o r e ,  to- a v o i d  any  r e p e t i t i o n ,  o n l y  • 
r e f e r e n c e s  w i l l  be  g i v e n  f o r  t h e  s e c o n d  volume o f  t h i s  
t h e s i s  where  t h e s e  p u b l i c a t i o n s  a r e / c o l l e c t e d .
O'-h As f a r  a s  t h e  m e th o ds  o f  s o l u t i o n  a r e  c o n c e r n e d ,  
e i t h e r  a n a l y t i c a l  o r  e x p e r i m e n t a l  t r e a t m e n t s  a r e  u s e d  o r  
b o t h . o f  them s i m u l t a n e o u s l y ,  d e p e n d i n g  on t h e  n a t u r e ,  o f  t h e  
prob lem . ,  . ■ '
. A s h o r t  o u t l i n e  o f  t h e  m e tho d s  o f  a n a l y s e s  u s e d  
d u r i n g  s o l u t i o n  i s  t a b u l a t e d  on t h e  n e x t  p a g e . .■
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CHAPTER 1 . '
' GENERAL SHELL THEORY ■ v .
1 . 1 .. ~ INTRQDUCTION , - ; , '
A s h e l l  i s  a  A t h i n - w a l l e  d b o d y , s h a p e d  a s  a 
c u r v e d  s u r f a c e ,  t h e  t h i c k n e - s s  n o r m a l  t o  t h e  s u r f a c e  b e i n g  
s m a l l  compared  w i t h  t h e  o t h e r ;  d i m e n s i o n s  o f  t h e  s h e l l .
I f  we r e s o r t  to  t h o s e  s h e l l s  w h ic h  a r e  b u i l t  up of.; s o l i d  
m a t e r i a l s  (an d  d i s r e g a r d  t h e  s o a p ■ b u b b l e , p a r a c h u t e •e t c . 
w h ic h  can  a l s o  be  c o n s i d e r e d  a s  s h e l l s ) ,  t h e  s h e l l :  i s
'b b u n d e d - b y  two c u r v e d  s u r f a c e s ^ c a l l e d  t h e  f a c e s .  The --
! * "
s u r f a c e  t h a t  b i s e c t s  t h e  t h i c k n e s s  o f  t h e . s h e l l  i s  c a l l e d
t h e  m id d le  s u r f a c e .  By s p e c i f y i n g  t h e  sh a p e  o f  t h e . m i d d l e  .
s u r f a c e  and t h e  t h i c k n e s s  o f  t h e  s h e l l  a t  e a c h  p o i n t ,  t h e
s h e l l  i s  e n t i r e l y  d e f i n e d  g e o m e t r i c a l l y .  A c c o r d i n g  to  t h e
: shape  o f  t h e  m id d le  s u r f a c e ,  s h e l l s  a r e  t e rm e d  a s  p a r a b o l i c ,
hyperbolic o r  e l l i p t i c  s h e l l s .  A s h e l l  w i l l  be c a l l e d - th in
f o r  w h ich  t h e  r a t i o  o f  t h i c k n e s s  to  r a d i i  o f  c u r v a t u r e  o f '
t h e  m id d le  s u r f a c e  i s  s m a l l e r  t h a n  1 /2 0 .  C o r r e s p o n d i n g l y ,
s h e l l s  w i l l  be c a l l e d  th i ,ck  -whenever  su c h  r a t i o  i s  g r e a t e r  "A
t h a n  1 /2 0 .  a  • i
■ ' ' ' *
I t  w i l l  be  assumed - t h a t . t h e  m a t e r i a l ' - o f  t h e  s h e l l  ■■■ 
i s  i s o t r o p i c  and obeys  HOOKE's LAW and t h e  d i s p l a c e m e n t s  a t -  
any  p o i n t s  a r e  s m a l l  i n ' c o m p a r i s o n  w i t h  t h e  t h i c k n e s s  o f  the  
s h e l l .  I f  t h i s  l a s t  l i m i t a t i o n  i s  n o t  im p o s e d ,  t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n s  become n o n - l i n e a r  and  t h e i r  s o l u t i o n  
e n c o u n t e r s  g r e a t  d i f f i c u l t i e s .  . I t  w i l l  - a l s o  be assum ed t h a t  
a l l  t h e  e x t e r n a l  f o r c e s  ( l o a d i n g )  a r e  a c t i n g  on t h e  m id d le  
s u r f a c e .  I f  we know t h e  f u n c t i o n  d e s c r i b i n g  t h e  v a r i a t i o n  o f  
t h e  e x t e r n a l  f o r c e s  ( l o a d  f u n c t i o n )  a s !w e l l  a s  t h e  sh ape  o f
t h e  m id d le  s u r f a c e  ( s h a p e  f u n c t i o n )  and t h e  t h i c k n e s s  o f  • 
t h e  s h e l l ,  a l l  t h e  i n t e r n a l  f o r c e s  ' a n d - d e f o r m a t i o n s  ..-can be 
e x p r e s s e d  i n  t e r m s  .of t h o s e  i n  any  p o i n t  o f  t h e  s h e l l .
1 . 2 .  THE SHELL AND ITS MIDDLE' SURFACE.
' The m id d le  s u r f a c e  can  he d e f i n e d  i n  t h e  m ost  
g e n e r a l  c a s e ,  i n  C a r t e s i a n  c o - o r d i n a t e s  hy  t h e  f o l l o w i n g  
t h r e e  e q u a t i o n s :  ^ f (<*,!*)
■ n .•  I  ............  (1 . 1 )
z ’  < '
v/here f^ , f ^  and f ^  a r e  d e f i n i t e ,  c o n t i n u o u s ,  s i n g l e  .- 
v a l u e d  f u n c t i o n s  o f  t h e  two v a r i a b l e  p a r a m e t e r s  oi and  ft . •**
The r a n g e  o f  t h e s e  p a r a m e t e r s  w i l l . b e  r e s t r i c t e d ,  so t h a t  
e v e r y  p o i n t  o f  t h e  m id d le  s u r f a c e  c o r r e s p o n d s  t o  o n e , and 
o n l y  on e ,  p a i r  o f  v a l u e s  o f  , (* .; .Then, t h e s e  p a r a m e t e r s  
c a n . b e  c a l l e d  c u r v i l i n e a r  c o - o r d i n a t e s  o f  t h e  middle'-' s u r f a c e .  
F u r t h e r  on,  t h e  f ^ a n d  f ^  f u n c t i o n s  w i l l  b e ■s e l e c t e d  i n  
su c h  a way t h a t  t h e  two f a m i l i e s  o f  . t h e  c o - o r d i n a t e  c u r v e s  
•( ©< a n d 'P )  a r e  s i m u l t a n e o u s l y  t h e - l i n e s  o f  p r i n c i p a l  c u r v a ­
t u r e s .  U s in g  t h i s  r e s t r i c t i o n -  t h e  * and ft l i n e s  w i l l ' m e e t  
a t  r i g h t  a n g l e s  a t  any  p o i n t  o f  t h e  m id d le  s u r f a c e .
C o n s i d e r  now an  a r b i t r a r y  p o i n t  P ' 
on t h e  m id d le  s u r f a c e ,  w h ic h  u n d e r ­
g o e s  a  d i s p l a c e m e n t  A . ( P i g .  1 . 1 ) The 
p o s i t i o n  o f  t h e  P p o i n t  a f t e r  d e f o r ­
m a t i o n  o c c u r s  ' i s  d e n o te d  by  P*.  The 
A  d i s p l a c e m e n t  w h ich  i s  a  f u n c t i o n  
o f .. t h e  c u r v i l i n e a r  c o - o r d i n a t e s  may­
be e x p r e s s e d  a s  a A  d i s p l a c e m e n t  
v e c t o r  i n '  t h e  fo rm  o f
F I G . 1 . 1 . '
I f  we d e n o te  t h e  p r o j e c t i o n s  o f  t h i s  d i s p l a c e m e n t  v e c t o r  
a l o n g  t h e  1 , j \  k u n i t  v e c t o r  hy  u ,  v ,  w r e s p e c t i v e l y , ,  t h e  
v e c t o r  S  can  be w r i t t e n  a s :  ;
. I ■ "
A ** cX + v j* + u i<   ................ ( 1 . 2 )
The know ledge  o f  t h i s  v e c t o r  d e t e r m i n e s  t h e  d e f o r m a t i o n  o f  
t h e  m id d le  s u r f a c e . y
C o n s i d e r  now a n o t h e r  p o i n t  P^ , w h ic h  i s  somewhere i n  
t h e  i n t e r i o r  o f  t h e  s h e l l ,  a t  a  z - d i s t a n c e  f ro m  t h e  P - ' p o in t , -  
m e a su re d  a l o n g  t h e  s u r f a c e  n o r m a l  n . ( P i g . 1 . 1 ) .  A f t e r  d e fo r m a ­
t i o n  o c c u r s ,  t h i s  P^ p o i n t  w i l l ^ b e  s h i f t e d  t o . a  new p o s i t i o n  
d e n o t e d  by  P | 1 . The ' d i s p l a c e m e n t  o f  t h e  P^ p o i n t  can'- be- 
e x p r e s s e d  by  a n o t h e r  d i s p l a c e m e n t  ' v e c t o r  c a l l e d  HTz,: I f ' we
d e n o te  ' th e  p r o j e c t i o n s  o f  t h i s ■seco n d ,  d i s p l a c e m e n t  v e c t o r  
a l o n g  t h e  u n i t . v e c t o r s  by  u ^ ,  v  and  w r e s p e c t i v e l y . .  TheZ Z Z ■
v e c t o r  can  be w r i t t e n  a s .  1 ■ '■
ix% 2s, U2 u 4- j  4 U* U . . . . . .  i .(1
T h e ' d i s p l a c e m e n t  v e c t o r  &z i s  a  f u n c t i o n  o f  t h r e e  v a r i a b l e s ,  •
n a m e ly  t h e  c u r v i l i n e a r 1 c o - o r d i n a t e s  and  t h e  z d i s t a n c e .
Thus we have  ' ~  . /  , ^ - •AZ = -f U ,  P. i )  .
P i g .  1 . 1  l e a d s  t o  a  r e l a t i o n  b e tw e e n  t h e s e  two d i s p l a c e m e n t  
v e c t o r s ,  nam e ly  - . .
zl< ^ M  = K +■ zV  f ro m  w h ic h  . .
( t , 4 ) f
P e n o t i n g  t h e  p o s i t i o n  v e c t d r  o f  t h e  P p o i n t  by  and  t h e  p o s i t i o n
v e c t o r  o f  t h e "same p o i n t  on t h e  d e fo rm e d  s u r f a c e  by  ? ' ( P i g . 1 . 1 ) ,
t h e  d i s p l a c e m e n t  v e c t o r  can  be d e t e r m i n e d ' by  t h e  e q u s t i o n :
A  = 4 ’ - 4  . . . . . .  P. . . . . . .  . . , ( 1  . 5 ),
P e n o t i n g  now t h e  t h r e e  o r t h o g o n a l  u n i t  v e c t o r s  i n  t h e - P  p o i n t  ■
by 1 , j", k  and t h o s e  i n  t h e  d i s p l a c e d  p o s i t i o n  o f  t h e  P p o i n t -  
( P ! ) by  I 1 , p  , k.’ t h e  two com ponent  v e c t o r s  a r e  d e t e r m i n e d  by
PIG-. 1 . 2’
The p r i m a r y  t a s k  i s  t h e n  to  d e f i n e  t h e s e  •■unit v e c t o r s . .
The d e r i v a t i v e s  'o f  . t h e  v e c t o r  f* 
w i l l  he t a n g e n t i a l  t o  the- d  and 
l i n e s  r e s p e c t i v e l y  a t  e a c h  p o i n t  o f  
t h e  . . o r i g i n a l  m id d le  s u r f a c e .  Any - v 
i n c r e a s e  o f  one o f  t h e  c u r v i l i n e a r  ■" 
c o - o r d i n a t e s  c o r r e s p o n d s  t o  a s h i f t  
of '  t h e ' f  v e c t o r  on t h e  o r i g i n a l  s u r f a c e  
a l o n g  t h i s  l i n e .  Hence t h e  v e c t o r
< £ «  . . . . . . . . . . . . . . . . . . . . . . . . .  ( 1 . 7)
i s  e q u a l  t o  t h e  se g m e n t ,  j o i n i n g  t h e  p o i n t s  (c*, f )  and
) o f  t h e  s u r f a c e  ( P i g .  1 . 2 ) .  The s q u a r e  of' t h e  
a b s o l u t e  v a l u e  o f  t h e  ds  v e c t o r  i s  c a l l e d  t h e  f i r s t  
q u a d r a t i c  fo rm ,  and  i s  w r i t t e n  a s  f o l l o w s :
B ecau se  o f  t h e  o r t h o g o n a l i t y  o f  t h e  and  p  l i n e s , ,  t h e  t h i r d ,  
s c a l a r  p r o d u c t  o f  E q , ( l v 8 ) i s  e q u a l  t o  z e r o , and  t h e  f i r s t  
and se c o n d  o nes  a r e  f o u n d  t o  h e :  
r  vi ^ u  - x  . ~ .. . %C Z ± .\- P j t .  1 L  »  I 'S u i.Y + (Z jL \  =  pr
/ 2 ± \ »  . 2 ±  = +(■— y  =  i A
V»(V . 2f* 2/i . W f 1 U s p . )  . ' .-ap) “
«0
w h ic h  a r e  s c a l a r  q u a n t i t i e s  and  a r e  c a l l e d  t h e  LAME PARAMETERS. 
C o n s e q u e n t l y  t h e  f i r s t  q u a d r a l i c  fo rm  w i l l  he
\A b \l  = y  = £  c j « o 1 * k1 w w 1 (1 -.1 0 )
S in c e  any  v e c t o r  c an  be w r i t t e n  i n  t h e  f o r m . o f
v  =  v* I  +. V/S J  + Vn. U (-1 .1 1.)
(w here  V* , Yp, and  Va a r e  the- p r o j e C t r o n s  o f  V a l o n g  th e  
a x e s - o f  a| r e c t a n g u l a r  s y s t e m  o f  c o - o r d i n a t e s ) , t h e  f i r s t  
t h r e e  u n i t  v e c t o r s  w i l l  be  o b t a i n e d  a s  .
L *
j  -
M i .
c > a i  b ?
PK c ) o C
2 ) 0 C
__ i  d T
I c >  ? ~  e >
■ ■
L  * J
(1 . 1 2 )
S in c e  E q . ( l . ' l l )  e x i s t s ,  t h e  d i f f e r e n t i a t i o n  o f  any  v e c t o r
r e d u c e s  t o  t h e  d i f f e r e n t i a t i o n  o f  t h e  u n i t . v e c t o r s .
C o n s i d e r  now two a d j a c e n t  p o i n t s  and  C^. on t h e '  c o - o r d i n a t e  
l i n e  . The n o r m a l s  o f  t h e s e  p o i n t s  - 
w i l l  m ee t  a t  t h e  c e n t r e  of '  t h e  
c u r v a t u r e . T h e  c o r r e s p o n d i n g  r a d i i  o f  
c u r v a t u r e  w i l l ' '  be  d e n o t e d  by  R^  ( R ig .  1 . 3 ) .
The i n c r e m e n t  o f  t h e  u n i t  n o r m a l  v e c t o r  
w h i l e  s h i f t e d  f ro m  p o i n t  C^  >to C9 i s  
p a r a l l e l  t o  t h e  c h o r d  C^C^ and  i n  t h e  
l i m i t  i t  w i l l  be  p a r a l l e l  t o  t h e  u n i t  
v e c t o r  i .  Prom P i g . 1 .3  i t  c a n . b e  s e e n  
now t h a t
C* L 1 M
FIG. 1 . 3.
__ A
s i m i l a r l y
IA__
1^1
!a U
b u t
and
W and C4C2= kA<&
5 k
- u - ’ t3  cs
5 k = J > . “
5  p> R i  ‘
(1 . 1 3 ) -
(The o t h e r  f o u r  d e r i v a t i v e s  o f  ■ t h e  u n i t  v e c t o r  s (§£  ; )
can  be' o b t a i n e d  by  d e t e r m i n i n g  t h e  p r o j e c t i o n  o f  t h e s e  
v e c t o r  d e r i v a t i v e s  a l o n g  t h e  .1, J ,  k u n i t  v e c t o r s  and  . 
s u b s t i t u t i n g  t h e s e  i n t o  a  g e n e r a l  v e c t o r  fo rm  (Eqj. 1 ..1 1 ) .  ,
Each  o f  t h e s e  p r o j e c t i o n s  w i l l  be  d e f i n e d ’a s  a  " s c a l a r  
p r o d u c t  c o n t a i n i n g  t h e  a p p r o p r i a t e  v e c t o r  d e r i v a t i v e  and 
t h e  u n i t  v e c t o r ,  a l o n g  w h ic h  t h e  p r o j e c t i o n  h a s  t o  be - 
d e t e r m i n e d .  . The d e s i r e d  d e r i v a t i v e s  c an  t h u s  be o b t a i n e d  
i n  t h e  f o l l o w i n g  f o r m s :  .
i-sTu L i
~  B op
0 L { 5 E>
A 2CA
CP 1 V3 c^. £> CoC t ■
c l 1 7*
S)(i> ~ A s>oi
A_ i
. -  T , U
S i n c e  t h e  s e c o n d  p a r t i a l  d e r i v a t i v e s  o f  t h e  u n i t  v e c t o r s  •* 
a r e  c o n t i n u o u s  f u n c t i o n s  o f  theo t  and ^ . v a r i a b l e  p a r a m e t e r s ,  
t h e  c o r r e s p o n d i n g  m i x e d , p a r t i a l  d e r i v a t i v e s  a r e  e q u a l s  -  
Namely:  sfu _ f[< . $2 , £~i 51
0  . 1 .U)
2 P ^ * 5  (i
From t h e  f i r s t  o f  t h e s e  . i d e n t i t i e s  i t  f o l l o w s  t h a t ,  
u f A  i\ .  J£. / IL7\
Ri7 ^  L RxV 
^ | i \ T  . k  b l  ^
r 5  / !k \ .  1  S l l r  _  / B \  J,  a h  IT =  Q
and p e r f o r m i n g  t h e  d i f f e r e n t i a t i o n s .
w h ich  . l e a d s  t o  ■ „ '
.............   ( 1 . 1 5 )
S i m i l a r l y  f ro m  th e '  seco n d  i d e n t i t y  we h a v e :
I n  o r d e r  t o  s a t i s f y  E q ( 1 .1 5) and  ( 1 . 1 6 ) i d e n t i c a l l y  
e a c h  o f  t h e  e x p r e s s i o n s ' i n  t h e  s q u a r e  b r a c k e t s ' m us t  
v a n i s h  s e p a r a t e l y w h i c h  t h e n r l e a d s  • t o ’ t h e  f o l l o w i n g -  
r e l a t i o n s : ’ ~
( A \  i  V R J  Ri c>cA
C> = i  DA
R:
(1 .1 7 )
These" r e l a t i o n s  a r e  c a l l e d  t h e  (LAUSS-COLAZZI r e l a t i o n s .
L e t  now t h e  +* v e c t o r  b e ■i n v e s t i g a t e d . F r o m ’ Eq( 1 . 5 )  
i t  f o l l o w s  t h a t  ■
A  = y- + "J = / f  + UL + v j  + U .k  .......... • • • * * • * • ( 1 . 1 8 )
The d e r i v a t i v e s  o f  Eq( 1 . 1 8 '), l e a d  t o  the. LAMi) p a r a m e t e r s  
a t .  t h e  p o i n t  P 1 and  t h e s e  a r e  d e n o te d  by  A’ and B 1. .. The
derivative§ thsaii ilYii  art nows
e> Dot 'Dei 3 ^  “c>o4 3ot 3oC
S u b s t i t u t i n g  t h e  d e r i v a t i v e s  o f  t h e  u n i t  v e c t o r s  by  t h e i r  
v a l u e s . f r o m  Eqs(  1 .1 3 )  and (-1 . 1 4 )  , ; ■
7 , O h  7-  AT + u ( -  i  J -  ^  U) v V (Ab ! |  t )  + vf 1 ) * |&  I  v .§ £  I
' -  +  A ' & Y s  A H l V  - V ) V <"S ck
S i m i l a r l y :
ap>
1 a / i + I  Dv . JL. ■afe ii 4-iL\T +(2JL - A P A v^J  +- f—  _ JL L
-  B  *  TT& ~ o X  U  * 1 ^ )  b  A. 0 *  V J v 5 / i  R 2 V  k
And t h e  LAMi p a r a m e t e r s :
A -  1 ? ’ , s W . ‘ = r & V i + - i . a 5 L v i - 2 i !. v  + i i \ % ( ^ v L  0 ^ UV  .~ I p *  £><*. I '  A Rt) W  B o / W
t h e s e  n e g l e c t i n g  t h e  s e co n d  o r d e r  t e r m s
A‘ * /1A1( 1 + J-Sli + J _  2 4  v + i t  VA y A Coi T A£. R-J
and s i m i l a r l y
l 2j l .  A. u\ ft, J
   (1 .19')
J±
by  i n t r o d u c i n g :
tL
1  M  2A  V fDfi R*
i  , _L_ OB .1 , vt
B Ofi + A.2» BTL IT,
> . (1 . 2 0 )
The LAME p a r a m e t e r s  i n  t h e  P '  p o i n t  o b t a i n s  o f  t h e . f o r m :
K * A. ( 1 + £« )
■ ■ EJ * & (1  + £ d ' )
The T '  , J 1 and  k '  u n i t  v e c t o r s  c an  be o b t a i n e d  now i n  ' ,
(1 .21 )
t h e  u s u a l  way, 
n a m e ly :
a(uiop 4. Aok v/4. a \z + fLh _i nk iATv - A iAT
A- K ( 1 -v-LOJl *A_ SJA V +A Vl i r /vaot r Aa R i j  ;
-
I* ~ I +■
a t 1 
!1 2 ft _
J  " E>* ‘
i *D v/
C a od r> (b u ) j  + (^ I  p a  _jj_i\ Dot
+ ■==—■-»• Av U +■ ^
(1 . 2 2 )
D V. * &D(i
J ' CS 5 ^ ' K &  S T V ' '  ^ L l s ^  * rL  .......... <1 -2 3 )
and f i n a l l y :
k = i 1 * J 1 —
J k
, (i  HE - _h. Oh {A {i  2ml —LL \V A ■»«* "5 I* J I A s><* a J
\B*3P AS
T „ _ fi a£ iA - -^AT * k
■ K  \ i k  "<>& k \ ) 1'  V S  P f t  R x J
By i n t r o d u c i n g :
" -  ("S § f  ■ "rL
. V.ly & R*)
(1 .2 5 )
S u b s t i t u t i n g  E q ( l . 2 6 )  f o r  Eq( 1 . 4).. t h e  d i s p l a c e m e n t -  o f  an  
a r b i t r a r y  p o i n t  o f  t h e  s h e l l  w i l l  be fo u n d  a s  , *
[< ar I P + ^   * • * - :(1 .20 )
The d i s p l a c e m e n t  com ponen ts  a r e  now o b t a i n e d  by 
p r o j e c t i n g  t h e  ibz v e c t o r  on t h e  a x e s  o f  t h e  u n i t  v e c t o r s , 
N am e ly , '
• • • • • • • ........   - d  . 2 7 ).
These  f o r m u l a e  e x p r e s s  t h e  d i s p l a c e m e n t  com p on en ts  of' an  
a r b i t r a r y  p o i n t  o f  t h e  s h e l l  i n - t e r m s  o f  t h e  d i s p l a c e m e n t  
o f  t h e i r  c o r r e s p o n d i n g  p o i n t  on t h e  m id d le  s u r f a c e .  From 
E q ( l . 2 7 )  one 'can  c o n c l u d e  t h a t - t h e  d e f o r m a t i o n  o f  any  p o i n t  
w i t h i n  t h e  t h i c k n e s s  o f  t h e  s h e l l  c an  be d e t e r m i n e d  s i n c e  
t h e  d e f o r m a t i o n  o f  t h e  m id d le  s u r f a c e  i s  known. I t  can  
a l s o  be  s e e n  t h a t  t h e  d i s p l a c e m e n t  t h r o u g h  t h e  t h i c k n e s s  
o f  :t h e  s h e l l  i s  l i n e a r  a n d .t h e  n o r m a l  d i s p l a c e m e n t  Wz i s  
i n d e p e n d e n t  o f  t h e  z d i s t a n c e .  S in c e  a  wide r a n g e  o f  . 
i n f o r m a t i o n ' i s  a v a i l a b l e  i n  t h e  Theory, o f  E l a s t i c i t y ,  • 
( love/  3 ° i ] 3 I E Z E N c Y 1 i  TIMOSHENKO W 2 ) , MUSKHELISHVIil
SOKOLNIKOFF^^ . . . . ) a b o u t / t h e  r e l a t i o n s  b e tw e e n  s t r e s s e s  
and  d e f o r m a t i o n s ,  t h e  know led g e  o f  f u n c t i o n  A a l s o  e n a b l e s  
t h e  d e t e r m i n a t i o n  o f  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  s h e l l .
»i ii
■ C o n s id e r  now a  ds  l i n e  e l e m e n t  on t h e  m id d le  
s u r f a c e ,  b o u n d e d  by  two p o i n t s  C^. and C^. W hile  t h e  m id d le
\i ii
s u r f a c e  u n d e r g o e s  a  d e f o r m a t i o n  t h e  l e n g t h  ds  w i l l '  a l s o  
be c h a n g e d .  The o r i g i n a l  and  d e fo rm ed  p o s i t i o n s  o f  t h e  two 
p o i n t s  and  t h e  d s  e l e m e n t  a r e  shown i n  F i g . 1 . 4 .  The t o t a l ^  
d e f o r m a t i o n  i n v o l v e s  =six co m p o n e n ts .  The f i r s t  t h r e e  o f  
t h e s e  a r e  c o n s i d e r e d  a s  r e s u l t i n g  d i r e c t  f ro m  t h e  n o r m a l  
and s h e a r  f o r c e s  a n d ; t h e s e  a r e  t h e  two t r a n s l a t i o n a l  ■ 
co m po n en ts  a l o n g  t h e  <*, a n d '  l i n e s  (£<* ) and one s h e a r
s t r a i n  com ponen t  ( / ) , w h ich  exj- ) resses  t h e  d e f o r m a t i o n  o f  t h e  
a n g l e  e n c l o s e d  by  t h e  Y  and l i n e s .
MIDDLE SURFACE
BEFORE DEFORMATION
MIDDLE SURFACE 
AFTER DEFORMATION,
FIG-. 1 . 4
The r e l a t i v e  i n c r e a s e -  i n  .the 'ds l i n e  e lem en t ,  a l o n g  t h e  ^
A (H  £<*)- A
l i n e  i s  *
Sot — A Set _ ~ A
S^oc Ad<s *  a
and t h a t  a l o n g  t h e  A l i n e  ■■ A
I
d Sft -cSSfi c
— 3 T ~  ’  - £ <* ■ .
The and q u a n t i t i e s  a r e '  c a l l e d  t h e  r e l a t i v e  n o r m a l  
s t r a i n  c o m p o n en ts  and t h e i r  v a l u e s  were  g i v e n  i n  E q s ( l . 2 0 )  
D e n o t i n g  t h e  c o s i n e  o f  t h e  a n g l e  T  b y c o , '  i t  can  
he d e r i v e d  f ro m  t h e ' s c a l a r  p r o d u c t  o f  t h e  i 1 and u n i t  
v e c t o r s  n a m e ly :
T ' . J ' * J I ' U I J'l . cos f -  S in c e  \ V\ = 1 J’ | . = 1
. co = 1 ’ . J 1 ' '
S u b s t i t u t i n g  t h e .  v a l u e s  o f  I 1 and 3 ’ f ro m  E q s ( l . 2 2 ) and'
(1 . 2 3 ) r e s p e c t i v e l y
u> 0  (i H - k  H H)j * (i &  - I F ]  • [(i H - k  H  0 i  ♦ J ♦ (i  ^  - i f k  ]
N e g l e c t i n g  t h e  se c o n d  o r d e r  t e r m s  we g e t
I 50 J 3f v    ^ 5 V 1 A ,< JL u __ _ .  o v i/
~  A OtA ~  A & e> A& 2>oC v
o r  i n  a n o t h e r  fo rm :
JL U  ~  _ 1 a s  W . h. ( L  aJL . 1  a* o')
k U >  >  6 *  ■ » « «  V  &  V  N 1  ^ i 1  h 1  S j *  /
' O .2 8 )
CO
The id q u a n t i t y  i s  c a l l e d  t h e  r e l a t i v e  s h e a r  s t r a i n .
The s e c o n d  g ro u p  o f  d e f o r m a t i o n s  i s  t h e - - r e s u l t  of ..  y
'b e n d in g  and  t o r s i o n .  The f i r s t  two o f  t h e s e  ( //< } U>l )  .-V.
d e s c r i b e  t h e  <c h a n g e s  o f  t h e  c u r v a t u r e . i n  t h e  d i r e c t i o n
. oC and /«? r e s p e c t i v e l y , w h i l e  t h e  . t h i r d  ('S') . r e p r e s e n t s  ’■
t h e  r a t i o  o f  t h e  a n g l e , o f  t w i s t  b e tw e e n  two o p p o s i t e  s i d e s .
o f  t h e  s u r f a c e  e l e m e n t  to  t h e  d i s t a n c e  b e tw e e n  them, a s  th e  * 7
d i m e n s i o n s  o f  t h e  e l e m e n t  t e n d  t o  z e r o .
I ■ 'To d e te r m in e ,  t h e s e  q u a n t i t i e s ,  l e t  a
s u r f a c e  be c o n s i d e r e d ,  l y i n g -  i n s i d e  
7 l ' >^ Ssy  "k*1e s h e l l ,  a t  a .  d i s t a n c e  z f ro m  t h e
y  m id d le  s u r f a c e .  T h is  w i l l  be r e f e r r e d
t o  a s  t h e  p a r a l l e l  s u r f a c e  ( P i g .  1.5).
The p a r a l l e l  s u r f a c e  can  be r e g a r d e d  
a s  a  t r a n s l a t e d  p o s i t i o n  o f  t h e  m id d le  
s u r f a c e ,  h e n ce  t h e  g r i d  fo rm ed '  by  t h e  
P. l i n e s  on t h e  p a r a l l e l -  s u r i a c e  i s  
" ^ o r t h o g o n a l  and  t h e  n o r m a l  o f  t h e  . m id d le
s u r f a c e  i s  a t  t h e  same' t im e  t h e  n o r m a l  o f  t h e  p a r a l l e l  s u r f a c e .
M o re o v e r ,  t h e  l i n e s  c<, ft on . th e  p a r a l l e l  s u r f a c e  w i l l  be a l s o
t h e  l i n e s  o f  p r i n c i p a l  c u r v a t u r e s  s i n c e  we n e g l e c t  t h e  ' q u a n t i t i e
o f  s e c o n d  o r d e r .  - D e n o t i n g  . t h e  r a d i i  o f  c u r v a t u r e s  o f  t h e
m id d le  s u r f a c e s  b y  Py and P 2 t h e  c o r r e s p o n d i n g ' r a d i i  o f  curva-..
t u r .e s  o f  t h e . p a r a l l e l  s u r f a c e  w i l l  be ( P i g . 1 . 5 )
and . th e  a r c  e l e m e n t s  on t h e - p a r a l l e l  s u r f a c e  a l o n g  thee*  
and l i n e s  a r e  r e s p e c t i v e l y :
d s* !  -  = k * m *  ~ .
c o n s e q u e n t l y  t h e  f i r s t  q u a d r a t i c  fo rm  o f  t h e ' p a r a l l e l
( p s ^ h  A *z( t< h  b « { J $ 1
where  "  A l  = A ( i + t , ' 1
and  k z  = B ( I +
 ......... • • • • • -------- (1 .31)
a r e  t h e  c o r r e s p o n d i n g  LAME p a r a m e t e r s .
I t  f o l l o w s  now f ro m  . F i g . 1 . 5  t h a t  t h e  n o r m a l  and 
s h e a r  s t r a i n  o c c u r r i n g  on t h e  p a r a l l e l  s u r f a c e  p r o d u c e  
L e n d i n g  a n d . t o r s i o n  i n  t h e  m id d le  s u r f a c e  r e s p e c t i v e l y .  
Osniiqusnt ly  the fi®termination of t h r  ®®oond t r i a d  of. 
d e f o r m a t i o n  com ponen ts  ( ^ , ^ 3  . a n d # )  w i t h  r e g a r d  to  -the 
m id d le  s u r f a c e  r e d u c e s  to. t h e  d e t e r m i n a t i o n  o f  t h e  f i r s t  
t r i a d  o f  d e f o r m a t i o n  com ponen ts  w i t h  r e s p e c t  to
t h e  p a r a l l e l  s u r f a c e .
The r e l a t i v e  n o r m a l  s t r a i n s  i n  t h e  p a r a l l e l  s u r f a c e .  
(£<*z and  £y*z. ) c an  he o b t a i n e d ■f ro m  Eq( 1.2-0) f o r  t h e  m id d le  
s u r f a c e ,  by  s u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  q u a n t i t i e s  r e l a t i n g  
to  t h e  p a r a l l e l  s u r f a c e .
T h e r e f o r e
■Replacing  t h e  v a l u e s  o f  A ' a n d  .B f ro m  E q ( l . 3 l )  a s  w e l l  
a s  R^  z and. R9i7 f ro m  .Eq( 1 . 30) and  s u b s t i t u t i n g  t h e  v a l u e s'2z
o f  U and V_ f ro m  Eq( 1 . 27) ,- t h e  r e l a t i v e  n o r m a l  s t r a i n s  o f
Z Z M '
t h e  p a r a l l e l  s u r f a c e  a r e  o b t a i n e d  i n  t h e  fo rm :  ■ ■
vxoCZ zy R ^ A w  A ■ ^ K& 2>f3 V"*" A& 9 P d Rl j
cpz '  T T v r 7[ & ^  + 5 zV + T & T **44* ~ J
R e c o g n i z i n g  t h e  f a c t  t h a t  . *.
and
l  ahA 9^
i  21
G> Dp
Hr _L ah
A£>
4. hL
I £E>
A & 3><AI) + Rx = t p
I t  f o l l o w s  t h a t  • .
U x  z( i ^  *■ A s i t t t ]
1
1 + z/Ri
I n t r o d u c i n g  now
 ^^  * z ( -  4.  J —  SL& VI* C\v> zp, * A& 9^ v ]
(1 . 3 2 )
i  n f t  4- - j — qa ^/a — ft
A  9oA A  E> 9  ^
1 v J -  Rh «  u && 9/i A & 9cA ^ ^
(1 .3 3 )
Eq(>1.32) can  be w r i t t e n  i n  t h e  f o l l o w i n g  f o r m s :
£ < * 2  ~  4 4- x / k  3  (  E-o( + Z
^ I + 2/a,' f + z ! ^ 0 ‘
( 1 .3b)
I t .  f o l l o w s  now, s i n c e  'and £ $> i n d i c a t e  t h e  r e l a t i v e  n o r m a l
s t r a i n s  i n  t h e  m id d le  s u r f a c e ,  t h a t  t h e  q u a n t i t i e s  l/^
and w i l l  c h a r a c t e r i z e  t h e  b e n d i n g .
The r e l a t i v e  s h e a r  s t r a i n  i n  t h e  p a r a l l e l  s u r f a c e
(CO ) can  be o b t a i n e d  f ro m  E q ( l . 2 8 ) .  f o r  t h e  m id d le  s u r f a c e ,  z
by  s u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  q u a n t i t i e s  o f  t h e  p a r a l l e l  
s u r f a c e  i n  i t .
T h e r e f o r e  ,
liCJJ J.GUi.iJ.5 UiiC VQ-LUCD SJ-L XL CUiU JD -LX'UIli JCjC^-fc3  ^ I . J I J
/j Z
we h a v e :
-4- VRl
* Vr,) Sc* ABU* z/ k, )0  ^Ri") 2 * Vi 4*
* ■  ^   d aO* u
■ . “& 0  + z/k z) 3>(b ■ VrOC^VRx') 3f»-
The two c o e f f i c i e n t s  i n  t h e  p r e v i o u s  e q u a t i o n ,  ’ by- u s i n g  t h e  
1AUSS-C0BAZZI r e l a t i o n s ,  can-be" w r i t t e n  a s  f o l l o w s :
T h e r e f o r e :
t \ ^ vgz “ 9e4 *
+ x -2. /- 6  N _ a s f l  + 4- ^9o' , R i/ c> c*
0 A 2 — /9{MUR,)
O A ■ --—(1 * t b
9 S w . SIS f
r VR2I vz S (A-* '/ha.jh A s  (. 1 + Va 1)
04
S u b s t i t u t i n g  now t h e  v a l u e s  o f  U Nand f rom  Eq(*i .27)
03. f P m ,  , 1 1 ^ ___L ^ A i i -  1 M  7 V h lS*2/g, [ a  Vot * a *>«* AS 3(3 TFE
 ^ F * ^ ^  I , 1  0 t'U. _ } g) S W _j_ 3 & T //" 1 ' / j
i v Z/Rx L 6 9^ 2 6 9 A V A& 2 . WfltJ   V *35;
By i n t r o d u c i n g :
1 ^  &
- - - - -  & OK%
JL 21A 2> ,5c£
21 =  7
r ,
, . 1 9 4 Jh
A Dai AB Dp>
_l e) $ fi> — . 1 jf""q ’ a . \  a e s *»• /!
> • • ..............   ( 1 . 3 6 )
Eq . ( l . 3 5 )  w i l l  be o b t a i n e d  o f  t h e  fo rm :
° £ = J 7 W % ( ° *  * z A )  + 3 ♦ Va'iC^f-* z ^  ...................... . (1 .37)
I t  c an  e a s i l y  be v e r i f i e d  t h a t - c o n s e q u e n t l y  s i n c e  lo
i n d i c a t e s  t h e  r e l a t i v e  s h e a r  s t r a i n  i n  t h e  m id d le  s u r f a c e ,  
t h e  q u a n t i t y  S'* i ( ^  f r ^ )  - w i l l  c h a r a c t e r i z e  t h e  t o r s i o n .
Thus : ■• ■
f . i - JL fRk & L.a& n]
A B 9/^ /AS w(S 04 DeL (1 .38 )
Due t o  t h e  f a c t  t h a t  and i r . c o n t a i n . q u a n t i t i e s  o f  s e c o n d  
. o r d e r ,  E q s ( l . 3 3 )  and  ( 1 . 3 8 ) w i l l  be r e w r i t t e n  i n t o ,  more
CO MV/ EWT \<? yj A-JL
fo rm ,  so t h a t  t h e s e  s e c o n d  o r d e r  t e r m s  may be
r e c o g n i s e d  and n e g l e c t e d .  ■ S u b s t i t u t i n g  t h e r e f o r e  and  
w i t h  t h e i r  v a l u e s  f rom  E q ( l . 2 5 )  i n t o  E q ( l . 3 3 )  we f i n d :
U  m  1 JL /J i  jw  , U \  , JL 14 / i  2 J 0  _ v  «v , ' .
. A 9c*. V A Oc* R</ N S a J  3 3 ^ liz)
/y a 1 .2 JL f v \  JL Ih  i
«/S . - 5  9 (2 . Rz )  At2>2c*V A 8 4 '
N e g l e c t i n g  |  ^  ^  a s  b e i n g  s m a l l  q u a n t i t i e s  o f  t h e
s e c o n d  o r d e r ,  we f i n a l l y  a r r i v e , a t :  
U * -  1 2. f 1 \ ___i_  9A* I ' ^ U  W '1 2p>
( 1 . 3 9 )
?y > .J i q / i  \ _ JL 9B.P
■ c/k $ 2 ^ l 6  2?jvy 9c<-£c&
S u b s t i t u t i n g  n o w a n d . 4^  by  t h e i r  v a l u e s  i n  E q ( 1 . 2 5 )  f o r
Eq(,1. 38). and  n e g l e c t i n g v/ q u a n t i t i e s ,  we
f i n d
r l  SL( L , 1 1 /  1 owJl£J & S>p~ A 2>o<j , K o i ' S f  A 2k W & s pA a<*\ Si “S'
1 SB 1 S* UJ 1 0 a q n  _ i_ s z_rL 4. * 2lA U .  *  _J_ U
a s ,-1 a *  3 (1  ”  M b  -scss ^ k 1- e>- a  (?> ~  a s ?  ' s o t S l  A1  £> a  a - ^  s»oc 5  (S
r .
r
ST w
A& A&’ 5><s 3$ A* £> £>£» S> <*
& c9*uJ __ t g>g> i  94 \IK ! ) J  3oC J (1 . u  0 )
E q s ( 1 . 2 0 ) ,  ( 1 . 2 9 ) ,  ( 1 . 3 9 )  and  ( 1 . 4 0 )  e n a b l e  one t o  compute
t h e  s i x .  co m ponen ts  o f  t h e  s t r a i n  t e n s o r  s i n c e  t h e  t h r e e  
d e f o r m a t i o n  f u n c t i o n s  a r e  k n o w n s . '
■ ,. T a k in g  f u r t h e r  a d v a n t a g e  o f  t h e  g e n e r a l i z e d  H o o k e ' s  , 
Law, t h e  i n t e r n a l ,  f o r c e s  and. moments become e x p r e s s e d  i n  ■
t e r m s  o f  t h e  p r e v i o u s  s t r a i n  com ponen ts  i n  t h e  f o l l o w i n g  
f o r m s :
NORMAL FORCES:
SHEAR FORCE:
TORSTON MOMENT:
N
T
i*
4- V'l
H 4 r r (  .£>+ Oi«)
I t
Z( I- *0 CO
BENDING MOMENTS: M* s “V Tic  I- ^ ^  + ^
w — “l2 ( \ - a1)  ^ ^
cM - *" *-____ *7"
T 12CH *0 G
>. . . . . . . . .  (1 .11 )
1 . 3 .  GENERAL DIFFERENTIAL EQUATION
To e s t a b l i s h  t h e  c o n d i t i o n  o f ' e q u i l i b r i u m  . f o r  
t h e '  s h e l l ,  an  i n f i n i t e s i m a l  e l e m e n t  h a s  to  be. c u t  o u t  
f r o m  t h e  m id d le  s u r f a c e  i n  .such a way t h a t  i t s  . s i d e s  a r e  
p a r a l l e l  t o  t h e  c u r v i l i n e a r  c o - o r d i n a t e s  and G . ' .The 
i n t e r n a l  f o r c e s  a r e  assum ed to  a c t  a l o n g ' t h e  s i d e s  o f  t h e  
e l e m e n t ,  w h i l e  t h e  b o d y  f o r c e s  ( l o a d i n g ) ,  a r e  d i s t r i b u t e d  
o v e r  t h e  s u r f a c e  e l e m e n t . ' A l l  t h e  f o r c e s  and moments, w i l l  
be  c o n s i d e r e d  a s  v e c t o r s .  C o n s e q u e n t l y ,  t h e  e d g e s  w i l l - ' b e  
E f f e c t e d  by  a g e n e r a l  f o r c e  v e c t o r  (v )  and  a . g e n e r a l  moment 
v e c t o r  (aft) , w h i l e  a g e n e r a l  l o a d  v e c t o r  (p )  w i l l -  a c t . - o v e r  ■ 
t h e  f a c e . ( F i g . 1 . / 6 ) .
The c o n d i t i o n  o f  e q u i l i b r i u m  o f  
t h e  s h e l l ,  e l e m e n t  c an  be d e s c r i b e d  
by  t h e  f o l l o w i n g  two s i m u l t a n e o u s  
v e c t o r  e q u a t i o n s :
+ + 1  1 =o
- H u  + p. - i y  = o
I n  t h e  s e c o n d  e q u a t i o n ,~ - t h e  .moment o f  t h e  body  f o r c e  i s  
n e g l e c t e d  b e c a u s e  o f  i t s  s m a l l n e s s  of- t h i r d  o r d e r . -  A f t e r  
s i m p l i f i c a t i o n , ,  t h e  above  e q u a t i o n s  r e d u c e  t o :
 ...........•'••• • • (1  .142 )
The above  v e c t o r s  a r e  e x p r e s s e d  i n  .terms o f  t h e i r  c o - o r d i n a t e  
co m p o n e n ts ,  s u c h  a s  -. ' '
Vot *  ( t  -v J + Q-oi 
Va ** ( Ki b + * & a U)
= ( M*? I  + M*J)
-  ( M P 1  4 ij) AkJ.cC
j? “ C b * Vp, J + P * k) A £>^ <*<=1/*
J P I G . 1 . 6 .
+. + F  -  0
-  0
0  .U3)
Where and a r e  n o r m a l  f o r c e s ,  T = T ^  =T s h e a r  f o r c e s ' '  
l y i n g  i n  t h e  c o - o r d i n a t e  l i n e s ,  and Qp s h e a r  f o r c e s  
l y i n g  p e r p e n d i c u l a r l y  to  t h e  s u r f a c e  e l e m e n t ,  M^ and Mp 
l e n d i n g  moments,  M = M ^  =MT t o r s i o n a l  moments'  and  /
>P^?Pn  c o - o r d i n a t e  com ponen ts  o f  t h e  b-ody f o r c e s .
By s u b s t i t u t i n g  E q ( 1 . 4 3 ) . f o r  E q ( l . 4 2 )  we have  :
^ (^1 4 -T J  + S ^ ( W^ +T J +'Q|J<)^^oC4-(pc<t +-l;,p.T+- PnU)A&cluJ(^ -  0
By u s i n g  t h e  r u l e s  (1 -14)  f o r  d i f f e r e n t i a t i o n  of. u n i t  
v e c t o r s  and  n e g l e c t i n g ' t h e  q u a n t i t i e s  b e in g '  o f  s m a l l n e s s  
o f  the .  s e c o n d  o r d e r ,  one f i n d s  a f t e r  d i v i d i n g  by  J d d fi  ;
+ & + t  § f t  -  T ♦ a  & w ) ! *  ( W + ^  * t  H  ♦ ^ 1 4
t) E Otfr , 7> £k Q- ft
2><A 3
p S h r  _
O c*. 3>
R< Writ ~ ,Ra
+ V1T h  DA.  a d a  N T  . (  D A M t  S & M o i  , h  ° A  a* 5 * - ^ 5 ^  vs,“ T { r r -’
I n  o r d e r  t o  s a t i s f y  t h e s e  v e c t o r  e q u a t i o n s ,  t h e  t e r m s  i n '  
t h e  p a r e n t h e s e s  m u s t  v a n i s h  s e p a r a t e l y ,  s i n c e  a  v e c t o r  can  
o n l y  be  i d e n t i c a l  t o  zepo i f  e a c h  o f  i t s  com ponen ts  ' s a t i s f i e s  
t h i s  c o n d i t i o n .  C o n s e q u e n t l y  t h e  f o l l o w i n g  f i v e  i n d e p e n d e n t  
s c a l a r  d i f f e r e n t i a l  e q u a t i o n s  w i l l  be o b t a i n e d :
( B M * ) - K l * | £ 4 . i ( A T )  + T | f t  + A B ^  - 0
cbt; + t | & * a b p a - p  .
. * £ - * £  + • f t  = 0
£ ( - B M T) + r u ^ f t - A B G ^ - o
'^(AMOv - A&a* - o
w h i l e  t h e  s i x t h  e q u a t i o n  r e d u c e s  to  an  i d e n t i t y .
. . . . . . . .  ( 1 . U )
p r o b l e m ;  ho w ev er  i t  i s  p r e f e r r e d  — a s  i n  many’ o t h e r  p r o b le m s
o f  e l a s t i c i t y  -  t o  r e d u c e  t h e  num ber  o f  t h e  s i m u l t a n e o u s
d i f f e r e n t i a l  e q u a t i o n s ,  even  i f  t h e . r e s u l t  i n v o l v e s  e q u a t i o n s
o f  h i g h e r  o r d e r .  Two a u x i l i a r y  f u n c t i o n s  a s  w e l l  a s  t h e
HAMILTON and  LAPLACE o p e r a t o r s  have  to  be i n t r o d u c e d  i n  o r d e r
t o  c a r r y  o u t  t h i s  m o d i f i c a t i o n .  These f u n c t i o n s  a r e  t h e  STRESS-
FUNCTION and  t h e  DISPLACEMENT FUNCTION.
L e t  t h e  HAMILTON OPERATOR be d e f i n e d  i n  t h e  f o l l o w i n g
f ° r m : —  + ^ \  , , A'
k2 ?<* ^ ” 'A& \  a c><x g> ■.   • • •" U *45) .
t h e n  t h e  LAPLACE OPERATOR
+ • • •  • • • • • • •  ■.•(1.146)' -
F o r  p r a c t i c a l  a p p l i c a t i o n ,  t h i s  l a t t e r  w i l l  be  . r e w r i t t e n  i n
t h e  f o l l o w i n g  fo rm :
A f j y 1 = .  1  ^  i  , 1 £ & !JL + h. - i  I h  P -  + 1 Ph P.A 3* As>«*»<* B s d$ £> "a S> £
h  1> V  =  A L i f —,  - 1 — — J—  P h .  P -  h —  0 &  J2. 4 .  _i— lL _  _  _ i _  i  h .  P .  4 . _ i _  c> A D 1  /  4
The se c o n d  and  f i f t h  members i n  t h e - b r a c k e t s  a r e  s m a l l  i n  
c o m p a r i s o n  w i t h  t h e  o t h e r s .  N e g l e c t i n g  t h e s e ,  t h e  f i r s t  and
l a s t  members i n  t h e  b r a c k e t s  r e w r i t t e n  a s :
i  Of _ i  h  f 1 9 \  
ba Dp7* ~ & vp u &
[p /O  i  3 - f I  2 . \  -  i  / i 5 i 5 . i l  U i  SA--2. + i- _sl
A - s U  A S<*J ~ M ~  K1 «■* 3 *  19 *  ^
and n e g l e c t i n g  t h e  f i r s t  t e r m  we h a v e r
<' J3 ;'j_ £ \  i- XL
A J o ( U 3cV k'1 2>d'L
t h e n  t h e  LAPLACE OPERATOR w i l l  be  f o u n d  a s :
i ;  ' THE- STRESS FUNCTION <f <fCd
and was
_JL 9B 2±l&2> ©<* o><A
(1 .1+9 )
The s t r e s s  f u n c t i o n  was i n t r o d u c e d  o r i g i n a l l y  Hy
G-. B. AIRY , who. a d o p t e d  i t  i n  a  r e c t a n g u l a r  s y s t e m  o f  
c o - o r d i n a t e s .  I n  c u r v i l i n e a r - c o - o r d i n a t e s ,  t h e  s t r e s s  
f u n c t i o n  was. a p p l i e d  p r i m a r i l y  toy Y. S. VLASOY^-^ 
d e f i n e d  i n  t h e  f o l l o w i n g  fo rm :
' U w 1 2 -  f  1& a(& { & )
k| «■ Lsl a  SliJ f JL 2A 2i.-I^ (5> c><£J £> (i
■ > t    L  /_ £ £  _ L § & a i  1 2 A 2 1 X
I Ave>^©cfS(J> £> 2  c* «?c* N *SjS 3 (b  y
l i )  THE DISPLACEMENT EUHCTIQH , w (« < ,  p:)V
The o t h e r  i m p o r t a n t  f u n c t i o n  would  he t h e  d i s p l a c e ­
ment  f u n c t i o n ,  w h ic h  would  l e a d  t o  t h e  s e c o n d  t r i a d  o f  t h e  
unknown q u a n t i t i e s .  U n f o r t u n a t e l y  s u c h  a f u n c t i o n  does, n o t  
e x i s t  i n  t h a t  f o r m . i n .  which,  t h e  s t r e s s  f u n c t i o n  was d e f i n e d .  
I n  o t h e r  w o rd s ,  t h e r e  i s  no d i r e c t '  r e l a t i o n s h i p  b e tw e e n  th e  
moments and  the. d i s p l a c e m e n t  f u n c t i o n .  One had  t o  r e s o r t ,  
t h e r e f o r e ,  t o  i n d i r e c t  r e l a t i o n s  w h ic h  a r e  a s  f o l l o w s :  '
-(15)
i i i )  THE STRESS-STRAIN FJNCTIOH
T h is  f u n c t i o n  was " i n t r o d u c e d  by  YLASOYVl> ' and  can
be o b t a i n e d  by  a d d i n g  t h e  f i r s t  two o f  E q ( l . 4 l ) .
Namely • -
+ + ^ o m  w h ic h
t p  t w<* + ^  *   -  >. • .,(1 .50)
But on one h and  g, +£*> compose t h e  v o l u m e t r i c  s t r a i n  and  on .{* I
t h e  o t h e r  h a n d ,  t h e  H, and n o r m a l ' f o r c e s  can  be e x p r e s s e d  
i n  t e r m s  o f  t h e  s t r e s s  f u n c t i o n  ( E q . 1 . 4 9 ) ,  t h e r e f o r e  E q ( l . 5 0 )  
can  be, r e w r i t t e n  i n  t h e  f o l l o w i n g  fo rm :
8 = (- o E t i a n : U \ . L n & & s ± + J _ £ A . s ± . t . i - 2 . f - 3-^ V©<* S*®* AH*2- ^ © f> /\ ©u V 3<A J
S u b s t i t u t i n g  t h e  LAPLACE OPERATOR f o r  f rom  E q ( l . 4 8 )
. we f i n a l l y  have
t. ■=*■ t r  .................. ( 1 . 5 1 )
h en ce  v b  -  in i ’.  ( 1 . 5 2 )
These r e l a t i o n s  a r e  c a l l e d  t h e  s t r e s s - s t r a i n  f u n c t i o n ,  
i i i ) THE LISPLACEMENT-STRAIN FUNCTIONS■
These  f u n c t i o n s  were i n v e n t e d  p a r t l y  by  YLASOV^ ^  , 
p a r t l y  by  AMBARTSUMIAN^^. The f i r s t  o f  t h e s e  c an  be- 
o b t a i n e d  by  a d d i n g  t h e  two e q u a t i o n s  o f  (1 - .39) .  ...
Namely
// i  1/ = _ F l IL  (1 L A \ + J _  SA L A  v L A  + 1  YA (1  LAUp. -3c*J ©c ^e> © *  3o( e> s j ]
S u b s t i t u t i n g  t h e  LAPLACE OPERATOR f o r  w f rom  E q ( l . 4 8 )  and
d e n o t i n g  //* + // = (I f i n a l l y  we a r r i v e  a t
■U. “  -  v i  , ...................... . . . . . . . . .  . . ’, . . ( 1  .5 3 )
T h i s . r e l a t i o n . i s  c a l l e d  VLASOY's d i s p l a c e m e n t - s t r a i n  f u n c t i o n  
S i m i l a r . r e l a t i o n  was d e r i v e d  f ro m  t h e  v o l u m e t r i c  ' s t r a i n  by  
AMBARTSUM J  AN, who-‘f o u n d  t h a t :
v  c “ v-1 - J a&[ r , ^ U  ©c* J j
Making u s e  o f  t h e  CAUSS-COLA.ZZI r e l a t i o n s
; V i =  0 - 0  +   - ( 1 . 5 U )
The r i g h t h a n d  s i d e  o f  E q ( l . 5 4 )  can  be r e g a r d e d  .as a  LAPLACE 
e q u a t i o n ,  w h ic h  w i l l  be d e n o te d  by-
A  — v 7  ^  ^ F _C_ /  1  ^  'N 4. p .  f  1  A P A  "\"1 > sA R -  V* — V Ra A 5»<*J+ s>(b L -)j   ■■**'•(1 .55 )
hence
v t  =(i-OvRP  . . . . . . . . . . . . . . . . . . . . . .  (1>56)
t h i s . r e l a t i o n  i s  c a l l e d  t h e  'AMBARTSUMIAN'S d i s p l a c e m e n t -  
s t r a i n  f u n c t i o n .
A f t e r  t h e s e  p r e p a r a t o r y  s t e p s ,  l e t  t h e  e q u a t i o n s  
o f . t h e  s t r e s s  f u n c t i o n  ( 1 .4 9 )  he s u b s t i t u t e d  f o r  t h e  f i r s t  
two o f  o u r  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  ( 1 . 4 4 ) .  These 
two d i f f e r e n t i a l  e q u a t i o n s  s a t i s f y  a n - i d e n t i t y ,  s i n c e  o n l y  
■ v e r t i c a l •l o a d  a c t s  on t h e ' s h e l l  (p^ =p^ =0 ) .  . S i m i l a r  p h e n o ­
menon can. he  o b s e r v e d  i n  t h e  l a s t  two o f  E q (-1 . 4 4 ) s i n c e  t h e  
f u n c t i o n s  , 'gr and  MT a r e  s u b s t i t u t e d  by t h e i r
v a l u e s  o f  Eqs(  1 . 39 ) , (1 . 40) and (.1 . 41 ) r e s p e c t i v e l y .  The 
o n l y  r e m a i n i n g  d i f f e r e n t i a l  e q u a t i o n  i s  t h e r e f o r e , t h e  t h i r d  • 
o f  E q s ( l . 4 4 . ) ,  w h ic h  can  be w r i t t e n  a s  f o l l o w s :
^  = S s  ... ..................... ............... ( - 1 . 57 )
By e x p r e s s i n g  t h e  p e r p e n d i c u l a r  s h e a r  f o r c e s  (Q«. and  Q^)
f ro m  E q s ( 1 . 4 4 ) ?  we g e t :
. A *  = 1 b + h , | | ]
Qp - aT5 [h C & Mr) + t1r I f  -%  (A MO + n* §£•\
By s u b s t i t u t i n g  t h e  v a l u e s  o f  and MT f ro m  E q ( l . 4 l ) ,
t h e  p e r p e n d i c u l a r  s h e a r  f o r c e s  w i l l  be o b t a i n e d  i n  t h e
f o l l o w i n g  f o r m s :
Q - ^ - . u c * v V
^  = :- - v f w v r  1 ,
By s u b s t i t u t i n g  and Qp i n t o  E a ( l . 5 7 )  we g e t :  .
Ri - Ti'cr^J * AS l ^ u  5 V
I k  * l i i   --------------  . . v 4^     ( 1 . 5 8 )Ri ai • u C i - O  v  A , nN
B ut  on t h e  o t h e r  h a n d ,  t h e  l e f t h a n d  s i d e  o f  E q (1 .5 o ) ,  can
a l s o  be  e x p r e s s e d  i n  t e r m s  o f  t h e  s t r e s s  f u n c t i o n ,  t h u s :
Ik + _ i  fi a fr^, (l  1Hi &Z " B A4B£>o( Rii 2 P> j
Tak ing ,  a d v a n t a g e •o f  E q s ( l . 4 8 )  and  ( 1 .4 7 1  w e -h av e :
tU , Wf  ^ JL Si J2 (L 2±\ + i  .2.
Making u s e  o f  t h e  GAUSS-CODAZZI r e l a t i o n s
The r i g h t h a n d  s i d e ,  o f  E q ( l . 5 9 )  can  he r e g a r d e d  a s  a . ■ 
LAPrACE e q u a t i o n  and  t h e  f o l l o w i n g  d e n o t a t i o n  i s  i n t r o d u c e d
f o r  i t : „ « r - -«
a  = Vo = — -  -h 2 . \  f a  r i  \1R Ae> '  R'x * 2oW  ^ Ri & ^ P»J j  . . . . . . . . .  ^  go)
T h e r e f o r e  E q ( l . 5 8 )  can  f i n a l l y  he w r i t t e n  a s  .
^ i V4 fo r—y ^  jl , ■ \
T ,  " u  =   . . ( 1 . 6 1 )
I t  f o l l o w s  now, t h a t  a new d i f f e r e n t i a l  e q u a t i o n  c an  he
c r e a t e d  f ro m  E q s ( 1 .5 2 )  and ( 1 . 5 6 ) ,  s i m i l a r l y  E q s . ( 1 . 5 8 )  
and  ( 1 . 6 | )  l e a d  to  a n o t h e r  new d i f f e r e n t i a l  e q u a t i o n .  ' Each  
o f  t h e s e  c o n t a i n s '  t h e  s t r e s s  f u n c t i o n  jzf(<*,^)-as w e l l  a s . t h e  
d i s p l a c e m e n t  f u n c t i o n  w(«*, A) , and .they a r e  a s  f o l l o w s : ' .
A t  ^  = q I
t  <-,**. y ( x-7'2- L U ^  ‘ * * *  ..............................   (1 .62 )f2 c * -yrf ^  /ih- f 4> - f  n J
S i n c e  i t  h a s  h e e n  assumed t h a t  t h e  .<*. and a r e  m u t u a l l y
p e r p e n d i c u l a r  l i n e s  and s i m u l t a n e o u s l y  t h e y  compose th e  
l i n e s  o f  p r i n c i p a l  c u r v a t u r e s ,  E q s ( l . 6 2 )  d e s c r i b e  the- 
e q u i l i b r i u m  c o n d i t i o n s  f o r  t h o s e  s h e l l s  o n l y ,  f o r  ,which  
t h e  s y s t e m  o f  c o - o r d i n a t e s  s a t i s f y  t h i s  c o n d i t i o n .  These 
s h e l l s '  c an  he  r e g a r d e d  a s  t r a n s l a t i o n a l  s h e l l s . :
Som etim es  t h e  m id d le  - s u r f a c e '  i s  n o t .  f 7,
c o n s i d e r e d  a s  a  t r a n s l a t i o n a l  s u r f a c e ,  
m a i n l y  b e c a u s e  t h e  d i s c u s s i o n  o f  t h e  
p a r t i c u l a r  p r o b l e m  n e c e s s i t a t e s  t h e
/
i n t r o d u c t i o n  o f  su c h  a c o - o r d i n a t e  ,
* >’
s y s t e m  where  t h e  c o - o r d i n a t e  l i n e s  do EIG-. 1 . 7 .
n o t  c o i n c i d e  . .wi th  t h e  l i n e s  o f  p r i n c i p a l
c u r v a t u r e s . T h e  w arped  p a r a l l e l o g r a m  ( E i g . 1 . 7 )  can. he r e g a r d e d  
a s  a  t y p i c a l  exam ple  f o r  t h i s  c a s e ,  w h ich  i s  a  p a r t i c u l a r  c a s e  
o f  h y p e r b o l i c  p a r a b o l o i d s .  .
Prom t h e  g e n e r a l i t y  o f  t h i s  p r o b le m  em erges  t h e  ' 
i n t r o d u c t i o n  o f  a  new q u a n t i t y  wBich m e a s u r e s ' t h e
w a r p in g  o r  t h e  t w i s t  o f  t h e  s u r f a c e  i n  t h i s  c a s e .  The 
c o r r e s p o n d i n g  LAPLACE o p e r a t o r ,  w h ich  h a s  to  be s u b s t i ­
t u t e d  i n s t e a d  o f  S7R i n  E q ( l . 6 2 ) ,  was i n v e n t e d  by  VLASOV. 
He assum ed  t h a t  t h e  s u r f a c e  i s  s h a l l o w ,  c o n s e q u e n t l y  t h e  
. g e o m e t r y  o f  t h e  s h e l l  on t h e  s u r f a c e ,  i s  n e a r l y  e q u a l  to  
t h e  g e o m e t r y  on t h e  p l a n e ,  and d e r i v e d  th e  c o r r e s p o n d i n g
LAPLACE o p e r a t o r  i n  t h e  f o l l o w i n g  fo rm :
v j  .  i f e ( i  l . a ' i .  1 -  + Jl  I L  k  9 \ 1  (1 . 63)
•By t a k i n g  a d v a n t a g e  o f  the '  C-AUSS-COLAZZI r e l a t i o n s ,  we 
f i n d : z ) {"±.  ^ >  £_ , 1  9 / E  5 _ \ ]j, li'i'Sol V fr a) cAj ft \ 2- 0 A O (-> ft { cffb v. V3> "3 j J
I f  t h e  s h e l l  i s - s h a l l o w ,  t h e  LAMlfc p a r a m e t e r s  can  
be  r e g a r d e d  a s  c o n s t a n t s ,  ..
h e n ce
^  aP>
"2- -l
f t 2 A  3oCz Xtxz *  ft*  B
(1 . 6 5 )
f i n a l l y  ^ J__ j f .  _ ? —  - --- __- L-- —  1 .6 4 )
* - A S> ft v2. 'o>ot O (b BdR*
C o n s e q u e n t l y  i n  t h o s e  g e n e r a l  c a s e s ,  when t h e  p r i n c i p a l  
c u r v a t u r e s  do n o t  c o i n c i d e  'w i t h  t h e  l i n e s  o f  c u r v i l i n e a r  
c o - o r d i n a t e s ,  Eqs(  1 . 62.)" 'become' of .  t h e  f o r m s :
S74<j> -  E t  4/1 =« Q
v V  V D v J  <P fc fn
where  L = 1 ^  ( c y l i n d r i c a l  o r  b e n d i n g  s t i f f n e s s )
E q s (1 . 6 5 ) d e s c r i b e  ' the  b e h a v i o u r  o f  any  s h e l l , '  
s i n c e  i t  i s  s u b j e c t e d  to  n o r m a l  f o r c e s ,  s h e a r  f o r c e s  and 
moments ,  t h e r e f o r e  t h e y  a r e  c a l l e d  t h e  g e n e r a l  e q u a t i o n s  o f  
t h e  s h e l l  t h e o r y .  I t  can  be c o n c lu d e d '  t h a t  t h e  p l a t e s  and 
t h e  t w o - d i m e n s i o n a l  s t r e s s  p r o b le m s  a r e  t h e  s p e c i a l ■c a s e s  o f  
t h e  g e n e r a l  s h e l l  p ro b le m .  ; F o r . b o t h  o f  t h e s e  t h e  r a d i i  o f
curvatures are infinite,
h e n c e  1 1  1 0 s i m i l a r l y  V_ = V  = oR • g
^2 RV l
and  E q s ( 1 . 6 5 ) r e d u c e  to
(1 . 66 )
The f i r s t  o f  E q s ( l . 6 6 )  d e s c r i b e s  t h e  t w o - d i m e n s i o n a l  s t r e s s -  
p r o b l e m s ,  w h i l e  t h e  s e co n d  one composes t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  e l a s t i c * p l a t e s .  .
I t  w i l l  be shown l a t e r  t h a t  t h e . s e c o n d  o f  
E q s ( l . 6 5 )  a l s o  i n v o l v e s  t h e  MEMBRANE' THEORY and l e a d s  t o  •; 
t h e  NON-LINEAR THEORY.. , ‘ ' ■
1 . 4 .  BOUNDARY C ONLITIONS.
The s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 1 . 6 5 ) 
n a t u r a l l y  d o e s  n o t  y e t  d e t e r m i n e  c o m p l e t e l y  t h e  s t a t e  o f  
s t r e s s e s  o r . d e f o r m a t i o n s  i n  a  s h e l l  a s  l o n g  a s  t h e y  a r e  n o t  
s u b j e c t e d  t o  a c e r t a i n  number  o f  r e l a t i o n s  b e tw e e n  th e  f o r c e s . ,  
moments and d i s p l a c e m e n t s  a t  t h e  s u p p o r t i n g  e d g e s  o f  t h e  
s h e l l y  These  r e l a t i o n s  .a re  c a l l e d  t h e  b o u n d a ry  c o n d i t i o n s .
I f  t h e  s h e l l  i s ' c o m p l e t e l y  c l o s e d ,  i t  i s  e v i d e n t  
t h a t  t h e  c o n c e p t  o f  t h e '  b o u n d a ry  c o n d i t i o n  l o s e s  i t s  m ean in g .  
The c o - o r d i n a t e  l i n e s  «*• and P on t h e  m id d le  s u r f a c e  w i l l  be 
c l o s e d  c u r v e s  f o r  t h e s e  s h e l l s .  By c h o o s i n g  one o f  t h e s e  l i n e s  
c o n s t a n t  and  a l l o w i n g  t h e  o t h e r  to  v a r y ,  t h e  c o n s t a n t  l i n e  
w i l l  r e t u r n  to  t h e  same p o i n t  -of t h e  m id d le  s u r f a c e , . " S i n c e  
t h e  d i s p l a c e m e n t  o f  t h i s  p o i n t  i s  d e t e r m i n e d ,  one m us t  im pose  
on t h e  s o l u t i o n  f o r  c o n d i t i o n  t h a t  t h e  d e f o r m a t i o n  i s  a 
p e r i o d i c  f L in c t io n  o f  t h e  c o - o r d i n a t e  l i n e .  T h e r e f o r e  i n  t h e  
c a s e  o f  c l o s e d  s h e l l s ,  t h e  b o u n d a ry  c o n d i t i o n s  a r e  r e p l a c e d  by 
t h e  c o n d i t i o n s ,  o f  p e r i o d i c i t y .  . .
I n  a  g rea t ;  d e a l  o f  t h e  p r a c t i c a l  a p p l i c a t i o n s  th e  
s h e l l  i s  n o t  c l o s e d  h u t  i t  i s  s u p p o r t e d  a l o n g  i t s  e d g e s .  
Som etim es  t h e  s u p p o r t e d  edge c o i n c i d e s  w i t h  one o f  t h e ' . -
c u r v i l i n e a r  c o - o r d i n a t e s  o r  p>, c o n s e q u e n t l y  f o r  t h e s e  
c a s e s ,  a l o n g  t h e  s u p p o r t e d  e d g es  t h e  c o n d i t i o n  o f  oc = c o n s t ,  
o r  ft = c o n s t ,  i s  a lw a y s  s a t i s f i e d .  The s t r e s s e s  a c t i n g  on 
t h e  b o u n d a r y  o f  t h e  m id d le  s u r f a c e  w i l l  now be i n t e g r a t e d  
o v e r  t h e  t h i c k n e s s  o f  t h e ' s h e l l  and  w i l l  be r e p l a c e d  by  ■ 
t h r e e  f o r c e s  and  two moments p e r  u n i t  l e n g t h .  These f i v e  
q u a n t i t i e s  a r e  a s  f o l l o w s :  r
K ,  u ,  m , ,  mt 1<67)
Np, .Qp, T , Mp, Mt ■
The s t r e s s e s  i n  t h e  s h e l l ,  h o w ever ,  a s  LOVE p r o v e d  ( s e e  
KIRCHEOEE CONDITIONS) a r e  n o t  c o m p l e t e l y  d e f i n e d  by  f i v e ,  
b u t  o n l y  by  f o u r  b o u n d a r y  c o n d i t i o n s .  S u b s e q u e n t l y  t h e  
t w i s t i n g  moment on t h e  b o u n d a ry  h a s  to  be r e p l a c e d  by
c o r r e s p o n d i n g  d i s t r i b u t e d  t a n g e n t i a l  and p e r p e n d i c u l a r  s h e a r
‘ ( 1 P) ’f o r c e s .  G-OL'DENWEISER . v e r i f i e d  t h a t  t h e  t w i s t i n g  moment
can  a lw a y s  be  r e p l a c e d  a l o n g  t h e  e d g e s  by t h e  f o l l o w i n g
e x p r e s s i o n :  a h i  Hr
Mr ~ "9? V
where  t h e  t e r m s  o f  t h e  r i g h t h a n d  s i d e  i n d i c a t e  t h e  p e r p e n ­
d i c u l a r ,  s h e a r  and t h e  t a n g e n t i a l  s h e a r  r e s p e c t i v e l y .  / 
T h e r e f o r e  t h e  q u a n t i t i e s  g i v e n  i n  ( 1'. 6T\  r e d u c e  to  . the
f o l l o w i n g  f o u r :  ^  i s ji , j  + n-r V1a
y  O  c> } ^ 2. y
( 1- . 6 8 )
Wf , V  , T+ ^  ^
By t h e  p r i n c i p l e  o f  ST. VENA’KJT, t h e  e f f e c t  o f  t h i s  a p p r o x i - -  
m a t i o n  c a n n o t  be s i g n i f i c a n t  and  i t  can  o n l y  be n o t i c e a b l e  
w i t h i n  t h e  v i c i n i t y  o f  t h e  e d g es  ( a t  a  d i s t a n c e  o f  t h e  o r d e r  
o f  t h e  t h i c k n e s s  o f  t h e  s h e l l ) .
I n  t h e  p r a c t i c a l  a p p l i c a t i o n '  t h e  boundary '  
c o n d i t i o n s  a r e  n o t  a lw a y s  e x p r e s s e d  j u s t  -in t e r m s  o f  t h e  
p r e v i o i i s  ■ f o u r  q u a n t i t i e s .  'S om e t im es  t h e  e x i s t e n c e  o f -  
c e r t a i n  d i s p l a c e m e n t  com ponen ts  have  to  "be t e r m i n a t e d ,  i n  
some o t h e r  c a s e s  t h e  p r e s e n c e  o f  t h e s e  a r e  s t a t e d .  T h is  
l e a d s  to  a  num ber  o f  p o s s i b l e  v a r i a t i o n s  o f  t h e  .b o u n d a ry  
• c o n d i t i o n s ,  w h ic h  are-  sum m arized  ..as f o l l o w s : .
1 .
2 .-
3.
FREE EDGE,
o r
P I G . 1 . 8
A l l  t h e  d e f o r m a t i o n  com ponen ts  
a r e  p e r m i t t e d  ( P i g . 1 . 8 ) ,  
c o n s e q u e n t l y :
1 sMr m _
* GU+'g, T+ qq - 0 * = G
Hf-0  i T + Y h Q t
HINGED EDGE FREE TC MOVE IN NORMAL DIRECTION
The v e r t i c a l  and t a n g e n t i a l
d i s p l a c e m e n t  com ponen ts  a r e  e q u a l
to  z e r o ,  w h i l e  n o r m a l  d i s p l a c e m e n t
■ r o t a t i o n  a r e  p r e s e n t e d  ( P i g .  1 . 9 )
c o n s e q u e n t l y :
=° 0 • V = o j Q.& + g> s (s> 0 *j Hoi = o
o r  ^ = 0  j v = o | Q.^f iv & ’i = o
HINGED EDGE WITH FIXED' SUPPORT
Only r o t a t i o n  can  o c c u r  w h i l e  t h e
o t h e r  t h r e e  d i s p l a c e m e n t .c om ponen ts  
e q u a l  t o  z e r o ( P i g . 1 .1 0 )  - 
c o n s e q u e n t l y :
o r
U =  0  j V - O \ ^  = 0  j M p O
4. ENCASTRjfc EDGE
No d i s p l a c e m e n t  com ponen ts  a r e
p e r m i t t e d  ( E i g . 1 . 1 1 )
c o n s e q u e n t l y :  *
l)*0 v =0 y  U - O j  Q
o r
a--o ; v * o  i -  Q
1 . 5 .  THE MEMBRANE THEORY AS A SPECIAL CASE,
The p r a c t i c a l  d e s i g n  o f  t h e  s h e l l s  i s  l a r g e l y  
biased on t h e  a s s u m p t i o n  t h a t  t h e  b e n d i n g  and. t o r s i o n a l  ' 
moments a r e  e q u a l  t o  z e r o .  These  r e s t r i c t i o n s  l e a d  to  
a s i m p l i f i e d  t r e a t m e n t  o f  t h e  p r o b le m ,  and th e  r e l a t i n g  
t h e o r y  i s  c a l l e d  t h e  MEMBRANE ANALYSIS.- The p h y s i c a l  
i n t e r p r e t a t i o n  o f  t h e  t h e o r y  'can be d edu ced  f ro m  th e  
b e h a v i o u r  o f  t h e  soap  b u b b l e  o r  o t h e r  v e r y  ■ t h i n  membranes 
w h ic h  a r e  c a p a b l e  o f  c a r r y i n g  l o a d  w i t h o u t  b e n d i n g .  B ased  
on t ^ i i s  a n a l o g y ,  t h e  s h e l l  w i l l  be  r e g a r d e d  a s  a t h i n  
membrane,  w h ic h  r e s i s t s  o n l y  n o r m a l  and s h e a r  f o r c e s  a n d ,  
h o w e v e r ,  b e i n g  d e f o r m a b l e . i t  w i l l  d w e l l  on t h e  b e n d i n g .  
D e f o r m a t i o n  c a n n o t  be t a k e n - i n t o  a c c o u n t ,  however ' ,  even  
n o t  t h e  f i r s t  t r i a d  o f  the, ■ d e f o r m a t i o n  com ponen ts  w h ich  i s ,  
i n  f a c t ,  some w e a k n e s s  o f  t h i s  t h e o r y .  S u b s e q u e n t l y  one i s  
o b l i g e d  t o  make z e r o  a l l  t h e . t e r m s  o f  E q s ( l . 6 5 )  w h i c h ' a r e  
r e l a t e d  w i t h  d e f o r m a t i o n s .  T h u s . t h e  s e co n d  o f  E q s ( l . 6 5 )  
r e d u c e s  t o :
V? 4 “ In . ( 1 ,6 9 )
by  w r i t i n g  "S/g i n  a l g e b r a i c  fo rm  we have
i i_ _  Jli = P _________ 1 . 7 0 )i) Hi QA4 1» . •
E q ( 1 . 7 0 )  e s t a b l i s h e s  r e l a t i o n s  b e tw e e n  t h e  s t r e s s  f u n c t i o n ,  
t h e  s u r f a c e  c h a r a c t e r i s t i c s  o f  an  a r b i t r a r y  shap e  o f . th e  
m id d le  s u r f a c e  (LAM± p a r a m e t e r s ' ,  r a d i i  o f  c u r v a t u r e s )  , and  
' t h e  e x t e r n a l  l o a d ,  i n  an  a r b i t r a r y  c u r v i l i n e a r  s y s t e m  o f
c o - o r d i n a t e s .  . T h e r e f o r e  Eq( 1. 70) i s  c a l l e d  t h e  g e n e ra l -  
d i f f e r e n t i a l  e q u a t i o n  o f  t h e  MEMBRANE THEORY.
The s o l u t i o n  o f  E q ( l . 7 0 )  l e a d s  to  t h e  -membrane 
s t r e s s e s  p e r  u n i t  l e n g t h  v )  w h ich  a r e ,  s t r i c t l y -
s p e a k i n g ,  o b l i q u e  f o r c e s ,  and  t h e  a n g l e  a t  w h ich  t h e y ' 
i n t e r s e c t  i s  v a r y i n g  f ro m  p o i n t ' t o  p o i n t  a l l  o v e r  t h e  
m id d le  s u r f a c e .  To overcome t h i s  i r r e g u l a r i t y ,  a l l  -the 
s y s t e m  i n v o l v e d  i n  E q ( l . 7 0 )  w i l l  be p r o j e c t e d  o n to  a 
common, p l a n e .  The d i r e c t i o n  o f  t h i s  p r o j e c t i o n  i s  some­
t i m e s  o r t h o g o n a l ,  som etim es '  o b l i q u e .  The ©c and c u r v i ­
l i n e a r  c o - o r d i n a t e s  become s t r a i g h t  l i n e s  on t h i s  common, 
p l a n e  and t h e . LAM^C p a r a m e t e r s  become u n i t s . .  The s t r e s s  
f u n c t i o n  w i l l  be r e p l a c e d  by t h e  AIRY s t r e s s  f u n c t i o n  and
t o  e x p r e s s  t h e  v a r i a t i o n  o f  t h e  p r o j e c t e d  l o a d ,  a l e a d
\
f u n c t i o n  I ( x , y )  h a s  to  be i n t r o d u c e d .  F u r t h e r m o r e , - t h e  
p r o j e c t i o n s  o f  t h e  c o r r e s p o n d i n g  membrane s t r e s s e s  
a r e  . p a r a l l e l  t o  e a c h  o t h e r ,  and t h e i r  d i r e c t i o n s '  w i l l  be 
chosen,  f o r  t h e  x and y a x e s  r e s p e c t i v e l y .  ' The x and y 
a x e s  -and t h e  z a x i s ,  w h ich  i s  p e r p e n d i c u l a r  t o  t h e s e , ,  w i l l  
compose a  new, s t r a i g h t  l i n e  s y s te m  o f  c o - o r d i n a t e s ,  where  
a l l  t h e  p r o j e c t e d  membrane f o r c e s  are- f o u n d .  The p r o j e c t e d  
membrane f o r c e s  (Nx ,Ny,T)  t i r e  c a l l e d  som etim es  PSEUDG^~^V 
s t r e s s  c o m p o n e n ts .  By c a r r y i n g  o u t  t h i s  p r o c e d u r e , E q ( 1 .7 0 )  
r e d u c e s  t o :  i re-i i » cA-a • , v
1  1  9  _  n _L i _  v -  £ 1 -  »  + L o . m I  (1 71 )RjTT* 2 * ft. ■>) . . . . . .A  I • f U
Tlie s i g n  o f  file T ( x , y )  fenni d e p e n d s  s.lw3,ys on in e  o n ie n f a .o io  
o f  t h e  z a x i s .
Though t h e  r a d i i  o f  c u r v a t u r e s  d e t e r m i n e  e n t i r e l y  
t h e  m id d le  s u r f a c e ,  i t  i s  p r e f e r r e d ,  h o w ev er ,  t o  e x p r e s s  
t h e  sh ap e  a s  a  f u n c t i o n  o f  -the c o - o r d i n a t e s .  T h is  r e l a t i o n  
z = f (x , y ) w i l l  be c a l l e d  t h e  s h a p e . f u n c t i o n .  L e t ,  t h e r e ­
f o r e ,  t h e  im m e d ia te  v i c i n i t y  o f  t h e  i n v e s t i g a t e d  p o i n t  o f  
t h e  m id d le  su rfac .e .  he r e p l a c e d  hy th e  o s c u l a t i n g  p a r a b o l o i d ,
w h ic h  h a s  t h e  f o l l o w i n g  e q u a t i o n :  '
2 2 '
22 -■-£-■+ 2 ££ + Z_ .• P P P '
■ ' K1 12 2
By d i f f e r e n t i a t i n g  t h i s  e q u a t i o n  t w i c e ,  w i t h  r e s p e c t  to
x .and y ,  we f i n d :  . • ’
_
3 — 2. i
r\2 ™a t- JL > . :f ro m  w h ic h : £>*«Rui R t.'z. -S
f  r 2 \a y i tu J ^x
By s u b s t i t u t i n g - E q s ( 1 .7 2 )  f o r  E q ( l . 7 l )  we have
(1-.72)
g)2g „ S>ZZ...
-s>^  Oi[4 d y s -  3** ~  U-.73;
B q ( l . ’73)  c o n t a i n s  t h r e e  f u n c t i o n s  ( s h a p e ,  s t r e s s ,  l o a d )  • ■
w h ic h  e n t i r e l y  d e t e r m i n e  ' t h e  s t a t e  .o f  s t r e s s e s  i n  any
membrane s h e l l .  These f u n c t i o n s  a r e  c a l l e d  th e  . t h r e e
b a s i c  f u n c t i o n s  and E q ( l . 7 3 )  w h ich  i n v o l v e s  t h e s e  f u n c t i o n s
i s  c a l l e d  t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  membrane
t h e o r y .  A l l  t h e  s h e l l s  w h ich  can  be s o l v e d  w i t h i n  t h e  ■
membrane t h e o r y  a r e  s p e c i f i e d  a s  s t a t i c a l l y  d e t e r m i n a t e
s h e l l s ,  w h ic h  i s  a s t r a i g h t  c o n se q u e n c e ,  o f  t h e  t h r e e  b a s i c
f u n c t i o n s .  I t  i s  e v i d e n t  now t h a t  s t r e s s  c a l c u l a t i o n  c an
o n l y  be  p e r f o r m e d  f o r  t h o s e  s h e l l s  w hich  a r e  s u p p o r t e d  i n
a s t a t i c a l l y  d e t e r m i n e d  m anner .  I n  o t h e r  w o rd s ,  The
b o u n d a r y  c o n d i t i o n s  have  to  be p r e s c r i b e d  i n  s u c h  a way T h a t
t h e  s e c o n d  p a r t i a l  d e r i v a t i v e s  o f  t h e  s t r e s s  f u n c t i o n  s h o u l d  
b e , d e t e r m i n e d  u n a m b ig u o u s ly  a l o n g  t h e  whole  b o u n d a ry .
T h u s  t h e  s t r e s s  c a l c u l a t i o n . i n  a  m e m b r a n e  s h e l l  r e d u c e s  t o  
a n  a p p l i e d  m a t h e m a t i c a l  t o p i c  c a l l e d  t h e  b o u n d a r y  v a l u e  
p r o b l e m .  ■
F o r  t h e  b o u n d a r y  c o n d i t i o n s , w h i c h  e n s u r e  t h e '  
s t a t i c a l l y . d e t e r m i n e d  s u p p o r t  c o n d i t i o n ,  . c a n  b e  t a k e n  N o . 2 
o r  som e  c o m b i n a t i o n  o f  N o .1  a n d  N o .  3 w h i c h  h a v e  b e e n  
d e s c r i b e d  i n  C h a p t e r  1 . 4 .  A l l  o f  t h e s e  p o s s i b l e  b o u n d a r y  
c o n d i t i o n s ,  h o w e v e r ,  r e q u i r e  t h e  n o r m a l  f o r c e  t o  b e  z e r o  
a l o n g  t h e  e d g e s ;  i n  o t h e r  w o r d s ,  t h e  u  = u ( x , y )  d i s p l a c e ­
m e n t  c o m p o n e n t  m u s t  b e  p e r m i t t e d  a l o n g  t h e  e d g e s .
The  b r i e f  p r o g r a m m e  o f  t h e  m e m b r a n e  t h e o r y  i n v o l v e s ,  
t h e r e f o r e ,  p r i m a r i l y  t o  s p e c i f y  a  s t r e s s  f u n c t i o n ■w h i c h  
s a t i s f i e s  t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n  a n d ' s e c o n d l y ,  t o  
o b t a i n  s u c h  e x p r e s s i o n s  f o r  t h e  tw o  a r b i t r a r y  i n t r e g a l  
f u n c t i o n s ' f , ( y ) ; f 2 ( x )  w h i c h  m a k e  . t h e  n o r m a l  f o r c e s  e q u a l  
t o  z e r o  a l o n g  t h e  b o u n d a r y .  T h i s : p r o g r a m m e  c a n  b e  p e r f o r m e d  
i n  d i f f e r e n t  w a y s ,  d e p e n d i n g  o n  t h e  s h a p e . o f ‘ t h e  m i d d l e  
s u r f a c e .  I t  s e e m s ,  t h e r e f o r e ,  t o  b e  r e a s o n a b l e  t o  g i v e  a -  
b r i e f  su m m a ry  o f  t h e  p o s s i b l e  s h a p e s  o f  t h e  m i d d l e  s u r f a c e .
The  s e c o n d  o r d e r  s u r f a c e s ,  w h i c h  a r e  g e n e r a l l y  u s e d  
f o r  s h e l l  s t r u c t u r e s , . c a n  b e  d i v i d e d ‘i n t o  e l l i p t i c ,  p a r a b o l i c  
a n d  h y p e r b o l i c  s u b d i v i s i o n s .  E a c h  o f  t h e s e  c a n  b e  r e g a r d e d  a s  
a  t r a n s l a t i o n a l  s u r f a c e  e x c e p t  o n e  s p e c i a l  h y p e r b o l i c  s u r f a c e ,  
w h i c h  i s  c a l l e d  t h e  w a r p e d  p a r a l l e l o g r a m .  The t r a n s l a t i o n a l  
s u r f a c e s  c a n  b e  e x p r e s s e d  b y  t h e  f o l l o w i n g  common e q u a t i o n :
z = c ( V -   ...(-I .JL.)
w h i l e  f o r  t h e  w a r p e d  p a r a l l e l o g r a m  we f i n d :  ■ -■
• z =  ■................. (1 . 7 5 )
- If . g1 < o the surface 'is elliptic
p a r a b o l i c
By s u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  d e r i v a t i v e s  o f  E q s ( l . 7 4 )  
and (1 .75.)  f o r  E q ( t .  73) ? the- r e s u l t i n g  d i f f e r e n t i a l  ' e q u a t i o n  
b eco m es :
a) e l l i p t i c :
2 G b 0 p rt jljL L 0 0 9 ^ -  Li m ) i f  f  <  0 . . , . . . . •• ( 1 . 7 6 )
b) ' p a r a b o l i c : 2 C , e> U 2 - i f  t  "= 0  . . . . ___ " ( 1 . 7 7 )
c) h y p e r b o l i c : 2 C 0Z^ — or or JH -  Lm) i f  r > 0 -  (1 . 7 8 )
d) h y p e r b o l i c :' - 2 k B 7' ^0 f o r  t h e  warped  p a r a l l e l o g r a m  ... - (1 .79)
L e t  t h e s e  f o u r  c a s e s  be i n v e s t i g a t e d  s e p a r a t e l y .
E q ( T .7 6 )  r e d u c e s  t o  a  LAPLACIAN o n l y  i n  e x c e p t i o n a l  
c a s e s .  I n  c e r t a i n  c o n d i t i o n s - ,  when t h e  two c o n s t a n t  c o e f f i ­
c i e n t s  a r e  e q u a l  and  t h e  . lo ad  f u n c t i o n  i s  c o n s t a n t  ( f o r  snow 
l o a d ) ,  Eq( 1 .7 6 )  becom es  a  POISSON e q u a t i o n .  The homogeneous 
p a r t  o f  t h i s ,  w h ic h  i s  LAPLACIAFT, som etim es  o f f e r s  g r e a t ,  h e l p  
i n  s o l v i n g  t h i s  b o u n d a r y  v a l u e  p r o b le m .  A p a r t  f rom  t h i s  c a s e  
t h e  e l l i p t i c  t y p e  o f  d i f f e r e n t i a l  e q u a t i o n  has- 'no  d i r e c t  
s o l u t i o n .  I n d i r e c t  s o l u t i o n  can  be o b t a i n e d  by  FOURIER s e r i e s ,  
a l g e b r a i c  p o l y n o m i a l s  o r  by t h e  i n t r o d u c t i o n  o f  c e r t a i n  
a u x i l i a r y  f u n c t i o n s .  The n o r m a l  f o r c e s ,  ho w ever ,  can  a lw a y s  
be e l i m i n a t e d  a l o n g  t h e  b o u n d a r y ,  w h ich  i s  a  g r e a t  a d v a n t a g e  
and a t t r a c t i o n  o f  t h e  e l l i p t i c  s u r f a c e s .  ' ..
E q ( 1 . 7 7 )  l e a d s  a lw a y s  t o  a  d i r e c t  s o l u t i o n ;  how ever
t h e  n o r m a l  f o r c e s  c a n n o t  be made z e r o  a l l  a l o n g  the'  
b o u n d a r y .  They can  be e l i m i n a t e d  a l o n g  t h e  s u p p o r t i n g  • 
a r c h e s  b u t  t h e  s t r a i g h t  e d g e s  w i l l  n e v e r  become f r e e  o f  ' 
n o r m a l  f o r c e s .  T h i s ,  i n  f a c t ,  i s  some d i s a d v a n t a g e  o f  t h e  
p a r a b o l i c  s u r f a c e s .
E q ( l . 7 8 )  h a s  no d i r e c t  s o l u t i o n .  I n  o t h e r  w o rd s ,  
no s t r e s s  f u n c t i o n  c an  be s p e c i f i e d  w h ic h  s a t i s f i e s  t h e  
b a s i c  d i f f e r e n t i a l  e q u a t i o n  and t h e  b o u n d a ry  c o n d i t i o n s  
s i m u l t a n e o u s l y .  I n d i r e c t  s o l u t i o n  can  be  o b t a i n e d  among 
o t h e r s  by  POLYNOMIAL METHOD. The n o r m a l  f o r c e s  c a n n o t  be 
e l i m i n a t e d  a l o n g  t h e  b o u n d a r y ;  i t  i s  p o s s i b l e ,  h o w e v e r ,  t o  
make two o p p o s i t e  s u p p o r t i n g  a r c h e s  f r e e  o f  n o r m a l  f o r c e s .
T h i s  p e c u l i a r  b e h a v i o u r  i s  due t o  t h e  f a c t  t h a t  t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n  i s  o f  t h e  h y p e r b o l i c  t y p e .  .
Eq( 1 . 7 9 )  h a s ' . a lw a y s  a  d i r e c t  s o l u t i o n ,  and  t h e  
s t r e s s  f u n c t i o n  i s  o b t a i n e d  -  a p a r t  f rom  c e r t a i n  c a s e s  -  i n  
r e l a t i v e l y  s i m p le  fo rm .  The b o u n d a r y  c o n d i t i o n s ,  h o w ev er ,  
a r e  n o t  s a t i s f i e d  e n t i r e l y , b y  t h i s  s t r e s s  f u n c t i o n  e x c e p t  
where  u n i f o r m l y  d i s t r i b u t e d  l o a d  a c t s  on t h e  s h e l l .  - F u r t h e r ­
more t h e  b o u n d a r y  v a l u e s  a r e ' u n c e r t a i n  and c a n n o t  be 
p r e s c r i b e d  u n i q u e l y .  To i l l u s t r a t e  t h i s  p e c u l i a r  b e h a v i o u r  
o f  t h e  w arped  p a r a l l e l o g r a m ,  l e t  E q ( l . 7 9 )  be s o l v e d  f o r  
u n i f o r m l y  d i s t r i b u t e d  l o a d .  •
As f o l l o w s :
-l\<  = U * V  -  f> -
* _ _
2 W _ w h ich  h a s  t h e  g e n e r a l  s o l u t i o n
4  “  -  y  *  f <  C J )  < -
W ith  r e f e r e n c e '  t o  t h e  AIRY s t r e s s  f u n c t i o n , ' t h e  p r o j e c t e d  
s t r e s s  c o m p o nen ts  a r e  o b t a i n e d  i n  t h e  f o l l o w i n g  f o r m s :
The n o r m a l  f o r c e s  - Nx and Ny a r e  now to  "be p r e s c r i b e d  to  
■ s a t i s f y  t h e  g i v e n  b o u n d a r y  c o n d i t i o n s .  The a d d i t i o n  o f  
a r b i t r a r y  v a l u e s  o f  t h e  s t r e s s  f u n c t i o n  d e e s  n o t  a f f e c t  t h e  
e q u i l i b r i u m ,  a s  l o n g  a s  Ex i s  a  f u n c t i o n  o f  y  a l o n e  and Ny  ' 
i s  a  f u n c t i o n  o f  x a b o v e .  Y/e may, f o r  e x am p le ,  p r e s c r i b e .  „
Nx* = P> o r  a n y t h i n g  a l o n g  t h e  e d g e s  sc = fn  f ro m  Eqs( 1; 60) 
i t  f o l l o w s  t h a t  Nx i s  a l s o  e q u a l  to. p a t  t h e  o p p o s i t e  edge 
a n d ,  i n  f a c t ,  Ex -  p" f o r  t h e  whole  s h e l l .  The same i s  t r u e  
f o r  t h e  n o r m a l  f o r c e  Ny a t  t h e  o t h e r  two e d g e s .  T h is  
p e c u l i a r  b e h a v i o u r  o f  t h e  warped  p a r a l l e l o g r a m  i s  due to  t h e  
f a c t  t h a t  t h e  g o v e r n i n g ' d i f f e r e n t i a l  e q u a t i o n  i s  o f  h y p e r ­
b o l i c  t y p e .  The e q u i l i b r i u m  p r o b l e m  t h e r e f o r e  becomes an 
i n i t i a l  v a l u e  p r o b l e m ,  w h ic h  im p o s e s  t h e  t y p e . o f  b o u n d a r y  
c o n d i t i o n  to  be a p p l i e d .  ' The b o u n d a ry  c o n d i t i o n s  a r e  o n l y  
v a l i d  when one c o n d i t i o n "  a p p l i e d  t o  one p a i r  o f  a d j a c e n t  
e d g e s ,  w h i l e  t h e  o t h e r  p a i r  o f  t h e  o p p o s i t e  e d g e s  i s  . t r e a t e d  
a s  "OPEN". S i n c e  t h e  s u p p o r t i n g  edge members w i l l  n o t  be., 
s t i f f  enough  to  r e s i s t  t h e  n o r m a l .f o r c e s ,  we may s e t  
Nx =Ny=0 a t  t h e  b o u n d a r i e s ,  w h ich  i n  f a c t  i s  v a l i d  and t h e  
same t im e  i s  a  s u i t a b l e  b o u n d a r y  c o n d i t i o n .  When t h e  a p p l i e d  
l o a d i n g  .d i f f e r s  f ro m  t h e •u n i f o r m l y  d i s t r i b u t e d  l o a d ,  i t  would  
n o t  t h e n  be p o s s i b l e  t o  r e d u c e  ' th e  n o r m a l  f o r c e s  t o  z e r o  a t  
t h e  e d g e s ;  ev en  i f  we su p p ose  t h a t  t h e  s u p p o r t i n g  edge members 
a r e  i n c a p a b l e  o f  r e s i s t i n g  t h e s e  n o r m a l  f o r c e s .
T h e . o n l y  p o s s i b l e  s o l u t i o n  i s  t h e r e f o r e  to  
s u p p o r t  t h e  s h e l l  a l o n g  two a d j a c e n t  e d g e s  w h i l e  t h e  o t h e r - 
two a d j a c e n t  e d g e s  a r e  k e p t  f r e e  o f  s u p p o r t .  We can  assume 
i n  t h i s  c a s e  t h a t  t h e  two n o n - s u p p o r t e d  e d g e s  a r e  f r ee ,  o f  
n o r m a l  f o r c e s .  T h is  a s s u m p t i o n  can' be e n s u r e d  b y . g i v i n g  
n u m e r i c a l  v a l u e s  t o  t h e  i n t e g r a l  f u n c t i o n s  f ^ ( y ) ,  f 2 ( x ) , 
w h ic h  a r e  e q u a l  and  o p p o s i t e  to  t h o s e  c a l c u l a t e d •from' t h e  
c o r r e s p o n d i n g -  f o r m u l a e  o f  n o r m a l  f o r c e s ,  a l o n g  t h e  e d g e s .
B y - a d d in g  t h e s e  n u m e r i c a l ,  v a l u e s  to  t h e  n o r m a l  f o r c e s , ’. th e  
two n o n - s u p p o r t e d  edges,  become f r e e  o f  n o r m a l  f o r c e s .  T h is  
o p e r a t i o n  i s  c a l l e d  t h e  FROZEN'TECHNIQUE. I t  r e q u i r e s ,  
h o w e v e r ,  the- i n t r o d u c t i o n  o f  t h e  same a d d i t i o n a l  f o r c e s  a t  . 
t h e  - o p p o s i t e  edge  and a t  any  i n t e r n a l  p o i n t s  o f . t h e  s h e l l .
I t  c an  b e . s e e n  f o r  h y p e r b o l i c  s h e l l s  t h a t  by p r e ­
d e t e r m i n i n g  t h e  s u p p o r t  c o n d i t i o n s o r  p r e s c r i b i n g  t h e  s t r e s s  
f u n c t i o n ,  a p a r t  f ro m  t h e  c o n s t a n t  and l i n e a r  members w h ic h  
v a n i s h  a f t e r  t h e  se c o n d  d i f f e r e n t i a t i o n ,  we have' v e r y  
r e s t r i c t e d  f r e e d o m .  I n  f a c t , ,  i f  t h e  l o a d i n g  d i f f e r s  f ro m  
t h e  u n i f o r m l y  d i s t r i b u t e d / l o a d ,  t h e r e  i s  o n l y  one b o u n d a ry  
c o n d i t i o n  w h ic h  can  b e . a p p l i e d .  The r e a s o n  f o r  t h i s  — 
a p a r t  f ro m  t h e  f a c t  t h a t  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  
i s  o f  h y p e r b o l i c  t y p e  -- can  a l s o  be e l u c i d a t e d  by  t h e  f o l l o w i n g  
s i m p le  s t a t i c a l  c o n s i d e r a t i o n .  /
L e t  us- c o n s i d e r  an i n f i n i t e s i m a l  r e c t a n g u l a r -  e l e m e n t  
c u t  o u t  f r o m  t h e  m id d le  s u r f a c e ,  and t h e  r e s u l t a n t  o f  t h e  
e x t e r n a l  l o a d  ( ? )  i s  assum ed to  a c t  a t  t h e  c e n t r o i d  o f  i t .
L e t  i t  be a ssum ed  t h a t  one p a r t  o f  the '  P r e s u l t a n t  i s  P ^  
w h ic h  i s  t r a n s f e r r e d  a l o n g  t h e  f i r s t  p r i n c i p a l  c u r v a t u r e ,  
w h i l e  t h e  s e c o n d  p a r t  ?2  i s . a c t i n g  a lo n g  t h e  se c o n d  p r i n c i p a l  
c u r v a t u r e .  ( P i g . 1 .13 .& )•■  Ly d e n o t i n g  th e  r a d i i  o f  th e
p r i n c i p a l  c u r v a t u r e s  by R^  and Rp, and th e  c o r r e s p o n d i n g  • 
s i d e s  o f  t h e  e l e m e n t  by  dS^ and dSp, t h e  r e s u l t a n t s  o f •t h e  
i n t e r n a l  f o r c e s  w h ic h  a c t  on t h e  s i d e s  o f  t h e  e l e m e n t i w i l l  
be f o u n d  a s  and  .•
R i d . 1 .1 3
. I t  f o l l o w s  now f ro m  t h e  v e c t o r  t r i a n g l e s  o f  R i g . 1.13 t h a t  ■
2± ~ b u f  J i s  s m a l l
P 1 = . .    . . .. * (1 .81 )
’• and  s i m i l a r l y  P n = f*  .............. . (1 .8 2 )
f u r t h e r m o r e ,  P =
I f  we assume now a  s t r e s s  component  (Gn) i w h ic h  i s .  
p e r p e n d i c u l a r  t o  t h e  s u r f a c e  e l e m e n t  and a c t s  a t  t h e  c e n t r o i
t h e n  i t  c an  be o b t a i n e d  by :
6*. Pn P.. Paa s ^ a s * * a s ^ a s *  .**. ( i *83)
By s u b s t i t u t i n g  E q .sC l .8 l )  and ( 1 . 8 2 )  f  o r  Eq.( 1 . 8 3 ) ,  we g e t :
/c- _  cr* a s  l i f t  i .  a s  4 a f  2. _  g ~ 4 a  ^ <21 a
a “* a s * a s *  , ASiASa. a s ,  a s i
B u t
Af <■ i as.
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I t  f o l l o w s  now f ro m  Eg( 1 . 8 4 ) ,  t h a t  s i n c e  t h e  s h e l l  s u r f a c e  
c o n s i s t s  o f  a s t r a i g h t - l i n e  g e n e r a t o r  w7h e r e , f o r  ex am p le ,
R^  = 00, t h e n  p e r p e n d i c u l a r  t o  t h a t  g e n e r a t o r  6 *2. “ • «(1
I n  o t h e r  w o rd s ,  p e r p e n d i c u l a r  to  t h e  s t r a i g h t  g e n e r a t o r  
t h e  e x i s t i n g  n o r m a l  s t r e s s  i s  a  g i v e n  q u a n t i t y .  C o n s e q u e n t l y ,  
i t  c a n n o t  b e .p r e s c r i b e d  a r b i t r a r i l y .  A ga in  when t h e  s h e l l  
i s  boun ded  by  a  s t r a i g h t  l i n e , t h e  n o r m a l  s t r e s s  c o m p o n e n t ' 
i s .  a  g i v e n  q u a n t i t y  a l o n g  t h i s  s t r a i g h t  b o u n d a r y .  S i m i l a r  
s i t u a t i o n  o c c u r s  i n  t h e  c y l i n d r i c a l  s h e l l s ,  a l o n g  th e  
s t r a i g h t  e d g e s ,  .When a h y p e r b o l i c  p a r a b o l o i d  s u r f a c e  i s  
c o n s i d e r e d ,  • where  two z e r o  c u r v e d  g e n e r a t o r s  a r e  c o n t a i n e d ,  
p e r p e n d i c u l a r  t o  e a c h  o t h e r , _ t h e  n o r m a l  s t r e s s  c om ponen ts  
■ale g i v e n  q u a n t i t i e s  i n  b o t h  o f  t h e s e  d i r e c t i o n s .  C o n s e q u e n t l y  
t h e r e  i s  much l e s s  f r e e d o m  i n  t h e  p r e d e t e r m i n a t i o n ’ o f  t h e !  
s t r e s s  f u n c t i o n  on th e  b o u nd a ry '  o r  i n  p r e s c r i b i n g  t h e b o u n d a r y  
c o n d i t i o n s .  1 / gy
1 . 6 .  THE NON-IINEAF: THEORY AS A FURTHER-DEVELOPMENT'.■ _ \
Some w e a k n e s s e s  . o f  t h e  membrane t h e o r y  were  p o i n t e d  
o u t  . i n  t h e . p r e v i o u s  c h a p t e r  and i t  was' c o n c l u d e d  t h a t  t h e  ' 
d e s i r e d  boundary* c o n d i t i o n s  c a n n o t  be, c a r r i e d  t h r o u g h  f o r  
a l l  o f  t h e  p o s s i b l e  s h a p e s .  When, f o r  e x am p le ,  a , w a r p e d  ' 
p a r a l l e l o g r a m  was c o n s i d e r e d ,  we fo u n d  i t  n e c e s s a r y  t o  k e e p  
two a d j a c e n t  e d g e s  f r e e  o f  s u p p o r t s .  I t  i s  e v i d e n t ' n o w , ' 
t h a t  t h e  d e f o r m a t i o n s ,  i n  a  c e r t a i n ■d i s t a n c e  f ro m  t h e s e  
u n s u p p o r t e d  e d g e s  m ig h t  be l a r g e  i n  c o m p a r i s o n  w i t h  t h e  
t h i c k n e s s  o f ■t h e  s h e l l ,  i f  t h e  s h e l l  i s  l a r g e  enough .  
C o n s e q u e n t l y ,  t h e  f u n d a m e n t a l  a s s u m p t i o n s  a r e  n o t '  f u l f i l l e d  -  
a s  t h e  d e f o r m a t i o n s  m ust  be s m a l l  i n  c o m p a r i s o n  w i t h  the. 
t h i c k n e s s  o f  t h e  s h e l l  -  and t h e  t h e o r y ,  w h ic h  i s  b a s e d  on- 
s m a l l  d e f o r m a t i o n s ,  . f a i l s ’.
I n . s o m e  o t h e r  c a s e s ,  on t h e  o t h e r  h a n d ,  t h e  
a r c h i t e c t u r a l  o r  f u n c t i o n a l  r e q u i r e m e n t s . . . n e c e s s i t a t e  s u c h  
s u p p o r t  c o n d i t i o n s  w h ic h  c a n n o t  he u s e d  w i t h i n  t h e  membrane 
t h e o r y . Thus t h e  s h e l l  becomes s t a t i c a l l y  u n d e t e r m i n e d  a n d ,  
e v e n  i f  we c o n t i n u e  to  d i s r e g a r d  t h e  moments h e r e a f t e r ,  t h e  
i n t r o d u c t i o n  o f  some d e f o r m a t i o n a l  e q u a t i o n s  becomes- n e c e s s a r y  
The f a c t s  t h a t  l a r g e  d e f o r m a t i o n s  do o c c u r  some­
t i m e s  i n  t h e  s h e l l  and o t h e r  t i m e s  t h e  b e h a v i o u r  .o f  t h e  s h e l l  
c a n n o t  be f u l l y  d e s c r i b e d ,  i n  t e r m s  o f  t h e  t h r e e  membrane 
f o r c e s ,  n e c e s s i t a t e  a  n e w ; -  p e r h a p s  m o m e n t le s s  -  t h e o r y  w h ic h  
p r o v i d e s  s u i t a b l e  c l u e s  i n ' d e t e r m i n i n g  th e  d e f o r m a t i o n  
co m p o n e n ts ,  a s  w e l l  a s  t h e  membrane s t r e s s  com ponen ts . .  T h is  
new d e v e lo p m e n t  o f  t h e  m embrane■a n a l y s i s  i s  c a l l e d  the .NON--  
LINEAR MOMENTLESS THEORY o r  b r i e f l y  t h e  NON-LINEAR THEORY 
o f  s h e l l s .  . ' .
To d e v e l o p  t h i s  t h e o r y  l e t  t h e  s e c o n d  o f ' E q s ( l . 65) 
be i n v e s t i g a t e d ,  -which i s  a s  f o l l o w s :
V V +  = D f .    . . . . ( , . 8 6 )
T h i s  d i f f e r e n t i a l  e q u a t i o n  c o n t a i n s  two unknown f u n c t i o n s
w ( x , y )  and  ^ ( x , y ) . , - c o n s e q u e n t l y  one o f  t h e s e  h a s  t o  be 
e l i m i n a t e d .  L e t  t h e r e f o r e  t h e  $  t e r m  be r e w r i t t e n  i n  
a l g e b r a i c  fo rm :
v v
and  t a k i n g  a d v a n t a g e  o f  th e '  AIRY s t r e s s  f u n c t i o n ,  we have
u A o -  + t > [ | i h U -  2 . - 5 ^ T  . . . . . .  (1 .87 )
L e t  u s  assume t h a t  t h e  POISSON's R a t i o - i s  e q u a l  t o '  z e r o ,  
t h e n  w i t h  r e f e r e n c e  to  E q s ( 1 . 4 1 ) , ( 1  .2 0 )  and ( 1 . 2 9 ) .  The 
p r o j e c t e d  m em b rane . s t r e s s  c om ponen ts  . w i l l  be o b t a i n e d  
$s  f o l l o w s : - "
+ I k - 2 - S;/2- & ]  -  bj?
Nx =
Ny =
T
D
E U *
El
2.
VL_
Efc*
1*)"DO _
^  k
CO =
£ 1 (
E l ( § ?
E t / D V  _  _ _
T  (.3* U /
fr \  
R*.'
DU 4^*
R\*L '
(1 .8 8 )
By s u b s t i t u t i n g  i n  t h e  im m e d ia te  v i c i n i t y  o f  t h e  p o i n t  o f
t h e  m id d le  s u r f a c e  by  o s c u l a t i n g  p a r a b o l o i d ,  t h e  r a d i i  o f
c u r v a t u r e s  - i n  E q s ( l , 8 8 )  become e x p r e s s e d  i n  t e r m s  o f  t h e  
\
d e r i v a t i v e s  o f  t h e  sh ap e  f u n c t i o n .  S i n c e  t h e  sh ape  i s  
c h a r a c t e r i s e d -  by  a  se c o n d  o r d e r  s u r f a c e , '  t h e  above  d e r i v a t i v e s  
become c o n s t a n t  and  w i l l  be d e n o t e d  a s  f o l l o w s :
= ai O^ z.
Ri-
s>^
Rt b i / 1
9 \
R a  . 3 *.
= b
= c
(1 .89 )
By s u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  E q s ( l . 8 8 )  we have
Nx
N 
T =
D 0“ Et ( 2>* 
y = ^  ' b « )
JJLY ^1
2. WDi 1 c v f )
(1 .90)
By r e p l a c i n g  t h e  membrane - f o r c e s  i n  E q ( l .  87) by  t h e i r  v a l u e s  
f ro m  E q s ( 1 . 9 0 )  and  a s s u m in g  t h a t  ^ = 0 ,  we f i n d :
-4 - \JL
if
S i n c e  t h e  membrane f o r c e s  were  r e f e r r e d  to. u n i t  l e n g t h s , 
t h e  q u a n t i t i e s  -I? r 1 and  t  = A c an  be  r e g a r d e d  a s  ..moment
o f  i n e r t i a  and  a r e a  o f  c r o s s - s e c t i o n  r e s p e c t i v e l y ,  t h e r e f o r e  
E q ( 1 .9 1 )  c a n  be  w r i t t e n  a s :
El v V +  + V •!£)]■-  f  . . . . . .  (1>92)
E q ( l . 9 2 )  i s  v a l i d  i n  t h e  i m m e d ia te  v i c i n i t y  o f  t h e  . p o i n t  P 
.to'Toe i n v e s t i g a t e d ,  h u t  i t  i s  ■ a p p r o x i m a t e l y  v a l i d  a l s o ' f o r  
t h o s e  p o i n t s  o f  th e .  m id d le  s u r f a c e  w h ic h  sire n o t  to o  - f a r  
f ro m  t h e  P p o i n t .  F o r  p r a c t i c a l  p u r p o s e s ,  P r o f e s s o r  C.G-.J. 
VREEPENBURG-H^ ^ ^  p r o p o s e d  t o  c o n s i d e r  t h i s  r e g i o n  a s  h e i n g  
h o un d ed  hy  an .e l l i p s i s  ( i n  t h e  p a r t i c u l a r  c a s e  hy  a ' c i r c l e )  
h a v i n g  P . a s  a ' c e n t r e  and  h a v i n g  t h e  h i g  and s m a l l ' a x e s  t o  . 
he e q u a l  w i t h  t h e  f i r s t  and  s e c o n d  r a d i i  o f  t h e  p r i n c i p a l  
c u r v a t u r e s  r e s p e c t i v e l y .  .(P i g .  1 .1 4-).
I n ' t h e  c e n t r a l  r e g i o n  a  p u r e  
.membrane s t a t e  o f  s t r e s s e s  o c c u r s ,  
c o n s e q u e n t l y  t h e  l o a d  can  he 
b a l a n c e d  by  t h e  membrane f o r c e s  i .. I ,.,b '
. (Nx , Ny , T) FIG. 1 . 1 4 . - "  t
. '  ' - . '
T h i s  s t a t e m e n t  w i l l  he v e r i f i e d  by t h e  r e s u l t  o f  a t e s t
s e r i e s  c a r r i e d  o u t  by  t h e  a u t h o r  on l a m i n a t e d  t i m b e r  s h e l l s ,
and  w i l l  be  d i s c u s s e d  i n  CHAPTER IV o f  t h i s  t h e s i s ,  i t  c an
now be. a ssum ed  t h a t  t h e  u ’and v  d i s p l a c e m e n t  c om ponen ts  a r e
s m a l l  o v e r  t h e  c e n t r a l  - r e g io n . '  N e g l e c t i n g  them, E q ( l  . 92) ;
r e d u c e s  t o : 2
e i v 4^  + E K ( a . v t u - f ) j  - j . - o   ....... . . .
The s o l u t i o n  o f  E q ( l . 9 3 )  l e a d s ,  t o  t h e  d i s p l a c e m e n t  component  
w ( x , y ) . E q ( 1 . 9 3 )  i s -  s i m i l a r  t o  t h a t  w h ic h  d e s c r i b e s  t h e  
e q u i l i b r i u m  f o r  s l a b s  s u p p o r t e d  by  e l a s t i c  m e d ia ,  c o n s e q u e n t l y  
t h e  s h e l l s . i n  t h e  c e n t r a l  r e g i o n  can  be t r e a t e d  a s  p l a t e s  on 
e l a s t i c  f o u n d a t i o n .  :
The d i s p l a c e m e n t  com ponen ts  u  and  v  c a n n o t  Toe ..
n e g l e c t e d ,  ho w ev er ,  i n  t h e  edge z o n e .  C e r t a i n  r e l a t i o n s - . h a v e
t o  he e s t a b l i s h e d  t h e r e f o r e  b e tw e e n  t h e  u ,  v  and  w q u a n t i t i e s
' f VSuch  r e l a t i o n . ,  h a s  b e e n  d e r i v e d  by  C.B.BiEZENO - i n  h i s  
b o o k ,  on Page  52, w h ic h  i s  g i v e n  a s  f o l l o w s :  .
G ( ? V  = o ]  . . . ( 1 . 9 4 )
w h e r e : • ,
"G-" i s  t h e  s h e a r  m o d u lu s ,  "m" i s  t h e  r e c i p r o c a l  
o f  t h e  P o i s s o n  r a t i o ,  Me M i s  t h e  v o l u m e t r i c  s t r a i n  
( _ s ~  . ) ,  w h i l e  l  and  Y a r e  t h e  c o r r e s p o n d i n g
c o - o r d i n a t e  com ponen ts  o f  t h e  e x t e r n a l  l o a d .
I f  we assume t h a t  o n l y  v e r t i c a l  l o a d  a c t s  on t h e  s h e l l ,  
I  an d  Y become z e r o ;  f u r t h e r ,  i f  t h e  P o i s s o n  r a t i o  i s  e q u a l  
t o  z e r o  p  _ m E _ E  E
and  :—   -   !________  = \
m  - 2. Zi>
T h e r e f o r e  E q s ( l . S 4 )  c an  be r e w r i t t e n  i n  t h e  f o l l o w i n g  form.:
4- (a + w] = 0D*0 4- t o +- 5V.3 *.z 3X \„ 2>*
4- S—1 +. r do
3 s 2- 3 p . 5 £/
P e r f o r m i n g  t h e  d i f f e r e n t i a t i o n s :
& 0  ^ Jr + (q. + b) hH  ss 2 —— a- (a + \d) 5CP = O
§£i' + 4. 4- (a.+• to = 2 . *• — , + +(9-* ^  —- «* 0
and  f i n a l l y
The s o l u t i o n  o f  t h e s e  s i m u l t a n e o u s  d i f f e r e n t i a l  
e q u a t i o n s  l e a d  to  t h e  d i s p l a c e m e n t  com ponen ts  u  and  v ,  
w h ic h  o c c u r  i n  t h e  edge zone .
H a v ing  d e t e r m i n e d  t h e  d i s p l a c e m e n t  c o m p o n e n ts ,  
t h e  new-membrane f o r c e s  c an  now he  c a l c u l a t e d  hy  E q s( ' i .S O )  
These  new m em brane ' f o r c e s  w i l l  a l s o  a p p e a r  i n  t h e  edge zone .
The m ethod  o u t l i n e d  -above i s  o n l y  a  g e n e r a l  scheme 
show ing  how t h e  n o n - l i n e a r  t h e o r y  can  be b u i l t  u p , . a n d  i t  
h a s  n o t  b e e n  t h e  a u t h o r ’ s i n t e n t i o n  to  go i n t o  t h e  d e t a i l s  
o f  t h e  s o l u t i o n . .  The . a c t u a l  a p p l i c a t i o n  may c o n t a i n . -  
u n f o r e s e e n  d i f f i c u l t i e s .  The w arped  p a r a l l e l o g r a m  i s  t h e  
s i m p l e s t  exam ple  when t h i s ' m e t h o d  c an  be', u s e d .  The g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n s  f o r  t h i s  c a s e ' a r e  as. f o l l o w s  -
(i . 9 6 )
( 1 . 9 7 )
And t h e  membrane f o r c e s  i n ’ t h e  edge  zone :
CHAPTER I I  
THE MEMBRANE THEORY OE HYPERBOLIC
' PARABOLOID SHELLS
2 . 1 .  FTJNBAMENTAL CONSIDEHATIONS
T hin  s h e l l s  i n  t h e  fo rm  o f  h y p e r b o l i c  p a r a b o l o i d s  
a r e  o f ' i m p o r t a n c e  i n  e n g i n e e r i n g  b e c a u s e  o f  . t h e i r ’f a i r l y ' ,  
f r e q u e n t  u s e  a s  s t r u c t u r a l  e l e m e n t s .  H y p e r b o l i c  p a r a b o l o i d s  
o f f e r  a  g r e a t  d e a l  o f  s t r u c t u r a l  p o s s i b i l i t i e s  i n  t h e  s h e l l  
r n o f  c o n s t r u c t i o n  and t h e  same t im e  s a t i s f y  t h e  m a n y - s id e d  
r e q u i r e m e n t s  o f  t h e  modern a r c h i t e c t u r e .  The g e o m e t r y  o f  
t h i s  shap e  makes t h e  u s e  o f  s im p le  formwork . p o s s i b l e  
-qm-s-sihA-e, w i t h o u t  t h e  n e e d  f o r  c u r v e d  members. I t  o f f e r s  
g r e a t  f l e x i b i l i t y  i n  c o v e r i n g  a l m o s t  any  sh ap e  o f  p l a n - b y  - 
i n t e r c o n n e c t e d ' i n d i v i d u a l  "Hypar"  e l e m e n t s ,  b e c a u s e  t h e  
b a s i c  e l e m e n t s  can  be  a r r a n g e d  i n  s e v e r a l  ways r e s u l t i n g  
i n  a e s t h e t i c a l l y . p l e a s i n g  and s t r i k i n g  c o m b i n a t i o n s .  The 
b a s i c  e l e m e n t s  can  b e - c o n s i d e r e d  i n  two d i f f e r e n t  f o r m s ,  
n a m e ly ,  •
1. Warped p a r a l l e l o g r a m . '  .
2. T r a n s l a t i o n a l  s h e l l .
Due t o  t h e  f a c t  t h a t  i n  e a c h  o f  t h e s e  c a s e s  t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n  h a s  s e p a r a t e  f o r m s ,  t h e  - two b a s i c  
s h a p e s  w i l l  be d e a l t  w i t h  s e p a r a t e l y .
As f a r  a s  t h e '  membrane t h e o r y  i s  c o n c e r n e d ,  o n l y  
t h o s e  o f  t h e  i n t e r n a l -  f o r c e s  a r e  c o n s i d e r e d ,  w h ic h  c a u s e  
t e n s i o n ,  c o m p r e s s i o n  and s h e a r  i n  t h e  m id d le  s u r f a c e .  These 
w i l l  be  c a l l e d  t h e  f i n a l  membrane s t r e s s  c om ponen ts  and a r e .  
d e n o t e d  by  .
61
'ST
FINAL MEMBRANE STRESS 
COMPONENTS.
I t  s h o u l d  he n o t e d  t h a t  a s . t h e  " t "  t h i c k n e s s  o f ' t h e . s h e l l  
i s  o m i t t e d  f ro m  t h e  d e r i v a t i o n  o f  t h e  f o r m u l a e ,  a l l  t h e  
f i n a l  membrane s t r e s s  com ponen ts  a r e ,  s t r i c t l y  s p e a k i n g ,  
f o r c e s  - p e r - . u n i t  l e n g t h .  Due t o  t h e  f a c t  t h a t - t h e  6 1 ,
<J^  and  75* q u a n t i t i e s  a r e  o b l i q u e  f o r c e s ,  t h e y  w i l l  be. 
p r o j e c t e d  o n to  t h e  jxy] p l a n e  where  a l l  t h e  f a m i l y  o f  
t h e  61 and 6*y s t r e s s  c om ponen ts  a r e  p a r a l l e l  t o  t h e  x 
and y c o - o r d i n a t e  a x e s  r e s p e c t i v e l y .  These new q u a n t i t i e s  
a r e . c a l l e d  t h e  PSEUDO s t r e s s  com ponen ts  o r ' t h e  p r o j e c t e d  
membrane s t r e s s  co m p o n e n ts ,  and a r e  d e n o t e d  a s  f o l l o w s :
c o m po n e n ts  (6 *,CD/ , “S ' ) ' a r e  a p p l i e d  p e r  u n i t  l e n g t h  o f  t h e  l i n e  
e l e m e n t s  t h r o u g h  w h ic h  t h e y  a r e  t r a n s m i t t e d .  ■ The r e s u l t a n t s  
o f  t h e s e  a r e  o b t a i n e d  by  m u l t i p l y i n g  t h e  f i n a l  s t r e s s  com-
i . e .  by  Ayjcc>$ o r  . . By m u l t i p l y i n g  t h e s e  r e s u l t a n  Is
a g a i n  w i t h  co6<* o r  cos/3, r e s p e c t i v e l y ,  th e  p r o j e c t e d  ..membrane
x
N
T
y
PSEUDO OR PROJECTED 
MEMBRANE STRESS 
COMPONENTS
i n v e s t i g a t e  an  i n f i n i t e s i m a l  e l e -  y i
To e s t a b l i s h  a  r e l a t i o n  b e tw e e n  t3 
f i n a l  and p r o j e c t e d  membrane s t r e ;
c o m p o n e n ts ,  i t  i s '  c o n v e n i e n t  to
o
p a r a l l e l  t o  t h e  x and y a x e s .  Such
p r o j e c t i o n s  o f  i t s  s i d e s  a r e
m e n t ,  cut., o u t  f ro m  th e  m id d le
s u r f a c e  i n  s u c h  a  m anner  t h a t  t h e
a n . e l e m e n t  i s  r e p r e s e n t e d  i n  P i g . 2.1
P I G . 2.1
I t  can  be  s e e n  now t h a t  t h e  f i n a l  membrane s t r e s s
p o n e n t s  by  t h e  a p p r o p r i a t e  s i d e  l e n g t h  of, t h e  s h e l l  e l e m e n t ,
s t r e s s  c om ponen ts  a r e  o b t a i n e d .
T h e r e f o r e  ^  \  .
O'* * e h i  coi<A r
Cy » coa f1 = UyA*
~£> •  cos'** co s ■“ Td.*
whence . '
e ,  * ia s?  M)1* Coboi *
(J = ^
J  C o 6  (3 ^
r  ■« t  .
I t  i s  f a r  more c o n v e n i e n t  to  e x p r e s s ,  cob <* and co s A i n  
t e r m s  o f  t h e  s u r f a c e  d e r i v a t i v e s :
P ■ .seccc h  + i a n \  i M h - i l l ) 2_c^&i ^ s? £GcC -  y t ■»• «•*-»«■ CC ___ - i ^  _ rtY* m'i
Co^ot ‘bcc/ i  ./TTta.nx£ J * ^
and  s i m i l a r l y  ' - ‘ j>.......... (2 .1  )
cos<^
f i n a l l y
COi>p> (,*<
G1 — U  ^ , d L^cj)
( f  -J  ~  U ^ y ^ C S .  C f ^ - O
7T -  T ■
( 2 . 2 )
To d e t e r m i n e  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e - s h e l l ,  
a  r e l a t i o n  h a s  t o . b e  e s t a b l i s h e d  b e tw e e n  t h e . p r o g e c t e d  
membrane s t r e s s  c o m p o n e n ts ,  t h e  l o a d  and t h e  sh ap e  o f  t h e  
m id d le  s u r f a c e .  T h i s  r e l a t i o n  w i l l  be-, e x p r e s s e d  by  a. ' 
d i f f e r e n t i a l  e q u a t i o n ,  a n d . t h e  s o l u t i o n  o f  i t  i s  d i f f e r e n t ,  
d e p e n d i n g  on t h e  s y s t e m  o f  c o - o r d i n a t e s - i n  w h ic h  t h e  s h e l l  
i s  d e f i n e d .  T h ree  t y p e s  o f  c o - o r d i n a t e  s y s t e m s  a r e - u s e d  i n  
t h e  p r a c t i c a l  a p p l i c a t i o n .  These  and t h e  c o r r e s p o n d i n g  
d i f f e r e n t i a l  e q u a t i o n s  w i l l . b e  d i s c u s s e d  a s  f p l l o w s .
2 . 2 .  C-MERAL MEMBRANE THEORY. ' '----------- - ----- - ------------------------- y
The h y p e r b o l i c  p a r a b o l o i d  s u r f a c e  i s  d e f i n e d  i n  " ' ’
t h e  m o s t  g e n e r a l  c a s e  i n  an o b l i q u e  s y s te m  o f  c o - o r d i n a t e s ,  
where  t h e  Z a x i s  i s  n o t  v e r t i c a l  .and t h e  [xy] p l a n e  i s  n o t  
h o r i z o n t a l .  ■ The o n l y  r e s t r i c t i o n  a c c e p t e d  i s  t h a t  t h e  z 
a x i s  i s  p e r p e n d i c u l a r  t o  t h e  [xy] p l a n e .
Such s y s te m  o f  c o - o r d i n a t e s ,  t o g e t h e r  w i t h  t h e - 
i n f i n i t e s i m a l  s h e l l  e l e m e n t  i s  shown i n  E i g . 2 . 2 .  The. a n g l e  
a t  which '  t h e  x  and y a x e s  m ee t  i s  c a l l e d  t h e . f i r s t  
c h a r a c t e r i s t i c  a n g l e  d e n o te d  by<uy, w h i l e  t h e  s e c o h d  c h a r a c - v  
t e r i s t i c  a n g l e ,  w h ich  i s  e n c l o s e d . b y  t h e  Z a x i s  and  t h e
v e r t i c a l  d i r e c t i o n  w i l l  he d e n o t e d  hy
I t  i s  a  d i r e c t  c o n s e q u e n c e  o f  t h i s ■ c o - o r d i n a t e ' s y s te m  t h a t
b o th ,  t h e  v e r t i c a l  and h o r i z o n t a l  l o a d  w i l l  h ave  com ponen ts  
a l o n g  e a c h  o f  t h e  c o - o r d i n a t e  a x e s .  These a r e  c a l l e d  th e -  
a x i a l  l o a d  c o m p o nen ts  and a r e  d e n o t e d  by
h 'x  .)
p. } AXIAL LOAD COMPCNEHTS.
Y / •
. . P, ) ' •z
I f  we. d e n o te  a . g e n e r a l  v e r t i c . a l  l o a d  "by ^ and a g e n e r a l  
h o r i z o n t a l  l o a d  by  , t h e  a x i a l  com ponen ts  w i l l  be 
o b t a i n e d  a s '  f o l l o w s :  . : ( P i g . 2 . 2 ) .
FOR VERTICAL LOAD
* * cos f
FOR HORIZONTAL LOAD
%
K /^ i  <iT 
2. co s
f o  Vi‘A
Ph cos T
( 2 . 3 )
( 2 . 1+)
S i n c e  t h e  p r o j e c t e d  membrane s t r e s s  co m p o nen ts  
a r e  u s e d  i n  t h e  a n a l y s i s  i n s t e a d  o f  t h e  f i n a l  s t r e s s  
co m p o n e n ts ,  t h e  a x i a l  l o a d  c om ponen ts  a r e  a l s o  t o  be " 
p r o j e c t e d  o n to \  t h e  [xy] p l a n e .  These q u a n t i t i e s  a r e  c a l l e d  
t h e  p r o j e c t e d  l o a d  com ponen ts  and a r e  d e n o t e d  by  ■
C-x
G- ) PR O'J EC TED LOAD COMPONENTS.:
7  )
0  ) •  * • z ,
S i n c e  t h e  d i s t r i b i i t i o n  o f '  t h e  l o a d i n g  i s  u n i f o r m ,
t h e  p r o j e c t e d  l o a d  com ponen ts  a r e  c o n s t a n t  q u a n t i t i e s  and
w i l l  be o b t a i n e d  a s  f o l l o w s :
0 ox ■ja ^ in co
0
0 y
G-oz
-  -to S v a co 
I m
=.  p  § a  to
( 2 . 5 )
When t h e  l o a d  i s  n o t  u n i f o r m l y  d i s t r i b u t e d ,  a  f u n c t i o n ,  h a s  
t o  be  i n t r o d u c e d  t o  e x p r e s s  t h e  v a r i a t i o n  o f  t h e  a x i a l  l o a d  
c o m p on en ts  on t h e  p r o j e c t e d  p l a n e .  T h is  f u n c t i o n  L'(x,y). i s ;  
c a l l e d  t h e  l o a d  f u n c t i o n  and w i l l  be '  d e t e r m i n e d  l a t e r . . o n .  
The p r o j e c t e d  l o a d  com ponen ts  t h e m s e l v e s  w i l l  be fo u n d  a s : '
G* — L_ C ^ ^  
Gy ~ L i y) ^ in- °°
G  ^ P  i-C^ , ^) $>\n. 60 
»2.
( 2 . 6 )
F i n a l l y  l e t  u s  c o n s i d e r  t i e  e q u a t i o n  o f  t h e  m id d le  s u r f a c e  
i n  t h e  g e n e r a l  fo rm  o f  ' . ■.
z = f ( x , y )  -  .........................   ( 2 . 7 )
The d e s i r e d  r e l a t i o n  b e tw e e n  t h e  s h a p e ,  l o a d  and  s t r e s s  
can  now he o b t a i n e d  by i n v e s t i g a t i n g  t h e  c o n d i t i o n  o f  
e q u i l i b r i u m  o f  an  i n f i n i t e s i m a l  s h e l l  e l e m e n t  r e p r e s e n t e d  
i n  F i g . 2 . 2 .  , The e q u i l i b r i u m  c o n d i t i o n  f o r  t h e  s h e l l  e l e m e n t  
c an  be d e s c r i b e d  by  t h e  f o l l o w i n g  t h r e e  s im u l ta n e o u s - ' '  
' e q u a t i o n s :  . .
i t  •, = 0
= o [ - • • • • .............................( 2 . 8 )
I Z ,  =  Q
The f i r s t  two o f  E q s ( 2 . 8 )  l e a d  t o  t h e  CAUCHY e q u a t i o n s  o f  
e q u i l i b r i u m  which,  a r e :
££*** 4. V_i = Q
rrs %/ t  w
( 2 . 9 )
du
, S* 
DT
s  54 ' o y  y
To e s t a b l i s h  t h e  t h i r d  o f  E q s ( 2 . 8 ) ,  t h e  p r o j e c t i o n s  o f  the-'
f i n a l  membrane s t r e s s  c o m p o n e n t s ,h a v e  t o  be c o n s t r u c t e d
\ .  '
a l o n g  t h e  z a x i s  a n d ' e x p r e s s  t h e s e  p r o j e c t i o n s  i n '  t e r m s  o f  
t h e  p r o j e c t e d  membrane s t r e s s  co m p o n e n ts .  I f  we d e n o te  
t h e s e  p r o j e c t i o n s  by  ( ^ ) z 5 ( r *y)z and  (^V*) , .
one f i n d s : -
w o 2  - r-r tin. V Co5  p>
_  1 1 cos r  S in d  
• * cos<a c o s p -  Vi* iaaoC Wx
0  Z  
c)%
C V ) ,  « <s sdn£.J CO 5 0^
_ u cosc( S. i n £
V COS (i> * C0 S0C . -  Wy k a n p * =  u v
a  -
-7- tino( 
CoSc( — J  I ci il o(.
-  J
CSi,*) = -7- -blnP cosfi =; y  I o n  p*
_ t  a z  
1
The t h i r d  e q u a t i o n  o f  e q u i l i b r i u m  can  t h e n  be w r i t t e n  a s  
f o l l o w s :  .
• u >) * £ ( § f  D + h  ( M \ )  * h  ( H  w0 ' “  '
P e r f o r m i n g  t h e  d i f f e r e n t i a t i o n s :  ;
• _ £ h v  Li 4 - U s .  P  M .a_  4 .  , g ....~T 4 . h L P l  x  _ © r _ T  4 .  3  3r  cH T  » .3 z  n  v 3 z ^ ) U / _  r ;
D/ s *  ^>x£y ' 3  ^ ^>s Q x s y  ' + :s>x a y  * a y s  w y * * 3 j ' - ay '  “ " (o'
y . 4. 0— 4. - u  r  _ , 3T \  7>z f 31 , SVly \
By s u b s t i t u t i n g  E q s ( 2 . 9 )  f o r  t h e  e x p r e s s i o n s  i n  t h e  
p a r e n t h e s e s ,  f i n a l l y  we a r r i v e  a t : .
- V -U* + 2 - Y § U  + ^ 5 - 2 Uy = -*s>xs>y> T 3^4  Ny ~ ° z ^  s>y ...... ( 2 . 1 0 )
E q ( 2 . l O )  i s  c a l l e d  t h e  c o m p a t i b i l i t y  e q u a t i o n ,  w h i c h ’ t o g e t h e r  
w i t h  t h e  CAUCHY e q u a t i o n s  con fo rm  a s i m u l t a n e o u s  s y s t e m  o f  
d i f f e r e n t i a l  e q u a t i o n s . '  To overcome t h e  t e d i o u s  p r o c e d u r e  o f  
s o l v i n g  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s ,  i t  i s  more 
a d v i s a b l e  t o - d e r i v e  o n l y ' o n e  d i f f e r e n t i a l  e q u a t io n . . , e v e n  i f  i t  
i s  o f  h i g h e r  o r d e r .  The AIRY s t r e s s - f u n c t i o n  jzf(x,y) i s .  i n t r o ­
d u c ed  t h e r e f o r e  and  -is  d e f i n e d  i n  t h e  f o l l o w i n g  fo rm :
W* =  %-yl “ J g *
Wy “  iHc*- - j&y
-r   ___ _ “3 ^ 4
I ~
By s u b s t i t u t i n g  E q s ( 2 . 1 l )  I n t o  t h e  s i m u l t a n e o u s  d i f f e r e n t i a l
e q u a t i o n ,  we f i n d  t h a t  t h e  CAUCHY e q u a t i o n s  a r e  s a t i s f i e d  a s ■
i d e n t i t i e s ,  w h i l e  t h e  c o m p a t i b i l i t y  e q u a t i o n  becomes o f  t h e  
f o r m :  .
n f  r  . t f z  __ r  -u r  ■ 3 ?  r  . t Y  f r  , , 3 tr  f r- \ .
The f i g u r e s  on t h e  r i g h t h a n d  s i d e  depend  on th e  l o a d  and  on 
t h e  s h a p e ,  b e i n g  a l l  g i v e n  q u a n t i t i e s ,  t h e r e f o r e  t h i s  sum i s  
d e n o t e d  by  -
g ( x , y )  = + Gy.* +
ok
g ( x , y )  = - f t
and  f i n a l l y :
c>r aVDX »*f t  + ■§§■ f t, d * v W'J
(2-123
s>~ c> 3    n a  „ a 41
*> x* a y 2 ^  e>s£>y SxS>y -V aj*1 £>x2
S
( 2 . 1 3 )
E g ( 2 . 1 3 )  i s  t h e  1)3310 d i f f e r e n t i a l  e q u a t i o n  f o r  the '  membrane 
t h e o r y  and  so i t  c o n t a i n s  t h e  s o l u t i o n  o f  h y p e r b o l i c  p a r a b o l o i d  
s h e l l s .  The s o l u t i o n ,  w hich  w i l l  be  g i v e n  f o r  d i f f e r e n t  t y p e s  ‘ 
o f  " H y p a rs"  .and l o a d i n g  d a t a  l a t e r  o n , ' w i l l "  p r o v i d e  t h e  
p r o j e c t e d  membrane s t r e s s  com ponen ts .
2 . 3 SIMPLIFIED MEMBRANE THEORY
F i g . 2 . 3 .
A s i m p l e r  t r e a tm e n t ,  o f  th e  
Hypar s h e l l  can  be  o b t a i n e d  by  
d e f i n i n g  i t  i n  su c h  an o b l i q u e  ' 
s y s te m  o f  c o - o r d i n a t e s ,  where  th e  
z a x i s  i s  v e r t i c a l .  • - ■ .
The r e s t r i c t i o n  t h a t  th e  z - a x i s - ' i s  p e r p e n d i c u l a r  t o  t h e  (xy)  
p l a n e  and  co 90° a r e  s u s t a i n e d  t h e r e a f t e r .  T h is  c o - o r d i n a t e
s y s te m  i s  shown i n  F i g . 2 . 3 .
The f i n a l  and p r o j e c t e d  membrane s t r e s s  -  components  -
s i m i l a r  t o  S e c t i o n  2 . 2 .  -  a r e  d e n o te d  r e s p e c t i v e l y  by  , '
6**
<3Y
zr
FINAL
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Uy
T
PROJECTED
MEMBRANE
STRESS
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The r e l a t i o n s  "between t h e s e  q u a n t i t i e s  a r e  g i v e n  "by E q s ( l . 2 ) .
I f  we d e n o te  th e  g e n e r a l  v e r t i c a l  l o a d  "by pv and - a ' 
g e n e r a l  h o r i z o n t a l  l o a d  "by p ^ ,  t h e  a x i a l  l o a d  components  w i l l  
he  o b t a i n e d  as  f o l l o w s :  ( F i g . ;2 . 3 ) .
fl '  1°vFOR VERTICAL 
LOAD
POE HORIZONTAL 
LOAD
t Ph2. cos —
( 2 . 1 4 )
( 2 . 1 5 )
The p r o j e c t i o n s  o f  t h e  a x i a l  components on t h e  [xy] p l a n e  a r e  
c a l l e d  a g a i n  t h e  p r o j e c t e d  l o a d  com ponen ts ,  and t h e y  can  b e . 
o b t a i n e d  by  E q s ( 2 . 5 )  o r  ( 2 , 6 ) .  The i n v e s t i g a t i o n  o f  t h e  
e q u i l i b r i u m  c o n d i t i o n s  o f  an  i n f i n i t e s i m a l  s h e l l  e le m e n t  
l e a d s  t o  t h e  CAUCHY e q u a t i o n s  and t o  th e  e q u a t i o n  o f  
c o m p a t i b i l i t y .  Taking- a d v a n ta g e  o f  t h e  AIRY s t r e s s  f u n c t i o n ,  
t h e  p r e v i o u s  e q u a t i o n s  w i l l ' p r o v i d e  t h e  b a s i c  d i f f e r e n t i a l  
e q u a t i o n ,  nam e ly :
A■cL-g^ -cyv «. 0 - ? 1— 4- g- -<=> r _ > q V.N
0 x 5)y a y 4 0 ^  d k J J
I f  o n l y  v e r t i c a l  l o a d  ac ts -  on t h e  s h e l l  
g ( x , y )  = G-
2? + s>\
( 2 .1 6 )
I f  o n l y  h o r i z o n t a l  l o a d  a c t s . o n  t h e  s h e l l
g ( x , y )  = - I f G .  + I f - G y  r  f e j    ( 2 . 1 7 )
The s o l u t i o n ,  w h ich  w i l l  be  g i v e n  f o r  d i f f e r e n t  t y p e s  o f  Hypars  
and  l o a d i n g  d a t a  l a t e r  on,  w i l l  p r o v i d e  th e  p r o j e c t e d  membrane 
s t r e s s  components ' .
2.14-. ORDINARY MEMBRANE THEORY
'H y p e rb o l ic  p a r a b o l o i d  s h e l l s  can  f i n a l l y  he d e a l t  w i t h  
i n ' t h e  o r t h o g o n a l  sy s te m  o f  c o - o r d i n a t e s ,  where  t h e  z a x i s ,  
i s  v e r t i c a l .  The c o - o r d i n a t e  sy s te m  t o g e t h e r  w i t h  t h e  
i n f i n i t e s i m a l  s h e l l  e le m e n t  i s  r e p r e s e n t e d  i n  P i g .  2 .  Ip.
The a x i a l  l o a d  components  a s  w e l l  as  th e  f i n a l  and  p r o j e c t e d  
'membrane s t r e s s  components  a r e  d e n o t e d  as  f o l l o w s :  >
Px
Py
p,
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I f  we d e n o te  a gene . ra l  v e r t i c a l  l o a d  and a g e n e r a l  h o r i z o n t a l  
l o a d . b y  p^  and p^  r e s p e c t i v e l y ,  t h e  a x i a l  l o a d 'c o m p o n e n t s  
w i l l  he  o b t a i n e d  as  f o l l o w s :  ( F i g . 2 . Ip).
p, - A  
ft « ' f t  -  o
f t - 0 . 
ft • ft * f t /v?
S in c e  t h e  l o a d i n g  i s  u n i f o r m l y  d i s t r i b u t e d ,  t h e  p r o j e c t e d  
l o a d  components  a r e  c o n s t a n t ,  namely
>    ( 2 . 1 8 )
( 2 . 1 9 )
G
O X pX
Goy py 
^oz “  p z
( 2 . 2 0 )
When t h e  l o a d i n g  c e a s e s  t o  he u n i f o r m ,  t h e  p r o j e c t e d  l o a d  
components  w i l l  he e x p r e s s e d  i n  te rm s  o f  t h e  l o a d  f u n c t i o n  
i n ' t h e  f o l l o w i n g  fo rm :
Gx = px L ( x »y)
- . 5  = Py L ( x , y )      ( 2 . 2 1 )
&z = Pz L ( x , y )
The c o n d i t i o n  o f  e q u i l i b r i u m  o f  th e  i n f i n i t e s i m a l  s h e l l  
e le m e n t  can  be  e x p r e s s e d  by  th e ; CAUCHY e q u a t i o n s  and th e  
e q u a t i o n  o f  c o m p a t i b i l i t y .  I n  th e  a p p l i e d  s y s te m  o f  
c o - o r d i n a t e s ,  t h e s e  e q u a t i o n s  r e d u c e  t o  t h e  f o l l o w i n g  
s im p le  fo rm s  A . • -
ST
o>*
+ X X
«>i/
©Kiy
S>i/
V 2 — 4-Tx.1 * u 5>x.£)y1
-  & ( 2 . 2 2 )
( 2 . 2 3 )
The AIRY s t r e s s  f u n c t i o n ,  w h ich  l e a d s  t o '  t h e  f i n a l  
d i f f e r e n t i a l  e q u a t i o n  i s  g i v e n  now a s :  - . .
wy “  f t *  - jG>y«U
T
And t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n  ..is o b t a i n e d  a s  . • 
b e f o r e  e . g .
I f  o n l y  v e r t i c a l  l o a d  a c t s  on t h e ' s h e l l
: g ( x , y )  = &z ----------------------------------- ----------2. 24) .
I f  o n l y  h o r i z o n t a l  l o a d  a c t s  o n “t h e  s h e l l
g U , y )  = | S G K+ | S Gy+   ( 2 . 2 5 )
The s o l u t i o n ,  w h ic h  w i l l  be g i v e n  f o r  d i f f e r e n t  t y p e s  o f  
"H y p a rs"  and. H e a d i n g  d a t a  l a t e r  on,  w i l l  p r o v i d e  t h e  membrane 
s t r e s s  co m p o n e n ts .  ■■  ^ '
2 . 5 .  THE THREE’BASIC' EHNCTIONS. .
2 . 5 . 1 .  INTRODUCTION. _
. I n  d i s c u s s i n g  t h e .membrane t h e o r y  o f  h y p e r b o l i c  
p a r a b o l o i d  s h e l l s ,  t h e r e  a r e  t h r e e  b a s i c  f u n c t i o n s  o f  
p a r t i c u l a r  i n t e r e s t .  These a r e :  t h e  shap e  f u n c t i o n ,  t h e  
l o a d  f u n c t i o n  and the= s t r e s s  f u n c t i o n .  The d e t e r m i n a t i o n  
and  a p p l i c a t i o n  o f  t h e s e  w i l l  be e l u c i d a t e d  i n  t h e  r e m a i n d e r  
o f  t h i s  s e c t i o n .
The sh a p e  -of t h e  m id d le  s u r f a c e  i s  g i v e n  by  t h e -  
shape- f u n c t i o n  z = f ( x , y ) ,  w h ic h  i s .  t h e  e q u a t i o n  o f  t h e  
m id d l e  s u r f a c e .  D e p en d in g  on t h e  c h a r a c t e r i s t i c s  o f  t h e  
s y s t e m  o f  c o - o r d i n a t e s ,  i n  w h ic h  t h e  s h e l l  i s  d e a l t  w i t h ,  
t h e  sh a p e  f u n c t i o n  can*be  d e t e r m i n e d  i n  v a r i o u s  f o r m s .
The l o a d  i s  d e s c r i b e d  m a t h e m a t i c a l l y  by  t h e  l o a d  
f u n c t i o n  L = L ( x , y ) , w h ic h  e x p r e s s e s  t h e  v a r i a t i o n  o f  t h e  
p r o j e c t e d  l o a d  i n . t e r m s  o f  t h e  c o - o r d i n a t e s .
The s t r e s s  c om ponen ts  a re-  e x p r e s s e d  i n  t e r m s  o f  
t h e  d e r i v a t i v e s  o f  a  /  -  / ( x , y )  f u n c t i o n ,  w h ic h  i s  c a l l e d  
t h e  s t r e s s  f u n c t i o n .  The s t r e s s  f u n c t i o n  i s  r e q u i r e d  t o  
' s a t i s f y  t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n .  ‘ .
I t  f o l l o w s  now t h a t  one o f  t h e  t h r e e  b a s i c  f u n c t i o n s  
c an  a lw a y s  be  com puted  w h e n ev e r  t h e  r e m a i n i n g  two a r e  g i v e n .  
I f ,  f o r  e x a m p le ,  t h e  sh ap e  and l o a d  f u n c t i o n s  - a r e ' p r e d e t e r - -  
m in e d ,  t h e  s t r e s s  f u n c t i o n  i s  t o  be  d e t e r m i n e d . n e x t .  T h i s  
f o r m u l a t i o n  o f  t h e  p r o b l e m ’i s  c a l l e d  t h e  d i r e c t  method'  o f  
a n a l y s i s .
2.5* 2. THE SHAPE FUNCTION '
H y p e r b o l i c  p a r a b o l o i d s  a r e  g e n e r a l l y  c o n s i d e r e d  a s  
_ ■ 1) l a r p e d  p a r a l l e l o g r a m s
2) T r a n s l a t i o n a l  s u r f a c e s  
-2. 5. 2 . 1 .  THE WARPED PARALLELOGRAMS - 
■ 2 .5 .2 .1 A .  RECTAN.CUDAR PLOUGHS
h y p e r b o l i c  p a r a b o l o i d  c an  be d e s c r i b e d ,  
i n  the- m o s t  s imple ,  c a s e ,  i n  a  r e c t a n g u l a r  s y s t e m  o f  co ­
o r d i n a t e s .  The s u r f a c e  i t s e l f  i s  g e n e r a t e d  by  moving a 
s t r a i g h t  l i n e  a l o n g  th e  y a x is , ,  w h ic h  r e m a i n s  p a r a l l e l  to  
t h e  [xy] p l a n e ,  b u t  p i v o t s  w i t h  c o n s t a n t  a n g u l a r  v e l o c i t y  
w h i l e ,  s l i d i n g .  One q u a r t e r  o f  t h e  r e s u l t i n g ' s u r f a c e  i s .  
r e p r e s e n t e d  i n  ; F i g . 2 . 5 « > s^ d  i t  i s  c a l l e d  t h e  s i n g l e  p l o u g h .
The
The s u r f a c e  c o n s i s t s  o f  two 
f a m i l i e s  o f  s t r a i g h t  g e n e r a ­
t o r s  w h ic h  a r e  p a r a l l e l  and  
m u t u a l l y  p e r p e n d i c u l a r  i n  
o r t h o g o n a l  p a r a l l e l  p r o j e c -  ! 
t i o n .  The e q u a t i o n  o f  t h e  ; 
s u r f a c e  can  he  o b t a i n e d  by h .
i n v e s t i g a t i n g  two v e r t i c a l  
s e c t i o n s  (1 and 2 ) ,
a lo n g  t h e  g e n e r a t o r s ,  p e r  
p e n d i c u l a r  t o  e a c h  o t h e r .
CL
From S e c t i o n  2 -2
From S e c t i o n  1-1 : Fig .2.5
T h e r e f o r e z
The f/gfo f r a c t i o n " d e p e n d s  o n l y  on t h e  g e o m e t r i c  d e t a i l s  o f  t h e  
s h e l l ,  t h e r e f o r e  i t  i s  ,c a l l e d  t h e  shape  f a c t o r .
By i n t r o d u c i n g  i t  we f i n a l l y  have  : •
The s i n g l e  p lo u g h  c o n t a i n s  t h r e e  low c o r n e r s  and one 
h i g h  c o r n e r .  v * •
By j o i n i n g  f o u r  s i n g l e  p lo u g h s  t o g e t h e r  i n  su ch  a manner 
t h a t  t h e y  w i l l  c o n n e c t  a lo n g  t h e i r  h o r i z o n t a l  edges  and th e  
r e s u l t i n g  s u r f a c e  w i l l  be  bounded  b y  i n c l i n e d  edg es  o n l y , . a 
new c o n t i n u o u s  s u r f a c e  w i l l  be  o b t a i n e d .  T h is  s u r f a c e  
c a l l e d  t h e  g e n e r a l  p lough ,  i s  r e p r e s e n t e d  i n  F i g . 2 . 6 . '
( 2 . 2 6 )
z = kxy
P I G . 2 . 6 .
The g e n e r a l  p l o u g h  c o n t a i n s  two low and two h i g h  c o r n e r s .  
A l l  t h e  v e r t i c a l  s e c t i o n s  q f  t h i s  s u r f a c e ,  e x c e p t  t h o s e  .
■ f  ■t a k e n ~ a i o n g  the .  s t r a i g h t  l i n e  g e n e r a t o r s ,  compose p a r a b o l a e
* ■ ■ •
and a l l  h o r i z o n t a l  s e c t i o n s  p r o v i d e '  h y p e r b o l a e .  ' T h a t  i s  
why t h e  name o f  t h e  s u r f a c e  i s  h y p e r b o l i c  p a r a b o l o i d .
Two d i s t i n g u i s h e d  v e r t i c a l  s e c t i o n s ,  t a k e n  t h r o u g h  ' the  
two low c o r n e r s  and  t h e  two h i g h  c o r n e r s , ■ p r o v i d e  
p o s i t i v e  and n e g a t i v e  p r i n c i p a l  p a r a b o l a e  r e s p e c t i v e l y .
The i n t e r s e c t i o n  o f  t h e  p r i n c i p a l  p a r a b o l a e  i s  t a k e n  as  
o r i g i n  f o r  .the s y s t e m  of '  c o - o r d i n a t e s  i n  w h ic h  t h e  s u r f a c e  
i s  d e f i n e d . '  The e q u a t i o n  o f  t h e  s u r f a c e  can  be o b t a i n e d  . /  
s i m i l a r l y  t o  t h a t  o f  t h e  s i n g l e  p l o u g h  i n  t h e  f o l l o w i n g  
f o r m :
17. = Innr
( 2 . 2 7 ) .
w here  t h e  sh a p e  f a c t o r  k =
z  kxy  
2 f
ab
S o m et im es ,  a s  an  a r c h i t e c t u r a l  o r  f u n c t i o n a l  r e q u i r e -  
m e n t ,  i t  i s  n e c e s s a r y  t o  r a i s e  t h e  two o p p o s i t e  low " 
c o r n e r s  .o f  t h e  s i n g l e  p l o u g h  t o  a  c e r t a i n  d i s t a n c e  
above  t h e  g ro u n d  l e v e l .  The s u r f a c e  o b t a i n e d  i n  t h i s  
way i s  c a l l e d  t h e  i n c l i n e d  p l o u g h  and i s ■r e p r e s e n t e d . 
i n  -P ig .  2 . 7 .  ' ‘ ;;
The e q u a t i o n  o f  t h e  s u r f a c e  can  be d e v e l o p e d  by  
c o n s i d e r i n g  t h r e e  v e r t i c a l  s e c t i o n s ,  t a k e n  a l o n g  t h e  
s t r a i g h t  l i n e  g e n e r a t o r s .
By u s i n g  t h e  n o t a t i o n s  o f  F i g . 2 . 7 , .we f i n d :
P P-i
From ‘S e c t i o n .  1-1 : . . .  -  “ —Ly + f  i
From S e c t i o n  2 - 2 :  z ^  = ^ - y  ✓ •
From S e c t i o n  3 -3 •  .. % -  Z2 Z1Y. z
a
S u b s t i t u t i n g  z^ and Z2 by. t h e i r  v a l u e s ^ i n t o  z ,  we g e t
2 = 4 f x  y  j L , w _  i i i  * y v J± , .a. h>J at> J  a b   ^ ci
' 2 “  1 i r e r ^ y  + I t  * + .
f - Zf 1By i n t r o d u c i n g
‘ ' ■ ■ ■ ■  ^
" ' =■ ' : k
■* a
u_
L 7 b
f i n a l l y :
> *•
The s h a p e s  so f a r  d i s c u s s e d 1a r e  i l l u s t r a t e d  i n  
f i g s .  2 . 8  and 2 . 9 .
FIG. 2 . 9 ,
Some c o m b i n a t i o n  o f  t h e  p l o u g h  s u r f a c e s .
FIG,.-2. 8.
6 0 f t .  s q u a r e  h y p e r b o l i c  p a r a b o l o i d  s h e l l  
r o o f  f o r  a  C o n f e r e n c e .H a l l  a t  N o r th a m p to n ,  
d e s i g n e d  by D r . L . G . B o o t h  and b u i l t  i n  1959.
A v e r y  i m p o r t a n t  c h a r a c t e r i s t i c .o f  t h e  h y p e r b o l i c  
p a r a b o l o i d  s u r f a c e s  i s  t h e  a n g l e  S , a t  w h ic h  two a r b i t r a r y  
s t r a i g h t  g e n e r a t o r s  m ee t . -  ] T h i s  w i l l  be c a l l e d  .. the t h i r d  
c h a r a c t e r i s t i c  a n g l e .  To d e t e r m i n e  , l e t  a  p o i n t  P ( x , y ; z )  
o f  t h e  m id d le  s u r f a c e  be  c o n s i d e r e d ,  where  two a r b i t r a r y  
s t r a i g h t  g e n e r a t o r s  (g^ and g 2 ) m e e t .  ( F i g . 2 .1 0 )  S'*
I f  ..we assume two v e c t o r s  a l o n g  t h e  
g^ and g^ g e n e r a t o r s  c a l l e d  by  v^ 
and  ~ 2  r e s p e c t i v e l y ,  t h e n  t h e  
S c a l a r  p r o d u c t  o f  t h e s e  v e c t o r s  
w i l l  l e a d  t o  t h e ’ d e s i r e d  a n g l e  , i  ,
i . e .
V<#v2 M 'S  (•
c o s 5 = ^  - FIG-. 2 . 1 0 ,
I n  d e t e r m i n i n g  v^ and v 2 v e c t o r s ,  we have  to  de f ine ; ,  t h e  v
p o s i t i o n  v e c t o r  o f  p o i n t  P ( x , y , z )  t o g e t h e r  w i t h  t h e  r e c ­
t a n g u l a r  c om ponen ts  o f  i t .  ( v x and v  ) .  I f  we d e n o t e  t h e
u n i t  . v e c t o r s  i ,  J ,  k r e s p e c t i v e l y ,  w h ic h  a r e  f a l l i n g  i n t o
t h e  x ,  y ,  z c o - o r d i n a t e : a x e s , • t h e n ' v  p o s i t i o n  v e c t o r  and i t s  
c o - o r d i n a t e (c om ponen ts  a r e  w r i t t e n  a s  f o l l o w s :
V »  *X + i / J  + ’ z. U
v* * jtX
V  * ■ i/J . . .
The two unknown v e c t o r s  can  now be  o b t a i n e d  by  s i m p le  v e c t o r
a r i t h m e t i c s ,  - ' ( \
nam e ly : « v - vy = + s/J + zk * i/j + z. W
\/z*-y.rV* r *X + (JJ-V)J V xX « - V l + z W
By s u b s t i t u t i n g  v 1 and ,v2 i n t o  t h e  e a r l i e r  e x p r e s s i o n  o f  
cos S , we f i n d : '
Due t o  t h e  f a c t  t h a t  t h e  r e l a t i v e  p o s i t i o n -  o f  t h e  g e n e r a t o r s  1 
i s  i n v a r i a n t  a g a i n s t  any  l i n e a r  t r a n s l a t i o n  of" t h e  s u r f a c e  
a s va  w h o le ,  i n  o t h e r  words  t h e  k ^ x \ a n d  k 2y t e r m s  of '  E q ( 2 . 2 9 )  
do n o t  e f f e c t  5 ; and  t h e r e f o r e  t h e  s u b s t i t u t i o n  o f  z = kx y  
i n t o  E q ( 2 .3 0 )  p r o v i d e s  a  u n i q u e  s o l u t i o n  o f  a n g l e  $ ,  f o r  a l l  
t y p e s  o f  t h e  p l o u g h  s u r f a c e s .  '
C o n s e q u e n t l y :
. . .  < i? > V  . W*1. Us/1
S i n c e  k y  = ~  and k x  = 9 d e s i r e d  a n g l e  £ fo r ,  r e c t a n g i i l a r
p l o u g h  s u r f a c e s  w i l l  he o b t a i n e d  a s  f o l l o w s :
*  . cosS « m KX. uy
VTH&)*] [1 W ] ' f w r i - U ' w y
2 . 5 . 2 . 1 B .  REGULAR DIAMOND HIPAE. '
.(2.31 )
H y p e r b o l i c  p a r a b o l o i d s  a r e  f r e q u e n t l y  c p n . s t r u c t e d  
o v e r  r e g u l a r  d iamond b a s e s .  T h i s  s o r t  o f  s h e l l  i s  c a l l e d  t h e  
r e g u l a r  d iamond h y p a r . . The r e g u l a r  diamond h y p a r  h a s  two low 
c o r n e r s  a t  t h e  o b t u s e  a n g l e s  and  h a s  two h i g h  c o r n e r s  above 
t h e  a c u t e  a n g l e s  o f  t h e ’;-plan.  The v e r t i c a l  p a r a b o l a e ,  which, 
a r e  t a k i n g  p l a c e  b e tw e e n  t h e  tw o . h i g h  . c o r n e r s  and  b e tw e e n  ' 
t h e  two low c o r n e r s  a r e  t h e  f i r s t  and  se c o n d  p r i n c i p a l  
p a r a b o l a e  r e s p e c t i v e l y .  The s t r a i g h t  g e n e r a t o r s  a r e  p a r a l l e l  
"in o r t h o g o n a l  p r o j e c t i o n  and m ee t  a t  an  ’a n g l e  to , w h ich  
d i f f e r s  f ro m  r i g h t '  a n g l e .  , '
I n  d i s c u s s i n g  the'  sh a p e  f u n c t i o n ,  i t "  is- more 
c o n v e n i e n t  t o  u s e  an  o b l i q u e  s y s te m  o f  c o - o r d i n a t e s - w h e r e  
t h e  x  and  y  a x e s  m ee t  a t  an  a n g l e h o  , and b i s e c t  t h e  s i d e  
l e n g t h s  o f  t h e  s u r f a c e .  C o n s e q u e n t l y  t h e  c o - o r d i n a t e  a x e s  
a r e  p a r a l l e l  t o  t h e  p r o j e c t e d ^ s t r a i g h t  g e n e r a t o r s .  . I f  we 
c o n s i d e r  t h e  z ’ a x i s  a s  t o  be v e r t i c a l , '  t h e  e q u a t i o n  o f  t h e
r e g u l a r  d iamond h y p a r  c an  a l s o  he  o b t a i n e d  i n - t h e  fo rm  o f  
z = k x y .  The r e g u l a r  d i a m o n d . h y p a r  t o g e t h e r  w i t h  t h e  co­
o r d i n a t e  s y s t e m  a r e  r e p r e s e n t e d  i n  F i g . 2 . 1 1 ;
To d e t e r m i n e ■t h e  s h a p e . f a c t o r , - 
we n e e d  one s i n g l e  p o i n t , o f  the ,  
surface which i s  f u l l y  determined 
' = i n  t h e  a p p l i e d  s y s t e m  o f  co~ • 
o r d i n a t e s  by  t h e  g i v e n  d a t a ( a , b , f )  ,
One o f  t h e  h i g h  c o r n e r s  d o es  
s a t i s f y  t h i s ,  c o n d i t i o n * '  - L L t y  A . T VOU
F I G . 2.11
C o n s e q u e n t l y :
i f .x  = x A
and. y  y A
t h e n  z = f
whence
AJ A
ft h e r e f o r e  t h e  sh a p e  f a c t o r :  k. = ttv
2xAy A ) -------------- -----------
and  t h e  sh a p e  f u n c t i o n : ' '  z = k x y  )
The f i r s t  c h a r a c t e r i s t i c  a n g le ,  a s  w e l l  a s  t h e  x ^  and '-y^
q u a n t i t i e s  c an  a l s o  be fo u n d  f ro m  F i g . 2 . 1 1 .
i . e .
: ( 2 .  32)
and
t a a  ^ ab
a
Sin f CoS X^
( 2 . 3 3 )
(2 .3A)
U n f o r t u n a t e l y  t h e  t h i r d  c h a r a c t e r i s t i c , a n g l e  (S ) 
c a n n o t  be d e t e r m i n e d  by  E q ( l . 3 l ) >  b e c a u s e  o f  t h e  n o n ­
o r t h o g o n a l i t y  o f  the- p r e s e n t  s y s t e m  o f  c o - o r d i n a t e s .  To" 
d e t e r m i n e  $ , we make u s e  o f  F i g .  2 . 1 2 ,  where  a  s h e l l  e l e m e n t  
and  ' i t s  p r o j e c t i o n  i s  r e p r e s e n t e d  i n  o u r  o b l i q u e  s y s te m  o f  
c o - o r d i n a t e s .
/d  S*" = d  S 4 + d  S 2. — 2. d  S •< d S 2. Co 5  £■ I t  f o l l o w s  t h a t
1 -  d  A v d j /  -  2. d  * d  CO S  CO 
h i j —d>cton_c^ . 
d S  d  + Vu^
an d
f u r t h e r h z  * d  i/ i o n  (*
f i n a l l y
S u b s t i t u t i n g  t h e  above r e l a t i o n s  i n t o  t h e  l a s t  o n e ,  we f i n d :
dS^ J £d S jd ^ > x  co S <£ *  d  * N .d y 4-  2 .d * d v  co S &  + «d ian*^ + d  j/a l a n Lfb
-  2 d * d i /  t a n ^ . t d n Pwhence •
COS cS =s Jk20+^o»^> -f dfc/*Q+ nfi) -  2d^d^ ( co s o  4 loncC. i:<anfi)~dS^-d$;
2d*b { eiSa
s i n c e  ( U i a n V )  *
and • ~ • d.yVl f £aria (0 » i S i  •
' cos£  s  1 s °  4 I an*  . fcaofQ
2d*d^/ Y(J+tanxoC)(U i a n zP>)
and  f i n a l l y ,  t h e  t h i r d  c h a r a c t e r i s t i c ,  a n g l e :
cos. o
COS, CO 4- Dz # g?z 2> *. # 3^
v t i *  ( s n i f f i n '
( 2 - 3 5 )
t06c) c^S cJ> + U- * * ^ i/
n  i+u v k
2 . 5 . 2 . 1 C .  IRREGULAR DIAMOND HYPAR
The p ro b le m  becomes more c o m p l i c a t e d  i f  a .KITE
s h a p e - p l a n  i s  c o n s i d e r e d  and t h e  two h i g h  c o r n e r s  o f  t h e  
s h e l l  d i f f e r  i n  h e i g h t .  T h is  i s  i l l u s t r a t e d  i n  F i g . 2 . 1 3 .
FIG. 2 .1 3 .
A r e l a t i v e l y  s m a l l  i r r e g u l a r  diamond 
h y p a r  b u i l t  i n  f r o n t  o f  t h e  I n f o r m a t i o n  
C e n t r e  o f  t h e  B r u s s e l s  I n t e r n a t i o n a l  
E x h i b i t i o n  i n  1958,
As l o n g  a s  a  r e g u l a r  d iamond -is c o n s i d e r e d ,  t h e  
s t r a i g h t  g e n e r a t o r s  a r e  p a r a l l e l  i n  h o r i z o n t a l  p r o j e c t i o n .  
The two p r i n c i p a l  p a r a b o l a e  i n t e r s e c t  e a c h  o t h e r  a t  a
I
s p e c i f i c  p o i n t  o f  the '  ' s u r f a c e  where  t h e  two f i r s t  p a r t i a l  
\ - 4
d e r i v a t i v e s  a r e  e q u a l  t o  z e r o .  C o n s e q u e n t l y ,  t h e  v e r t i c a l  
z a x i s  i s  t h e  a x i s  o f  symmetry  f o r  b o t h  o f  t h e  p r i n c i p a l  
p a r a b o l a e .
T h i s  i s  n o t  t h e  c a s e  - f o r  i r r e g u l a r  diamond s h e l l s ,  
w here  t h e  s t r a i g h t  g e n e r a t o r s  c e a s e  t o  be p a r a l l e l  i n  
v e r t i c a l  p r o j e c t i o n .  F u r t h e r m o r e ,  t h e r e  i s  no p o i n t  o f  
t h e  s u r f a c e ,  where  b o t h  o f  t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  
a r e  e q u a l  to  z e r o ,  and no v e r t i c a l  a x i s  e x i s t s  w h ich  c o u ld  
be  c o n s i d e r e d  a s  an a x i s  o f  symmetry  f o r  t h e  f i r s t  p r i n c i p a l  
p a r a b o l a .  F i g . 2 . 1 4 .
E.IS.V AT 10 VI
-w
' F i g . 2 . 1 4 . - gi
I t  c an  be  s e e n  i n  F i g .  2 .1 4  t h a t  t h e  f i r s t ' p r i n c i p a l  j
p a r a b o l a  h a s  a  l o c a l  minimum a t  p o i n t  l ^ ( L l j , L ” ) ,  w h i l e  t h e  :-.f
s e c o n d  p r i n c i p a l  p a r a b o l a  h a s  a  t o t a l  maximum a t  p o i n t  
1 ^ ( 1  2 >^ 2 ^* ^ le corise(f - eIlce o f  t h i s  i r r e g u l a r i t y  i s , t h a t  
no  s i n g l e  c o n d i t i o n  e x i s t s ,  f ro m  w h ic h  t h e  sh a p e  f a c t o r  (k )
' c a n  be u n i q u e l y  d e t e r m i n e d  i f  we d e c i d e  t o  p e r f o r m  t h e  .. j :
shap'e f u n c t i o n  i n . ' t h e  fo rm  o f  z = k x y . !
To overcome t h i s  d i f f i c u l t y ,  an o b l i q u e  p r o j e c t i o n  
. i s  t o b e  c o n s i d e r e d ,  where  t h e  i r r e g u l a r i t y  o f  t h e  b a s i c  
. p lan ,  d i s a p p e a r s '  and  t h e  s t r a i g h t  g e n e r a t o r s  become p a r a l l e l  j
w h ic h  w i l l  t h e n  m ee t  a t  a\ c o n s t a n t  a n g l e  u>. ‘ The z a x i s  w i l l  fh;
be  t a k e n  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  t h i s  o b l i q u e  " p r o j e c t i o n  
; a n d  t h e  o r i g i n  o f  t h e  c o - o r d i n a t e  s y s t e m  w i l l  be l o c a t e d  a t  jj
t h a t  p o i n t  where  the. f i r s t  p r i n c i p a l  p a r a b o l a  h a s  1 t h e  maximum h|
w i t h  t h e  r e f e r e n c e  t o  t h i s  z a x i s .  The [xy ]  p l a n e  w i l l  be gj
t a k e n  p e r p e n d i c u l a r  t o  t h e  z a x i s  and  t h e  x and y c o - o r d i n a t e  ' : j 
a x e s  w i l l  be p a r a l l e l  t o  t h e  s t r a i g h t l i n e  g e n e r a t o r s .
T h i s  o b l i q u e  p r o j e c t i o n  and the .  o r i e n t a t i o n  o f  t h e  z a x i s  \\<
a r e  shown i n  F i g .  2 . 1 5 .  . ' ’ . : ' j  j
L e t  i t  be  assum ed  t h a t  t h e  f i r s t
p r i n c i p a l  p a r a b o l a  i s  c o n s t r u c t e d
i n ’ f u l l  l e n g t h ,  f ro m  w h ic h  AL i s  ’ ,
i n c o r p o r a t e d  i n  t h e  s h e l l  s u r f a c e .
( F i g . 2 . 1 5 )
The p' .oint where  t h e  p a r a b o l a  and i t s  a x i s  o f  symmetry  
i n t e r s e c t  i s  d e n o t e d  by  0 and a s s u m in g  a  t a n g e n t  (w) 
t o  t h e  p a r a b o l a  a t  t h e - p o i n t  0 ,  t h e n  t h e  e q u a t i o n  o f  
t h e  p a r a b o l a ’ i n  t h e  (wz) '  s y s t e m  w i l l  be a s  f o l l o w s : ,
* o -
• Z- =  -  c w  ■—  -----------— ------------------------------------  ( 2 . 3 6 )
By s u b m i t t i n g  E q ( 2 . 3 6 ) t o  a  l i n e a r  t r a n s f o r m a t i o n  w h ic h
t r a n s l a t e s  (wz) i n t o  a n o t h e r  s y s t e m  c a l l e d  (w ’ z ' ) >  t h e n
t h e  t r a n s f o r m e d  e q u a t i o n  becom es :
z ' + z  . = — c (w ’~wq ) •  -------- -------------------------------- -------— ’(2 ,3 7 ) .
E q ( 2 . 3 7 )  c o n t a i n s  t h r e e  unknown q u a n t i t i e s -  ( c ,  'w ,; z )
and  t o  d e t e r m i n e  t h e s e ,  t h r e e  c o n d i t i o n s  have  t o  be l a i d  -
down. . ■
v i z .  3 - .... . • , .
1) r The d e r i v a t i v e  o f  t h e  p r i n c i p a l  p a r a b o l a  . 
r a t  t h e  p o i n t  A, . and
2) The d e r i v a t i v e  o f  t h e  p r i n c i p a l  p a r a b o l a ' .  .1 
: a t  t h e  p o i n t  D, - and  ". ' . t  . *
3) The o r d i n a t e  o f  t h e  p r i n c i p a l  p a r a b o l a  a t  
any  o f  t h e  c o r n e r  p o i n t s  ( a t  A o r  a t  D),
A l l  t h e s e  q u a n t i t i e s  s h o u l d  be known* ■ .
T hree  s i m u l t a n e o u s  e q u a t i o n s  w i l l  now be  r e q u i r e d  
so a s  t o  s a t i s f y  t h e  g i v e n  c o n d i t i o n s *  To e s t a b l i s h  t h e s e ,  
two new a u x i l i a r y  c o n d i t i o n s  have  t o  be  m a d e . ' ! s e e  a l s of t .
P i g .  2 . 1 b ) .  v ■ -
N a m e ly :
i f  w’ = b
i f  w 1 = b
2w
1 w
t h e n  z ,: = f 2z
t h e n  z ’ = f '1 z
T o - f i n d  t h e ' b ^ w, ^ w * '^1 z r  ^2z  l uarL'ki‘k i e s > a n g l e s  c<.
and  ■ ./^w' have  t o  be  d e t e r m i n e d  a t  f i r s t .  From P i g .  2 .1 5  
i t  c an  be s e e n  t h a t :  -
( 2 . 3 8 )
T h e r e f o r e  ' t lfe d e s i r e d  q u a n t i t i e s :  
*“ * S i cos
lb aw  *■ Sa c o s  ft w
flZ * S)  ^ c£w
f 2Z * ** *»« / w
i n  E q ( 2 . 3 8 )  i s  t h e  second-  
c h a r a c t e r i s t i c  a n g l e .  I t  w i l l  '~f 
b e . d e t e r m i n e d - b y  u s i n g  P i g . 2 . 1 6 
and  c o n s i d e r i n g  t h e  f o l l o w i n g  
p o i n t s  a t  t h e  same t im e .
( 2 . 3 9 )
PIG.2.16
• - V
I f  we p o n s i d e r  an  o b l i q u e  p r o j e c t i o n  o f  th e -
t r i a n g l e  ACD, h a v i n g ' t h e  p r o j e c t e d  l e n g t h s  o f  t h e  s i d e s
!
AC and  DC e q u a l ,  t h e n  t h e  a x i s  o f  p r o j e c t i o n  s h o u l d  b i s e c t  
t h e  s i d e  AD and s h o u l d  p a s s  t h r o u g h  t h e  p o i n t  C. To 
o b t a i n  T  a n a l y t i  c a l l y  * 'the n o t a t i o n s  o f  P i g .  2 .1 6  a r e  t o  be 
u s e d .  . • ■ _ .
• i •
I t  f o l l o w s  now t h a t :  ■ . , •/' . '
oC = •, p> « : / p * {an ■ —■ ^
1 b i  1 b i - b i
t h e r e a f t e r  t h e  s i d e  l e n g t h s  S. and  a r e
S « U  > c f* ,** Sin c* ' ( O2 "  (i 1
* 1 1
f u r t h e r :  u ■ c v. / , *\ /  , „n « S i S » n ( o C + ' v u  j c ^ » S i  cos  (<s+ tv)  j d  ** p  “ ^
£ -  i o n *  h
(2 . i+0 )
Knowing / ,  t h e  unknown q u a n t i t i e s  o f  E q s ( 2 . 3 8 )  
and  ( 2 . 3 9 )  c a n  be computed  and t h e  t h r e e  e q u a t i o n s  f o r  
t h e  p r e v i o u s  c o n d i t i o n s  can  be  s e t  up a s  f o l l o w s : ,
(g f e l  = ton c<^ , - . 2c(  bHU-u.)
( i l l  ' = - f e ,  = - 2 C ( b » w - u J
( z ' +  Z o “  f  +■ Zo " — C ( baw -  Uo)
! 12 Z
o r  i n  more c o n v e n i e n t  f o r m : •. ' I
fiz * -  2. G ( b-iw*" Wo)
f 2.Z w "" 2. C ( We)................. .............    ( 2 . Ij.1 )
f2z * “ G ( baw" We) — Zo
The s o l u t i o n  o f  E q s ( 2 . 4 l )  l e a d s  t o  .the q u a n t i t i e s  c ,  WQ
and  z 0 . H a v in g  d e t e r m i n e d  t h e s e ,  t h e  o r i g i n  can  be l o c a t e d ,  
and  t h e . p r o j e c t i o n  o f  t h e  i r r e g u l a r  diamond h y p a r ,  shown i n  
P i g .  2 . 1 5 ,  w i l l ' a p p e a r  on t h e  \xy)  p l a n e .
'The f i r s t  - c h a r a c t e r i s t i c  a n g l e  (co) a s  w e l l  a s  t h e  . x ^ ,y ^ ,
' . i  ■ *•
x 0 , y 0 c o - o r d i n a t e s ,  w h ic h  show t h e  p o s i t i o n  o f  t h e  
p r o j e c t e d  p l a n  a c c o r d i n g . t b  x and  y  a x e s ,  c an  he f o u n d  
f ro m  P i g . 2*15. 1 ■ ' ■ '
N am ely :
ta i l  «  * i
* D-tW
» g lad '  ajS'tW 
Oo ~ b> jvJ
2 cos ^
l*Jo + biio
( 2 ^ 2 )
> (2.2+3)
*o s e t  t h e  sh a p e  f a c t o r ,  we n e e d  one s i n g l e  p o i n t -  o f  :the • 
s h e l l ,  w h ic h  i s  c o m p l e t e l y  d e t e r m i n e d  i n  t h e  (x y z )  s y s t e m  
o f  c o - o r d i n a t e s  hy  t h e  g i v e n  d a t a .  Prom P i g . 2 .1 5  i t  c an  
he s e e n  t h a t  ' t h e r e  a r e  two p o i n t s  ' s a t i s f y i n g  t h i s  c o n d i t i o n ,
and  t h e s e  a r e  t h e  h i g h  c o r n e r  p o i n t s .  P o r  t h e s e  p o i n t s  i t
■ - * \ ,
c an  he s t a t e d  t h a t : ,
f \  • ■ Zo -  f u  
fo - 2 * + f z i
Z/k, s J"\ M Ik %b a 
Z o - f p "
(2-kk)
c o n s e q u e n t l y :
L » Jk „ i s .  
0^*^ 0
By s u b s t i t u t i n g  E q s ( 2 . 4 3 )  and  ( 2 . 4 4 )  i n t o  E q ( ^ .4 5 ) »
we h a v e :
o r
k
k
Z o -  f \Z
( VJo-Jb 
\2coS^ )
Zp-Ui) COS%  C O
Zo»f<Z ^ A ( Zo u )  COS
Wo b i u \ l
C Z c o s ' i
( 2 - 4 5 )
( 2 . 4 6 )
-J1 ( U° +
P i n a l l y  t h e  sh a p e  f u n c t i o n  w i l l  be  o b t a i n e d  i n  t h e  known
f o r m  i . e .  , ■ '■ - ,
; z = k x y  :---------      - ( 2 . 4 7 ) -
To d e t e r m i n e >t h e  t h i r d  c h a r a c t e r i s t i c  a n g l e  (S)  E q ( 2 . 3 5 )
i s  t o  he  u s e d .  . ' ' -
2 . 5 . 2 . 1 D. SEMI-TWIS TED PARALLELOGRAMS .
N o t  v e r y  f r e q u e n t l y  u s e d ,  n e v e r t h e l e s s  a  v e r y  ' 
a t t r a c t i v e  sh ap e  can  he o b t a i n e d  by  t w i s t i n g  a  f a i r l y  l o n g  
r e c t a n g l e  i n  s u c h  a  way t h a t ;  one o f  i t s  s h o r t  s i d e s  :. rem ains  
h o r i z o n t a l  w h i l e  t h e  o p p o s i t e  one becomes v e r t i c a l .  T h i s  
sh a p e  w i l l  be  c a l l e d  t h e  s e m i - t w i s t e d  p a r a l l e l o g r a m .  To 
- g e t  some i d e a  how t h i s  shap e  •can be  u s e d ,  a  s i m p le  com bina ­
t i o n  o f  s e m i - t w i s t e d  p a r a l l e l o g r a m s  i s  r e p r e s e n t e d  i n
2 . 1 9 )  can  be
d i s t i n g u i s h e d ;  b o t h  o f  them a r e  c o n s i d e r e d  a s  s e m i - t w i s t e d  
p a r a l l e l o g r a m s .  The f i r s t ’ o f  t h e s e  w i l l  be c a l l e d  r e g u l a r  
and  t h e  s e c o n d  one i r r e g u l a r * ,
i .  REG-UhAR SEMI-TWI STEP PARALLELOGRAM
The sh ap e  i n  p l a n ,  t o g e t h e r  w i th ,  e l e v a t i o n s ,  i s  
shown i n  -Fig. 2.1 8. S in c e  b o t h  t h e  p l a n  and f i r s t  e l e v a t i o n  
a r e  i s o s c e l e s  t r i a n g l e s ,  t h e .  s t r a i g h t  l i n e  g e n e r a t o r s  a r e  
n o t  p a r a l l e l  i n  v e r t i c a l " p r o j e c t i o n .  The v e r t i c a l  o r i e n t a ­
t i o n .  o f  t h e  z a x i s  i s  h o t  s u i t a b l e  i n  t h i s  c a s e ,  i . e .  i f .  
x  = o and  y =~a / 2  t h e n  z i s  n o t  u n a m b ig u o u s ,  a s  i t  c an  be 
s e e n  i n  P i g .  2.1  8. C o n s e q u e n t l y ,  a  new d i r e c t i o n  o f  . t h e  ,z... 
a x i s  i s  t o  be f o u n d ,  w h e r e ' t h e  sh a p e  f u n c t i o n  becom es  s i n g l e  
v a l u e d i b r ”e a c h  p o i n t  o f  t h e  S u r f a c e .  F u r t h e r m o r e ,  i n  t h e  
new p r o j e c t i o n , w h ic h  t a k e s  p l a c e  p e r p e n d i c u l a r  t o  t h e  z a x i s  
t h e  s t r a i g h t  l i n e  . g e n e r a t o r s  m u s t  be p a r a l l e l  and  m u t u a l l y
F i g . 2 .1 7
Two d i f f e r e n t  s h a p e s  ( F i g s . 2 . 1 8 and
p e r p e n d i c u l a r .  T h is  new p r o j e c t i o n  i s  a l s o  r e p r e s e n t e d  
i n  f i g . 2 . 1 8 .
ST. E LEV ATT VO VI
\
PR.OJ ECT\OW
P L  fcv V4
2vio. elevatiou
FIG.-2 .18
I t  c an  he s e e n  f ro m  t h e  s e c o n d  e l e v a t i o n  o f  F i . g . . 2 , l 8 - 
t h a t  a l l  o f  t h e  above  r e q u i r e m e n t s  a r e  s a t i s f i e d  i f  we 
c h o o se  t h e  z a x i s ,  t o  e n c l o s e  45°  w i t h  t h e  v e r t i c a l  d i r e c t i o n .
I t  c an  -.also be c o n c l u d e d  t h a t  t h e  f i r s t  c h a r a c t e r i s t i c  a n g l e  
co= '9 0 ° ,  t h e  s e c o n d  o n e -3? = -45°> w h i l e  t h e  t h i r d  c h a r a c t e r i s t i c
a n g l e  ( S ) i s  g i v e n  by  E q ( 2 . 3 1 ) .
v  -
The sh a p e  f a c t o r  can.noV^ be d e t e r m i n e d  by  o n e ■s i n g l e  c o n d i t i o n ,
x. . ■'■■■■' - ■ :
w h ic h  i s  '■ ■■■’ ■/
i f  x  = x“A
- and  y  = y A
> t h e n  z = zA
c o n s e q u e n t l y  z^  = k x ^ y ^  f ro m  w h ic h  k JA
¥ a
Prom t h e  s e c o n d  e l e v a t i o n  o f  P i g .  2 . 1 8  i t  c a n  "be s e e n  t h a t ,  
b
XA “  2\[2
% and z .2 A 2  {2
, 2 
k  = a
an d  t h e  sh a p e  f u n c t i o n
z = k x y  = -xy . • • • • ......... ( 2 . i|8)-
i i .  IRREGULAR SEMI-TWISTED PARALLELOGRAM
T h is  sh ap e  i n  p l a n ,  t o g e t h e r  w i t h .e l e v a t i o n s  
i s  shown i n  R i g . 2 .1 9 .  To ; o h ta i n  a  s u i t a b l e  p r o j e c t i o n  ' 
where  t h e  s t r a i g h t  l i n e  g e n e r a t o r s  a r e  p a r a l l e l  and  m u t u a l l y  
p e r p e n d i c u l a r ,  t h e  z a x i s  h a s  t o  he c h o s e n  t o  e n c l o s e  45° 
with,,  t h e  v e r t i c a l  d i r e c t i o n ,  , By t h i s  o r i e n t a t i o n  o f  t h e  
z a x i s  t h e  shape,  f u n c t i o n  w i l l  he  s i n g l e '  v a lu e d . .  The 
sh a p e , ,  t o g e t h e r  w i t h  t h e  z a x i s  and  t h e  new p r o j e c t i o n ,  i s
shown i n  E i g . 2 . 1 9 * \ ru t
Z&yjk
1s t . E  L E V  A T  l o w  V *
P L KM
 ^ BIG. 2 .1 9 .  - '
, I t  c an  a l s o  he s e e n  t h a t  t h e  f i r s t  c h a r a c t e r i s t i c  a n g l e  
co = 90°  and t h e  s e c o n d  one f  = 4-5° * w h i l e  t h e  t h i r d  
c h a r a c t e r i s t i c  a n g l e  (S ) i s  g i v e n ’ hy  Eq( 2. 31 ) .
To d e t e r m i n e  t h e  sh ap e  f a c t o r , '  o n l y  one ' s i n g l e ' c o n d i t i o n . i s  
t o  he  g i v e n ,  n a m e ly  ' .
■ i f  x  = -b_
and  y  = y-
t h e n  z = f l
C o n s e q u e n t l y :  _ t o  b
n  “ * 2. n
/ a n d  t h e  sh a p e  f u n c t i o n
f ro m  w h ic h  k. = —d  ( 2 . L 9 ) -
2.5.2.2, THE HYPAR AS TRANSLATIONAL SHELL
2 , 5 . 2 . 2 A. GENERAL GEOMETRICAL"CONSIDERATIONS.
The s e c o n d  o r d e r  s u r f a c e s  a r e  d e s c r i b e d  "by the- 
f o l l o w i n g  e q u a t i o n :
UC*,y) * &U * * + +  ciuy*'* ZCiuxi + 2ciziVZ + a3 i z z+ 2Qu y(
+ 2 4 Z 4 V  * : 2 a i d z- +• Q ** = 0   ..............  ( 2
I n  t h e  e x c e p t i o n a l  c a s e ,  'when
a ,» CL CL \ \ CL
A = a , » ^ 1 1 CL<i j CL2t, = 0
CL i i
a M CLAl ^■Ai.
 ^ t h e  s e c o n d  o r d e r  s u r f a c e  becom es d e g e n e r a t e d ,  o t h e r w i s e  
(A^O) i t  i s  r e a l .  A l i n e a r  t r a n s f o r m a t i o n  and  r o t a t i o n - o f
t
E q ( 2 . 5 0 )  l e a d s  t o  t h e  c e n t r a l ,  e q u a t i o n  o f  t h e  sec.ond o r d e r  ; 
s u r f a c e s ,  a s  f o l l o w s :  •
JJC*,:/) ~ a 41xi+2a(lx.i/ + an i/%2c/;3>cz + £c/2jyz + a 3>z%a^=l O  ............(2
L e t  t h e  s u b  d e t e r m i n a n t ,. w h i 'c h - h e lo n g s  \ t o q t h e  a . ^  c o n s t a n t ,
b e  d e n o t e d ’b y  A^ _ •
i . e . ’ a „ a ,z &  l i
>■ ii CL23
^ 3 1 a 63
The s e p a r a t i o n  o f  t h e  f o l l o w i n g  t y p e s  o f  s e c o n d  o r d e r  
s u r f a c e s  d e p e n d s  now-on t h e  v a l u e s  o f  A, A^ and a ^  and
( -]7)
t h i s  i n c l u d e s  w h e t h e r  t h e y  a r e  e q u a l  to  z e r o  o r  n o t . w l /
I f  A/O, t h e ' . s e c o n d  o r d e r  s u r f a c e  i s  r e a l .
F0R(+) IMAGINATIVE
0
4 o
•f 0
ElUPSO_U>
r
x 2-a2- + b2-
z z
c z
2.X + b*
- z zc 2-
G 2 - ,b*
- z zc l
2y.
b*
+ z 2
c 2-
1 1 = 0
- 1  -  0 
- 1  = 0
-  0
FOR(-) REAL
OP ONE SHEET 
OP ' TWO SHEETS
POR(+) IMAGINATIVE 
FOR(-) REAL
If A = 0, ' the second order surface is degenerated.
« o
a 4 ^ °
E.U. \p r  vc
£  + K -  \bx *
z
K  *
2
JL  ^ i 
c 2 ■CYLIWOEU6 ,az tf-
HYP&tmoLl C £  * ii z y illCV L l VA D E. R S> cat.. a 2- b1
PMl k&oL\ C ' Z = y = a  x2+- h X
C'/UW OERS Z *
*
t s/ + C A / - c  z 2 + L ■ X.
Two
UWE<b .
o >A- z  z = o y
*2.V +a 
£ = c z 2 + a
E l l i p t i c  p a r a b o l o i d s ,  h y p e r b o l i c  p a r a b o l o i d s  and  c y l i n d e r s "  
a r e  o f  g r e a t  i m p o r t a n c e  a s  s h e l l  s t r u c t u r e s ,  - /
i . e . -  • ■
’ .. a - . ' z = * ' 
b - 2 (2 . 5 2 )
a  ,
C . 2 = ax5 + b .j
E q s ( 2 . 5 2 )  can  be r e w r i t t e n  i n  'one common fo rm ,  n a m e ly
(2*53)
i f
a .  2*4.0 E q . 2 .5 3  r e p r e s e n t s  an  e l l i p t i c  p a r a b o l o i d ,
c .  ^ E q . 2 . 53 r e p r e s e n t s  a  c y l i n d e r .
b .  • T > 0 E q . 2 .5 3  r e p r e s e n t s  a ' h y p e r b o l i c  p a r a b o l o i d .
I n  t h e  c o u r s e - o f  t h i s  t h e s i s  t h e  c a s e  b' ( ^  > 0 ,
' h y p e r b o l i c -  p a r a b o l o i d )  - w i l l ' b - e  exam ined  o n l y .  I t  c a n  be 
s e e n  f ro m  E q ( 2 . 5 2 b )  a n d , ( 2 . 5 3 )  t h a t  h y p e r b o l i c  p a r a b o l o i d  
c an  be r e g a r d e d  a s  a  t r a n s l a t i o n a l  s h e l l ,  where  a  p a ra b o la -  
h a y i n g  n e g a t i v e  c u r v a t u r e ,  i s  t r a n s l a t e d  on a n o t h e r  p a r a b o l a  
b e i n g  c u r v e d  p o s i t i v e l y .  One o f  t h e s e  p a r a b o l a e  i s  c a l l e d  
t h e : g e n e r a t i v e  o r  f i r s t  p r i n c i p a l  p a r a b o l a *  w h i l e  t h e  o t h e r  
one i s  c a l l e d  t h e  se c o n d  p r i n c i p a l  p a r a b o l a .  S i n c e  t h e  
s u r f a c e  c o n t a i n s ,  a t  e a c h  p o i n t ,  two o p p o s i t e  c u r v a t u r e s  
i t -  i s  c a l l e d  AETICLASTIC. T here  a r e  t h r e e  t y p e s  o f  t h e  
t r a n s l a t i o n a l  h y p a r s  we c a n ' d i s t i n g u i s h  w h i c h ' d e p e n d 'o n  t h e  
p o r t i o n  s e p a r a t e d  f ro m  -the i n f i n i t e  e x t e n s i o n  o f  t h e  a n t i -  
c l a s t i c  s u r f a c e  t o  c o v e r  t h e  g i v e n  p l a n .
2.5.2.2B. THE SADDLE SURFACE.
The g e n e r a l  e q u a t i o n  o f  • t h e  . . a n t i c l a s t i c
s u r f a c e s  i s  g i v e n  i n  ( 2 . 52b) i . e .
z -  J L  -  ,
2 0 *  2 b4
w h ic h  i n d i c a t e s  a  t r a n s l a t i o n a l  s u r f a c e ,  where  t h e  ' f i r s t  
and  se c o n d  p r i n c i p a l  p a r a b o l a e  a r e  r e s p e c t i v e l y :
2cr* and
?  = y
 ^ 2 b*
By d i s c u s s i n g  t h e s e  e q u a t i o n s ,  we f i n d  t h a t  
i f  x  = o
• x  = +a
i f  y = o 
y  = +b
i f  x
Z =  0
Z = i
a 
-  2
h
z = o 
z =
Z =  0
and  y= ± ~2
FIG-. 2. 20.
The s u r f a c e  o b t a i n e d  f ro m  above' i s  shown i n  F i g .  2. 20. '
I f  we d e n o t e  t h e  s h o r t  and l o n g  ' sp an s  by  1^ and 1^ 
r e s p e c t i v e l y ,  t h e  shape  f u n c t i o n  w i l l  be o b t a i n e d  i n . t h e  
f o l l o w i n g  f i n a l  fo rm :  -p
2 "  '  2 z = k ^ x  - k ^ y
a n d  t h e  shape  f a c t o r s :
k = 2/ 1^ '
 ^ . . . . . . . . . . . . . . . . . ■ .  ... ( 2 0 4 )
k 2= 2 / 1 V
T h i s  s u r f a c e  i s  c a l l e d  t h e  s a d d l e  s u r f a c e .  I t  f o l l o w s  now 
t h a t  t h e  s a d d l e  s u r f a c e  h a s  f o u r - p o i n t s  A ,B ,C ,D ,  l y i n g  on 
one p l a n e ,  and  t h e  o r i g i n  o f  t h e  s y s te m  o f  c o - o r d i n a t e s  
t a k e s  p l a c e  i n  t h e  same p l a n e .  F u r t h e r m o r e ,  t h e  maximum., 
a r c h  h e i g h t s  f o r  b o t h  o f  t h e  b o u n d i n g  p a r a b o l a e  . i s  a  h a l f  
u n i t ,  c o n s e q u e n t l y  t h e  s a d d l e  i s  a  v e r y  s h a l l o w  s u r f a c e .
The. f i r s t  c h a r a c t e r i s t i c  a n g l e  Co_= 90 and  t h e  
s e c o n d  one t -  0 .  To" d e t e r m i n e  t h e  t h i r d  c h a r a c t e r i s t i c  
a n g l e ,  S q ( 2 .3 1 )  i s  t o  he  u s e d .  . .
Namely '
C0£ I
0 z.
VP +( C T i  H t h T  '
By s u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  d e r i v a t i v e s :
2.i f
A .H D
11
we f i n d :  
C05<S
- £ * . A jLa  u stor'd
The c o n s t r u c t i o n  o f  t h e  h y p e r b o l i c  p a r a b o l o i d  
s h e l l s  on t h e  s i t e  i s : c a r r i e d  o u t  on fo rm w o rk s .  To 
s a t i s f y  t h e  p o s s i b l e  r e q u i r e m e n t s  o f  economy, t h i s  f o r m -  
work m u s t  be a s  ch eap  a s  p o s s i b l e . T h e  f a c t  t h a t  t h e  h y p e r ­
b o l i c  s u r f a c e s  c an  be c o n s t r u c t e d  f ro m  s t r a i g h t  l i n e  
g e n e r a t o r s , w i t h o u t  t h e  n e e d  o f  c u r v e d  m em b ers , o f f e r s ■g r e a t  
f i n a n c i a l  a d v a n t a g e s .  I t .  i s  e v i d e n t  now, t h a t  t h e  p o s i t i o n  
o f  t h e  s t r a i g h t ' g e n e r a t o r s  i s  o f  g r e a t  i m p o r t a n c e .  The 
d i r e c t i o n  o f  t h e  s t r a i g h t  g e n e r a t o r s  i s  g i v e n  by  t h e  a n g l e  y
a t  w h ic h  t h e  p r o  j ec.ted^ " s t r a i g h t  g e n e r a t o r s  and  t h e  x a x i s
.m ee t .  T h i s  a n g l e  i s  c a l l e d  t h e  f o u r t h  c h a r a c t e r i s t i c  a n g l e . '  
To. d e t e r m i n e  f  l e t  u s  c o n s i d e r  t h e  i n t e r s e c t i o n  o f  t h e
s a d d l e  s u r f a c e  w i t h  an a r b i t r a r y  v e r t i c a l  p l a n e  (P).. B ig .  2. 21 . 
L e t  t h e  e q u a t i o n  o f  t h e  s a d d l e  
and  t h e  e q u a t i o n  o f  t h e  v e r t i c a l  
p l a n e  be  r e s p e c t i v e l y .  .
f i i U -  ifc it’-X£i * i & K2-) ( 2 . 5 5 )
z =
BIG.2.21.
By e l i m i n a t i n g  y f ro m  t h e s e  e q u a t i o n s ,  t h e  l i n e  o f  
i n t e r s e c t i o n  w i l l  be fo u n d  i n  t h e  f o l l o w i n g  fo rm :
17 -  I c W ' 1 + C i* .  + 1 c l  I
< tf  “  11 :■
N z = J-   • ■ • • ( 2 . 5 6 )
u t U % V ' ^ . .
E q ( 2 . 56) r e p r e s e n t s ' a  g e n e r a l  p a r a b o l a ,  and  t o  make i t  
l i n e a r ,  t h e  f o l l o w i n g  c o n d i t i o n  h a s  t o  be s a t i s f i e d :
= 4 l  :■ C. = l l  - ♦ I ( 2 . 5 7 )Jf  - - 7 7
By s u b s t i t u t i n g  t h i s  i n t o  E q ( 2 . 5 6 ) ,  we have
z -  2 U k -  t  . . . . . . . . . .  ( 2 . 5 8 )
i'l : t-z t -h i
E q ( 2 . 5 8 ) r e p r e s e n t s  a  s t r a i g h t  l i n e  i n t e r s e c t i o n  o f  t h e  
s a d d l e  s u r f a c e  and  t h e  v e r t i c a l  p l a n e .  C o n s e q u e n t l y ,
E q ( 2 . 5 8 ) p r o v i d e s  t h e  e q u a t i o n  f o r  a n  a r b i t r a r y  s t r a i g h t  
g e n e r a t o r .  By s u b s t i t u t i n g  b y  i t s  v a l u e  f ro m  Eq('2. 58) 
i n t o  t h e  e q u a t i o n  o f  t h e  v e r t i c a l  p l a n e  P ,  we have
V  z = 1 T ,  * ¥ • • •  -------------• • • • • • ■ • -  , (2 . 5 9 )
E q ( 2 . 5 9 )  r e p r e s e h t s  a  s t r a i g h t  l i n e  a t  w h ic h  t h e  v e r t i c a l  
p l a n e - a n d  t h e  [xy] p l a n e  m e e t .  I t  i n d i c a t e s  a t '  t h e  same 
t im e  t h e  p r o j e c t i o n  of 'a* s t r a i g h t  g e n e r a t o r  oh t h e  \ x j ]
p l a n e .  • . ' .
1 + £2.
T h e r e f o r e  ■ tc*n. S * - “J 4
and  t h e  f o u r t h  + J h  . . . . . . . . .  (o 6nV
c h a r a c t e r i s t i c  a n g l e :  £ ~ tan t {  ^ '
T h e . ( + ) v e  and ( - ) v e  s i g n s  mean t h a t  th e re -  a r e  two s e t s  • o f
s t r a i g h t - l i n e s  w h ic h  can  be c o n s i d e r e d  a s  g e n e r a t o r s ' . '
2. 5. 2. 2.C. THE HYPAR ARCH
The g e n e r a l  s a d d l e ,  a s  i t  was shown b e f o r e , ; 
i s  v e r y  s h a l l o w  and i t s  s a g g i n g  i s  c o n s i d e r a b l y  l a r g e  
■ i n  t h e  c e n t r e .  I n  o r d e r  t o  overcome t h e s e  d i s a d v a n t a g e s ,  
w h ic h  o c c u r  s o m e t im e s ,  we have  t o  c o n s i d e r  a  much' 
l o n g e r  p o r t i o n  o f  . t h e  i n f i n i t e  h y p e r b o l i c  p a r a b o l o i d ,  
s u r f a c e . i n  t h e  p o s i t i v e  p r i n c i p a l  d i r e c t i o n .
The s u r f a c e  o b t a i n e d  i n  t h i s  -
way i s  c a l l e d  t h e  h y p a r  a r c h  
&nd i s  g e n e r a l l y  u s e d  a s  an 
e l e m e n t  o f  i n t e r c o n n e c t e d  
r e c t a n g u l a r  s h e l l  s t r u c t u r e s . .
Such  a  s t r u c t u r e  i s  i l l u s t r a ­
t e d  i n  E i g . 2 . 2 2 .  The h y p a r '  
a r c h  i s  g i v e n  by  i t s  c h a r a c ­
t e r i s t i c  d i m e n s i o n s , ,  w h ic h  'A 
a r e  t h e  two s p a n s •1^ and 1^
40-
a s  w e l l  a s  t h e  two a r c h  
h e i g h t s ,  h^ and h^v E IG .2 .  22.
A r e c t a n g u l a r  . r i g h t h a h d e d  s y s t e m . o f  c o - o r d i n a t e s  
i s  u s e d  f o r  d i s c u s s i n g  t h e  s u r f a c e .  T h e ' ' s u r f a c e  and . 
t h e  c o - o r d i n a t e  s y s t e m  i s  shown i n  E i g . 2 . 2 3 .
The h y p a r  a r c h  c an  doe r e g a r d e d
/a s  a  t r a n s l a t i o n a l  s h e l l ,  /
t h e r e f o r e  t h e  e q u a t i o n  o f  
w i l l  be  f o u n d  i n  t h e  fo rm
2 2 z -  Is^x -  k 2y .
' ^
I ■
i.
■ . . .  . ’ • . • FIG-. 2.  2.3
T h e r e f o r e  t h e  sh a p e  f u n c t i o n  v--. % - |< xa- L
k  ' \ ..........  (2.61)
k  -
-.The f i r s t ,  c h a r a c t e r i s t i c  a n g l e  .o> = 90°  and  t h e  s e c o n d  
one T  =0. The t h i r d  c h a r a c t e r i s t i c  a n g l e  can- he o b t a i n e d  
by  Eq(-2. 31 )'> i . e .
6hn*. BhtX , •
COS R  ________  Vi i-i w _______ ^ 4 h* H& % s/
^  ~ + Mlfi *?)&?* 64 hX#')'  . . . . .  ( 2 .6 2
■ To o b t a i n  t h e  - f o u r t h  c h a r a c t e r i s t i c  a n g l e  f  , l e t  t h e
i n t e r s e c t i o n  o f  t h e  h y p a r ' a r c h  and  a  v e r t i c a l  p l a n e  be 
d e t e r m i n e d  a t  f i r s t .  I f  t h e  e q u a t i o n  o f  the- v e r t i c a l  
p l a n e  i s
y = + cz
t h e n  by  e l i m i n a t i n g  y  f rom , t h e  e q u a t i o n s , ,  t h e  l i n e  o f  ; 
i n t e r s e c t i o n  i s  a s . f o l l o w s :
z = t c h
z -  4 ( 1 “ C-, 7  & i\  c i cx * " 4  p  Cx
To make t h i s  e q u a t i o n  " l i n e a r , t h e  f o l l o w i n g  c o n d i t i o n  
s h o u l d  .be f u l f i l l e d :  ’
V  H i a n d  m  ^ / H  ^ / n ^
■ ; c < “ T u ?  c ‘ T i f y t .  "  ( 3)
By s u b s t i t u t i n g  t h i s  e x p r e s s i o n  o f  c^ f o r  t h e  e q u a t i o n  o f  
t h e  v e r t i c a l  p l a n e , ,  we f i n d
y = * + ........... ........................f  ( 2 . 6 4 )
E q ( 2 . 6 4 )  r e p r e s e n t s  t h e  i n t e r s e c t i o n  o f  t h e  v e r t i c a l  .p la n e
an d  t h e  [xy] c o - o r d i n a t e  p l a n e  and' s i m u l t a n e o u s l y  i t  g i v e s
t h e  e q u a t i o n  o f  t h e  p r o j e c t e d  s t r a i g h t  g e n e r a t o r  on. t h e  (xy'J
p l a n e .  C o n s e q u e n t l y  t h e  d i r e c t i o n  o f  t h e  p r o j e c t e d  g e n e r a t o r
U  i l ki s  g i v e n  by  - t a n
- \  and  t h e .  f o u r t h  c h a r a c t e r i s t i c
-. i - . v  • a n g l e
' , . . .  s «  1  i a f t  J k i / J L t  .  •
, \ h i .    ( 2  . 6 5 )
2.5.2.233. . THE' TRIARG-ULAR HYPAR
■ The i n t e r s e c t i o n  o f  two o r  more v e r y  s t e e p ‘- 
Hypar  a r c h e s '  c o m p o s e s ' tH e  :G-ROINED VAULT. One com ponen t  o f  
t h e  g r o i n e d  v a u l t  i s  bounded  by - t h r e e  p o s i t i v e l y  c u r v e d  
, p a r a b o l a e , -  c o n s e q u e n t l y  t h e  p l a n ’ o f  t h i s  s h e l l - c o m p o n e n t  
^ i s  an  i s o s c e l e s  t r i a n g l e .  Such  a  componen t  o f  t h e  g r o i n e d  
• v a u l t ,  w h i c h  i s  r e p r e s e n t e d  i n ■P i g . 2.24> i s  c a l l e d  t h e  
t r i a n g u l a r  hypar. . .
■' The t r i a n g u l a r  h y p a r  i s  g i v e n  
by  i t s  two s p a n s . 1 1 and  1 9 a s  
w e l l  a s  . i t s  two a r c h  h e i g h t s  
tUj "-and h^,. A l t h o u g h ' i t  c an  .be  
r e g a r d e d  a s  a  t r a n s l a t i o n a l  
s h e l l ,  where  t h e  two p r i n c i p a l  
p a r a b o l a e  can  be e a s i l y  c a l c u l a ­
t e d  f ro m  t h e  g i v e n  d a t a ,  n e v e r ­
t h e l e s s ,  kn ow ing  t h e  a d v a n t a g e s  
o f  t h e  z=kxy . fo rm ,  . i t  i s  
\  p r e f e r r e d  t o  d e v e l o p  t h e  shap e
- FIG-. 2. 24. f u n c t i o n  i n  t h i s  fo rm .
L e t  u s  l o c a t e ,  t h e r e f o r e , ,  t h e  o r i g i n ,  o f  t h e  s y s t e m  o f  c o -  ,
o r d i n a t e s  a t  t h e  crowhy Ahe [xy] p l a n e  h o r i z o n t a l l y  a n d  t h e
' z . a x i s  v e r t i c a l l y .  T h e ’ t r i a h g u l a r  h y p a r  w i t h  t h i s  s y s te m  o f
c o - o r d i n a t e s  i n  e l e v a t i o n s  and  p l a n  i s  shown i n  P i g . 2 . 2 5 .
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To d e t e r m i n e  t h e  p o s i t i o n  of. t h e  x and  y a x e s ,  i t  i s .  
e s s e n t i a l  to  f i n d  t h e  i e and  ' d i s t a n c e s  a t  f i r s t .  L e t '  
an  a n x i l i a r y  s y s te m  : o f  c o - o r d i n a t e s  i i - z i , he  c o n s i d e r e d  
and t h e  o r i g i n - h e  l o c a t e d  a t  t h e  v e r t e x  o f '  t h e  f i r s t  
p r i n c i p a l  p a r a h o l a .  The e q u a t i o n  o f  t h e  p a r a b o l a  i n  t h i s  
s y s t e m  w i l l  he
1 V  1
A h o r i z o n t a l  l i n e  i s  c o n s i d e r e d  now, .which p a s s e s  t h r o u g h  
t h e  E arid E p o i n t s  o f  t h e  f i r s t ,  p r i n c i p a l  p a r a h o l a . ;  The
E q u a t i o n  o f . - - th i s  s t r a i g h t  l i n e  i s  ' .
, • •
% * hx = c o n s t .  '
By e l i m i n a t i n g  f ro m  t h e s e  e q u a t i o n s , • we. g e t
* - f ro m  w h ic h'Vi
I p ^
f  * ~ \I"K7  w h ic h  h a s  t h e  f o l l o w i n g
’ • 4 s o l u t i o n s
and  1a * -  ^ V - x r2- V Z hi
c o n s e q u e n t l y ,  t h e  f i r s t  c h a r a c t e r i s t i c  a n g l e :
{ a n .  &  « - I — = ♦ - h< . __ + h / i f h j T1Cia Z 17/2 - l z -  ~ t t \ hi
C om par ing  t h i s  r e s u l t  w i t h  Eq(2-.65)> i t  c an  he  c o n c l u d e d  
t h a t  t h e  f i r s t  and  f o u r t h  c h a r a c t e r i s t i c  a n g l e s  a r e  e q u a l  
f o r  a l l ' t y p e s . o f  t r i a n g u l a r  h y p a r s ,  c o n s e q u e n t l y  t h e  
p r o j e c t e d  s t r a i g h t  l i n e  g e n e r a t o r s  .a re  p a r a l l e l  t o  t h e  
c o - o r d i n a t e  a x e s .
. ■ ■ i ■
T h e r e f o r e  , ' ‘
•" fe v fe "     < 2 ' 6 6 )
i 1 i ' \ [ h 7  
U  |
a g a i n ,  t h e  s e c o n d  c h a r a c t e r i s t i c  a n g l e :  t  =0.
w  = W  T i W <
and  J  - l i o n '  i  4 ^ )  . . . . . . . . . . . . . .  ( 2 .67 )
To d e t e r m i n e  t h e  shape '  f a c t o r ,  we n e e d  o n e •s i n g l e  
p o i n t  o f  t h e  s u r f a c e  w h ic h  i s  f u l l y  d e t e r m i n e d  i n  t h e  
a ssum ed  s y s t e m  o f  c o - o r d i n a t e s  by  t h e  g i v e n  d a t a .  Such  a  
p o i n t  can  b e ,  f o r  e x am p le ,  p o i n t  A o r  B o f  t h e  f i r s t  
p r i n c i p a l  p a r a b o l a .  I n  d e t e r m i n i n g  t h e  - h o r i z o n t a l  c o -  
o r d i n a t e s  o f  p o i n t  A, t h e  n o t a t i o n s  o f  F i g .  2-. 26 a r e  u se d . .
co
I t  c an  be seen ' t h a t
AE = hz Liz h2 -
From t h e  KAE t r i a n g l e  we f i n d :  
AE'
y-
CO , f ro m  w h ic h  
*,E
68 )
a g a i n  f ro m  t h e  OEF t r i a n g l e ;
f rom  w h ic hi g
OE 2 Sin ^  z
and  f i n a l l y
> U - o B * e K - 0 E  + 'y* = J V T v O ' f v )  “ U  ^  '
■ W l,|r* f  v ‘
.4
-  n 21L__ _L_n. .+ 7 ) «
4-v.a«  v  ; v h .y       ....... ..; . ( 2 . 6 9 )
H a v in g  d e t e r m i n e d  t h e  h o r i z o n t a l  c o - o r d i n a t e s ,  t h e  
f o l l o w i n g  c o n d i t i o n  i s  t o  be c o n s i d e r e d :  
i f  x  = x6A
a n d 'y .  = y A 
=
t h e n  z = h^ - h ^
 k x ^ y ^ ,  f rom , w h ic h
and t h e  sh a p e  f u n c t i o n  ' ' . r  . .
z = kxy- .... ......................... ....................( 2 . 7 1 )
To d e t e r m i n e  th e .  t h i r d  c h a r a c t e r i s t i c  a n g l e  Eq.(2 . 35) . 
i s  t o  he  u s e d ,
v i z .  • ' ' ■
c o s i  -  t  k* u,y   . ( 2 . 7 2 )
V (V U V } (W u V l )
2 . 5 . 3 .  THE LOAD FUNCTION
The l o a d  f u n c t i o n  d e s c r i b e s  t h e  v a r i a t i o n  o f  t h e
p r o j e c t e d  ’l o a d  com ponen ts  a t  any  p o i n t ' o f  t h e  [xy] p l a n e .
I t  c an  he  i n t e r p r e t a t e d  g e o m e t r i c a l l y  hy  a  s u r f a c e  w h ic h
t a k e s  p l a c e  ahove  t h e  x y  p l a n e .  One p a r t i c u l a r  v a l u e  o f
t h e ; l o a d  f u n c t i o n  can  he g i v e n  hy  t h e  n o r m a l  d i s t a n c e
m e a s u r e d  b e tw e e n  t h e  a p p r o p r i a t e  p o i n t  o f  t h e  r e p r e s e n t i n g
s u r f a c e  . and t h e f x y ]  c o r o r d i n a t e  p l a n e .
F o r  a  p a r t i c u l a r  .case ,  when o n l y  v e r t i c a l . l o a d  a c t s
on t h e  s h e l l ,  and t h e  sh a p e  f u n c t i o n  i s  d e s c r i b e d  i n  an
o r t h o g o n a l  s y s t e m  o f  c o - o r d i n a t e s , '  t h e  r e p r e s e n t i n g  s u r f a c e
i s  shown i n  F i g . 2 . 2 7 .
: To d e t e r m i n e  t h e  l o a d  f u n c t i o n ,  w h ic h  i s  r e p r e s e n t e d
hy. t h i s ,  s u r f a c e ,  t h e  w e i g h t  o f  an  i n f i n i t e s i m a l  s h e l l  e l e m e n t
h a s  t o  he i n v e s t i g a t e d .  By d e n o t i n g  t h e  p r o d u c t  o f  t h e  d e n s i t y
o f - t h e  m a t e r i a l  and  t h e  t h i c k n e s s  o f  t h e  s h e l l  h y - p _ ,  t h ez
w e i g h t  o f  t h e  i n f i n i t e s i m a l  s h e l l  e l e m e n t  w i l l  he  o b t a i n e d  
a s  f o l l o w s :
■FIG. 2. 27
S i n c e  dS and  dS a r c h  e l e m e n t s  a r e  known a s  x  y
t h e r e f o r e  (h = ( I f  - l i t
A ssum ing  t h a t  t h e  ' p r o d u c t ' o f  h i g h e r  o r d e r  q u a n t i t i e s  can  
he  n e g l e c t e d ,  t h e n  we o b t a i n  .
h =    . ( 2 , 7 3 )
The v a r i a b l e  p a r t  o f  Eq(2 .73 ' )  i s  . the ' e x p r e s s i o n - u n d e r  t h e  
' *
s q u a r e  r o o t  w h ic h  w i l l . b e  c a l l e d  a s  l o a d  f u n c t i o n . a n d . w i l l  
be d e n o t e d  a s :
V M §bM §tT  . . . . . . . . . . . . . . . .  (2.7i+)
I f  t h e  sh a p e  i s  g i v e n  by  . z -  kxy
t h e  l o a d  f u n c t i o n  i s :  Lc*>'J) = ^ 1+ \< (**«■ t/z) % ( £ . 7 5 )
an d  i f  t h e  sh ap e  i s  g i v e n  h y  z = k ^ x ^ - k g 7^  ■
> t h e  l o a d  f u n c t i o n  i s : '• '{
k
V. • ■ .\ -  _
L tV .0  4r(V?A/?>U\>/aj) . . . -----..  ^2 .
The p ro b lem  becomes more c o m p l i c a t e d  when t h e  d i r e c t i o n  
o f  t h e  l o a d  does  n o t  c o i n c i d e  w i t h  t h e  z c o - o r d i n a t e  a x i s .  
S i m i l a r  d i f f i c u l t y  a r i s e s  when t h e  sh ap e  f u n c t i o n  i s  d e s c r i b e d  
i n  an  a r b i t r a r y  o b l i q u e  sy s te m  o f  c o - o r d i n a t e s .  I n  o r d e r  to  
d e t e r m i n e  t h e  l o a d  f u n c t i o n  ‘f o r  su c h  a c a s e ,  an  i n f i n i t e s i m a l  
s u r f a c e  e le m e n t  c u t  o u t  by  two p a i r s ' o f  s t r a i g h t  g e n e r a t o r s  
i s  i n v e s t i g a t e d .  The p r o j e c t i o n  o f  t h i s  s u r f a c e  e le m e n t  on 
t h e  xy  p l a n e  i s  a r e g u l a r  rhom bus.  ( F i g . 2 . 2 8 ) .
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F I G . 2 .2 8
The r e l a t i o n  b e tw e e n  t h e  s u r f a c e  e le m e n t  and i t s  p r o j e c t i o n  
i s  g i v e n  b y  E q ( 2 . 3 5 )  i n  th e  f o l l o w i n g  fo rm :
S i n c e  t h e  a x i a l  l o a d  com ponen ts  a r e  a c t i n g  on th e '  s h e l l  
; e l e m e n t ,  t h e  p r o j e c t e d  l o a d  c o m p o n e n ts ,  w h ich  i n c l u d e  t h e
l o a d  f u n c t i o n ,  can  he e x p r e s s e d  h y :
1% 1
tv
Px
$ \a
■(2.77)
d re e  s c a l a r  e q u a t i o n s :w h ic h  l e a d s  t o  t h e  f o l l o w i n g . t ]
G*<d»»d.y <bii'2-£C> =- dSl'dSa. ^
Gi/ d l y  S i fi- to * ' (o d 5 < cLSz. i 
G z ^ * 4!^  i  in. to 51 j o d ' i i d . S j . S f O o
T a k in g  now t h e  s e c o n d  pow er  of. Eq(#*), we g e t :
to * 4o  + 2 § f  H  cos o  + ( § !  n y
(2 . 78)
cos\J-1 = — 4i>i
T h e r e f o r e :
S i ii c) »
1hGthwifr: , ■.... .
iofu> + a 2g §5 <o* to + 1 -  (H f  -CM H  *'
[ i u n r j n +( i i )1]
c . -a V -  t -  + ( S ? y  2- COS CO (2V79)
S i n c e  u G D V i r f  a n d ’ H u r d g ^ r  f
E q ( 2 . 7 9 )  can  he r e w r i t t e n  i n  t h e  f o l l o w i n g  form-:
( j s ^ s j & i a i - - ( a s j ^ i n f o s t d - h C H h i  §£ 2 i  w 3 io j  . . . . . . . .  ( 2>8o)
The v a r i a b l e  p a r t  E q ( 2 .8 0 )  i s  t h a t - 'w h i c h  i s  i n  t h e  s q u a r e  
b r a c k e t s .  T h i s  e x p r e s s i o n  ' w i l l  be c a l l e d  t h e  s q u a r e  o f  t h e
l o a d  f u n c t i o n  and w i l l ’ be d e n o t e d  by 
I 2
[L ( 2 . 8 1 )
t h e n  E q ( 2 .8 0 )  r e d u c e s  t o
dSyjdS, Shi S 80 d * d  £/ L u >  •'O
By s u b s t i t u t i n g  t h i s  f o r  Eqs(  2 .7 8 ) '  a n d  s i m p l i f y i n g  w i t h  
■dx and  dy ,  t h e  p r o j e c t e d  l o a d . com ponen ts  w i l l  be o b t a i n e d  
i n  t e r m s  o f  t h e  l o a d  f u n c t i o n  v i z . ,  '
g * s ia c o  = ,  ■ g  Lt*>.h)  . • '
Gy ~  p L y)
Gz^in-co « L
a s  i t  was a l r e a d y ,  shown i n  E q s ( 2 . 2 l ) .
I f  t h e  sh ape  i s  g i v e n  by  z = k xy  
t h e  l o a d  f u n c t i o n  i s  v f u>
■ 1 '  2 2 a n d - i f  t h e  sh a p e  i s  g i v e n  by  z = k ^ x  - k £ y
t h e  l o a d  f u n c t i o n  i s  \] si o ’to + 4 (]<( x?+ l£t/4~ 2 U,W2 * y cos to)
I n  t h e  p a r t i c u l a r !c a s e  when t o  = 9 0 ° ,  E q s ( 2 . 8 2 )  and 
( 2 . 8 3 )  r e d u c e s  t o  E q s ( 2 . 7 5 ) • and ( 2 . 7 6 )  r e s p e c t i v e l y .
2 .5 .4-  THE STRESS EOTTCIION ■
, 1 The t h i r d  f u n c t i o n  i n v o l v e d  i n  t h e  membrane t h e o r y
e s t a b l i s h e s  t h e  r e l a t i o n  b e tw e e n  i t s . o w n  secon d ,  p a r t i a l
d e r i v a t i v e s  and t h e  s t r e s s  co m p o n e n ts .  This '  f u n c t i o n  ‘i s ;
c a l l e d ,  a f t e r  t h e  i n v e n t o r ,  t h e •AIRY s t r e s s  f u n c t i o n
= / ( x , y )  and  was a l r e a d y  g i v e n  f o r  v a r i o u s  systems. ..of
c o - o r d i n a t e s  i n  Eqs( l .4 9)>  (2.-11),  ( 2 . 2 3 ) .  In  the most
s i m p le  c a s e ,  when an o r t h o g o n a l •s y s t e m  o f  c o - o r d i n a t e s
i s  used  and on ly  v e r t i c a l ' . l o a d s  a re  c o n s i d e r e d ,  t h e ' AIRY
( 34 )s t r e s s  f u n c t i o n '  . r e d u c e s  t o :
' LI ■
. N*
11 . 'Ny 3 x1
C
T  -I ~ 9* OJ
I f  t h e  s t r e s s ’f u n c t i o n  i s  s p e c i f i e d ,  t h e  s t r e s s  
-.components can  be d e te rm in e d -  by  means o f  - s i m p l e  d i f f e r e n ­
t i a t i o n ;  n e v e r t h e l e s s  when t h e  s h a p e - i s  g i v e n  i n  t h e  fo rm  
o f  z .= k x y ,  t h e  s t r e s s . f u n c t i o n  h a s  no s i g n i f i c a n t  r o l e  i n  
t h e  c a l c u l a t i o n .  ■
(2.82)
2 .8 3 )
2 . 81+)
I n  o r d e r  t o  s p e c i f y  t h e  s t r e s s  f u n c t i o n ,  two 
s i m u l t a n e o u s  r e q u i r e m e n t s  have  t o  he f u l f i l l e d .  I n  t h e
a p p r o p r i a t e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n ,  and  s e c o n d l y  
i t  h a s  to  he c o n s i d e r e d  a l o n g  t h e  b o u n d a r y  o n l y  from, 
c o n s t a n t  and  l i n e a r  members w h ic h  w i l l  v a n i s h  a f t e r  t h e  
s e c o n d  d i f f e r e n t i a l .  •
C o n s e q u e n t l y  ~
how we may have  p e r f e c t  .f reedom,, in .  p r i n c i p l e ,  t o  c h o ose  
a n y  b f  t h e  above^ v a l u e s ,  b u t  b e c a u s e  o f  t h e  p e c u l i a r i t y  
o f . t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  w h ic h  i s  o f  h y p e r ­
b o l i c  t y p e ,  we have  a  v e r y  . r e s t r i c t e d  f r e e d o m  i n  p r e - .  . 
d e t e r m i n i n g  t h e  b o u n d a r y  c o n d i t i o n s .  T h is  was a l r e a d y  
shown i n  C h a p t e r  1 . 5 .
2 , 6 .  DETERMINATION OF THE PSEUDO STRESS-COMPONENTS..  _     -----
S i n c e  t h e  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n  o f  t h e .  
h y p e r b o l i c  p a r a b o l o i d  s h e l l s  e s t a b l i s h e s  a r e l a t i o n  
b e tw e e n  t h e  t h r e e  b a s i c  f u n c t i o n s ,  t h e  s t r e s s  f u n c t i o n  may 
a lw a y s  be d e t e r m i n e d ,  i n  p r i n c i p l e ,  a s  a  s o l u t i o n  o f E q ( 2 . l 3 )  
The s e p a r a t i o n  o f  t h e  f o l l o w i n g  two t y p e s  o f  s o l u t i o n  
d e p e n d s  now on t h e  shape  f u n c t i o n  and t h i s  i n c l u d e s  w h e t h e r
' 2 ■ 2i t  i s .  g i v e n  a s  z = kxy  o r  i n  t h e  fo rm  o f  z = k 1x -k^y- .
I n  t h e  f i r s t  c a s e ,  E q ( 2 . l 3 )  h a s  a  d i r e c t  s o l u t i o n ,  w h i l e  i n  
t h e  s e c o n d  c a s e  o n l y  a p p r o x i m a t e  s o l u t i o n s  c a n  be. d e v e l o p e d .  -
f i r s t  p l a c e ,  t h e  s t r e s s  f u n c t i o n . h a s  t o  s a t i s f y  t h e
and i f  y -  t
T h e r e f o r e  ^ ( x , y )  may t a k e  one o f  t h e  f o l l o w i n g  fo rm s  
a l o n g  t h e  b o u n d a r y :  .
Among t h e s e ,  t h e  POLYNOMIAL METHOD seems t o  he t h e  "bes t ,  
f o r  p r a c t i c a l  r e a s o n s .
2 . 6 . 1 .  DIRECT.SOLUTION OP E Q .2 .1 3  POR THE 
' . SHAPE FUNCTION z = k x y ,  ,
The g e n e r a l  d i f f e r e n t i a l . ,  e q u a t i o n  f o r  t h e  memhrane
s h e l l s ,  a s  i t  was d e r i v e d  i n  S e c t i o n s  1 . 5  and  2 . 2 . ,  h a s
t h e  f o l l o w i n g  fo rm :
- 2. + p ir  <£>^£>x7 s y 2 ^ o x s y  2>*ay T “ % C*,V) where
Z/CW  - - G x + ’H G* t  §§G y + ^
S i n c e  t h e  sh a p e  i s  g i v e n  by  z = k x y ,  t h e  s u r f a c e  d e r i v a t i v e s
a r e  a s  f o l l o w s : ! . .
ky > - k x  s a h 'a  -  ^T/2 ■* u
2?r
sx  ^   ^ sy  j sx3 s y 3 ** 43* «?y
c o n s e q u e n t l y  t h e  g ( x , y )  f u n c t i o n  r e d u c e s  t o :
^ c*,iO * -Gz * ky 6* + k *  Gy ..  ............  . ( 2 . 8 5 )
and  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  w i l l  he o b t a i n e d - a s  
f o l l o w s :
i 0 ♦  i
—2k ■ “  k y  Gk 4 k  X Gy ~ &z“ . . . . . . .  ( 2  .go)
B y ■t a k i n g  a d v a n t a g e  o f . t h e  AIRY s t r e s s  f u n c t i o n ,  the- p r o j e c t e d  
s h e a r  s t r e s s  componen t  becomes i m m e d i a t e l y  known i . e .
T =
( 2 . 8 7 )
By s u b s t i t u t i n g  E q ( 2. 87) .- i n t o  .the CAUCHY e q u a t i o n s  of '  
e q u i l i b r i u m ,  t h e  p r o j e c t e d  n o r m a l  s t r e s s  co m p on en ts  w i l l  
be f o u n d  a s  f o l l o w s :
Nx = - u y - j
N
y
( 2 8 8 8 )
The s o l u t i o n  o f  t h e  f o r e g o i n g  i n t e g r a l s  w i l l  r e s u l t
i n  two i n t e g r a l  f u n c t i o n s  f ^ ( y )  and  f ^ C x ) ,  w h ic h  cannot
m o d i f y  t h e  b o u n d a r y  c o n d i t i o n s  and  c a n n o t  make t h e
■normal f o r c e s  e q u a l  to. z e r o  a l o n g  t h e  b o u n d a r y .  To
s a t i s f y  t h e  r e q u i r e m e n t s  o f  t h e  b o u n d a r y  c o n d i t i o n s ,
t h e  f r o z e n  t e c h n i q u e  w i l l  b e - a p p l i e d .
. 2 . 6 . 1  .1 . SOLUTION QF LOADING- CONDITTOTsTS
SATISFYING- THE BOUTOARY~"CQNIITIONS. '
2 . 6 . 1 . 1  A. ShOW LOAD
U n i f o r m ly  D i s t r i b u t e d  L o a d - I n  H o r i z o n t a l  
' P r o j e c t i o n
/ -
L e t  t h e  i n t e n s i t y  o f  , t h e  l o a d
be d e n o t e d  by  p Q( L B /SQ .FT) . S i n c e  t h e
l o a d  i s  u n i f o r m ,  and r e c t a n g u l a r  c o -  -
c om ponen ts  a r e  e q u a l  to  t h e  a x i a lv ’
c o m p on en ts  i . e .
x p = 0-^x . ■
Gry
Z z
c on s e qu en  t  ly
c o n s t . '= P .  = ^o . . .
1
co « 30
\
f tan d  t h e  s h e a r  s t r e s s :  T = ~ -  ~
S i n c e <Dt R l  ' ■ = 0 .ay
N = 0
y  .
. . . . . . .  ( 2 . 8 9 )
(2 . 90 )t h e  n o r m a l  f o r c e s :  _.x
I t  can  be  c o n c l u d e d  t h a t  f o r  - u n i f o rm ly -  d i s t r i b u t e d  
l o a d  o n l y  s h e a r  f o r c e  o c c u r s  and  t h e  d i s t r i b u t i o n  o f  i t  i & . 
u n i f o r m  a l l  o v e r  t h e  s h e l l .  . T h i s  i s  t h e  o n l y  l o a d i n g  con 
d i t i o n  w h ic h  s a t i s f i e s  e n t i r e l y  t n e  d e s i r e d  b o u n d a r y  
c o n d i t i o n s  and no f u r t h e r  o p e r a t i o n  i s  n e c e s s a r y  t o  e l i m i n a t e  
t h e  n o r m a l  f o r c e s  a l o n g  t h e  b o u n d a r y .
inclined plough, surface is considered.
F o r  r e g u l a r  d iamond h y p a r s  g ( x , y )  = -G- = -p  sinw= • 1 'z ■ z
- p Qsinco, c o n s e q u e n t l y  t h e  p r o j e c t e d  memhrane s t r e s s  components
a r e  as  f o l l o w s :
(2.91 )
I f  t h e  s u r f a c e  i s  d e s c r i b e d  w i t h  o b l i q u e  s y s te m  o f  
c o - o r d i n a t e s ,  ( i r r e g u l a r  diamond o r  s e m i - t w i s t e d  p a r a l l e l o g r a m )  
t h e  a x i a l  components  can  be  d e t e r m i n e d  b y  Eqs ( 2 . 3 )  and  th e  
g ( x , y )  f u n c t i o n  can  be o b t a i n e d  a s :
»
$ O ri)  -  Uy  k *  **■ *s  ^ j®’ * |°  ^ ac
The s h e a r  f o r c e  w i l l  now be
T .  ^  = (4 t  * 1  P, - lu-1) '•»"«*> . . . . . . .  (2 -92 ) -
f u r t h e r :  |° to-<S> A £- y
and
c o n s e q u e n t l y  t h e  no rm al  f o r c e s
Nx
Ny
= - .1  sino Jfhl* — s\n do j  jo d* ** — i  j° *
=  -  \  s i n  t o  -  s i n  w  J j o  A y  * *  -  I  ^  S >  i n t o >  f ^ O O
 - (2 .93)
where  f^ (y )  and f g ( x )  a r e  ( . i n t e g r a l  f u n c t i o n s  w h ich  can  be  
d e t e r m i n e d  f rom  t h e  g i v e n  b o u n d a ry  c o n d i t i o n  b y  f r o z e n  
' t e c h n i q u e .
2 . 6 . 1  .1 B . SELF WEIGHT OF THE SHELL ' '
The s e l f  w e i g h t  o f  th e  s h e l l  i s  a n o n - u n i f o r m l y  
d i s t r i b u t e d  l o a d ,  w h ich  a c t s  a lw ays  v e r t i c a l l y ,  and i t s '  
v a r i a t i o n  i s  c o n t r o l l e d  b y  t h e  l o a d  f u n c t i o n .  I f  an o r t h o ­
g o n a l  s y s te m  o f  c o - o r d i n a t e s  i s  u s e d ,  t h e  p r o j e c t e d - l o a d .
components  a r e  as  f o l l o w s :  -
' G = 0 x
and p = v  ■*z
where '
v i s  t h e  d e n s i t y  o f  t h e  m a t e r i a l  ( ^ / C U F T )  
and ' , t  i s  t h e  t h i c k n e s s  o f  t h e  s h e l l  (FT) '
c o n s e q u e n t l y ,  t h e  g ( x , y )  f u n c t i o n  and t h e  s h e a r  f o r c e  a r e  
r e s p e c t i v e l y : ' '
^  C i/) = -  jo i / l  + u4 C a )
T m z k f " -  I t ,  lA + U* C
The d e r i v a t i v e s  o f  t h e  s h e a r  f o r c e  a r e  now
( 2 . 9 4 )
2 1 . .  i  i t s
3 *  2k 2 V-» + Ux C **■
3T  ^_ IV _____ 2. kx iJ1
vy
U %
2
u i/
^  2Vl + t/2) ’
B y , s u b s t i t u t i n g  t h e s e  d e r i v a t i v e s  i n t o  E q s ( 2 . 8 8 )  we h a v e :
F = 2 ~ x  >  2
N = p - ty U •L
£/ d 74. s  Ij ^ f 4y)  
— -  1 1 V -Vl+ <■;/*)
( 2 - 9 5 )
E q s ( 2 . 9 5 )  g i v e  c o r r e c t  r e s u l t s  f o r  t h e  n o r m a l  s t r e s s e s ;  
h o w ev er  -the l o g a r i t h m i c  e x p r e s s i o n s  make t h e  c a l c u l a t i o n  
p r o c e d u r e  l e n g t h y .  The, a u th o . r ,  t h e r e f o r e , s u g g e s t s  a 
.p o ly n o m ia l ,  form,  which, l e a d s  ,• t.o an  e a s i e r  t r e a t m e n t ,  w i t h  
s u f f i c i e n t  a c c u r a c y ,  o f  t h e s e  e q u a t i o n s .  L e t  u s  r e w r i t e  
E q s ( 2 . 8 8 )  i n  t h e  f o l l o w i n g ,  fo rm :  ,
^  2> 4 t»U*(Fx
H
IV 7) tf
ft
( 2 . 9 6 )
and  l e t  u s  d e v e l o p  t h e  e x p r e s s i o n  u n d e r  t h e  s q u a r e  r o o t  
i n t o  ' B i n o m i a l  s e r i e s ,  t h e n  we h a v e :
[1* u* c*i «W],'i - 1+ ( t )  h < w )  * ( I 1) + ...
C o n s i d e r i n g  now t h e  f i r s t  t h r e e  members o f  t h i s  s e r i e s  and 
n o t i n g  t h a t  ;
c d - i  i ( ? ) ■ - !
we have:
V l h c A y * )  =i \ * { \ ?  C A  A )  - 1  U*V (2
and s i m i l a r l y (2
Eqs(2. '9 .8)  c an  he u s e d  i n  a l l  c a s e s  when ^ 4  0*5, w h ic h
c o r r e s p o n d s  t o  a  v e r y  s t e e p  s u r f a c e .  I f  t h i s  r e q u i r e m e n t  
i s  f u l f i l l e d ,  t h e  d i s c r e p a n c y  b e tw e e n  t h e  v a l u e s  computed  
f r o m  E q s ( 2 . 9 5 )  and  ( 2 . 9 8 )  do n o t  e x c e e d  5$. E q s ( 2 . 9 4 ) ,
( 2 . 9 5 )  and ( 2 . 9 8 )  c an  he  u s e d ,  w i t h o u t '  any  c h a n g e ,  f o r - a l l  
t y p e s '  o f  p l o u g h  s u r f a c e s .  Eor  t h e  o t h e r  t y p e s  o f  w a rp ed  
p a r a l l e l o g r a m s ,  (d iam ond  s h e l l s  -and s e m i - t w i s t e d  p a r a l l e l o ­
g ram s)  where  co ^  90° a n d / o r  t h e  z c o - o r d i n a t e  a x i s  i s  n o t  
v e r t i c a l ,  a  g e n e r a l  m ethod  o f  a n a l y s i s  w i l l  he  shown i n  
C h a p t e r  I I I .
2 . 6 . 1 . 1 C .  REGULAR TYPES OF NON-UNIFORM LOADINGS ■
he a . c o m p o n e n t  p a r t  o f  t h e . f i n a l  l o a d i n g  d i a g r a m ,  w h ic h  
o c c u r s  when t h e  h y p a r  s h e l l  i s  u s e d  a s  f o u n d a t i o n .  The 
p l o u g h  s u r f a c e s  s e r v e ,  i n  g e n e r a l ,  f o r  f o u n d a t i o n  p u r p o s e s  
and  t h e r e f o r e  t h e y  w i l l  he i n v e s t i g a t e d  o n l y .  The m anner  
i n  w h ic h  t h e s e  s h e l l s  can  he u s e d  f o r  f o u n d a t i o n  i s
U nder  t h i s  h e a d i n g ,  t r i a n g u l a r ,  p a r a b o l i c  and 
h y p e r b o l i c  l o a d i n g s  w i l l  he  .exam ined .  E ach  o f  t h e s e  can-,
shown: in  FIG. 2.30.
TRIANGULAR LOAD ■
The l o a d  i n  two p o s i t i o n s  i s .  shown i n  Rig
The f u n c t i o n s  w h ic h  d e s c r i b e  t h eI
. d i s t r i b u t i o n  .o f  t h e  l o a d  i n - C a s e s  1
and  2 a r e . a s  f o l l o w s
CASE 1
Plo
CASE 2 .
' f u r t h e r ,  p =p =0 i n  b o t h  c a s e s .  x  ^ y
t h e  g ( x , y )  •. f u n c t i o n s  now a r e :
f  OL.i() -  -  f0*/za-U
. | 0 >  'J) =  _  - Q j ia . 'k
and' t h e  s h e a r  f o r c e s :
'  U  =
(2 ,  99
F i n a l l y  t h e  n o r m a l  s t r e s s  c om ponen ts  a r e  a s  fo l lo w s
M ,  ■ ( “ -), - J g ' ^ ' O
Tbut.
K _ _ f i t  ^  - i w  h  - Ec/ 2 a  W 4 f20O
>
2 “ i -  - 2 a  l< j A  = ~
P.y
2 a k
( 2 . 1 0 0 )
PARABOLIC LOAD
T h is  l o a d i n g  i s  r e p r e s e n t e d  •
i n  F i g .  3 . 3 2 .  The equa t ion . ,  o f  - .
t h e  p a r a h o l a  w h ich  d e s c r i b e d  ■
t h e  v a r i a t i o n  o f  t h e  l o a d  
\
w i l l  he c o n s t r u c t e d  i n  t h e  
form  o f
2 ' ;' z = Ax
P P '
i f  x  = a ,  t h e n  z = p and A = —§■
0 a 2
F I G . 3 .32
T h e r e f o r e  t h e . p r o j e c t e d  l o a d  components  a r e :
G = 0 ’ ■ 'x  .
. g " = 0  '* s ;
■ Gz = p 2 = g ( x , y ) =  - A /  .
The s h e a r  f o r c e T = 12 W •
and th e  p r o j e c t e d  n o rm a l  s t r e s s  com ponen ts :
Y
( 2 .101  )
~ 2 q 4 t< j
N' =y j^>* * 2 q*uj s> *
. . ( 2 r i  6 2  )
A n o th e r  t y p e  o f  p a r a b o l i c  l o a d  i s  r e p r e s e n t e d  i n  F i g . 3 . 3 3 . 
The e q u a t i o n  o f  t h e  p a r a h o l a ,  w hich  d e s c r i b e s  t h e  l o a d i n g ,  
w i l l  h e ,c o n s t r u c t e d  i n  t h e  form o f
z yAx
aFIG. 3 .3 3
c o n s e q u e n t l y , t h e  p r o j e c t e d  l o a d  components  a r e :
, , G = 0x
G = 0 
7
G*: = P ,  = g ( x , y )  = - ^ | f x
and. t h e  s h e a r  f o r c e  T = *» ~ t, r f*-2 k 2 ia .Us ••••
F i n a l l y  t h e  p r o j e c t e d  no rm al  s t r e s s  com ponen ts :
x  )
N
y
= -  t e l  <=W -  — I —f s n  j . ,  _ P- f J'J _ _ g  CL r (V,V
h * .  J  ' £ y 5 . u ) s * .  2 i f a u j 2 ^  i f a u  f* t w
( 2,:1 0 3 )
(2 .10U )
From Eq (2.101;)  i t  can  he  c o n c l u d e d ,  . t h a t  a lo n g  th e  y 
a x i s  (x  = o) N = co , c o n s e q u e n t l y  t h i s  l o a d i n g
y
c a n n o t  be  f u l l y  d e t e r m i n e d  b y  t h e  membrane f o r c e s .  ■
HYPERBOLIC LOAD
The . l o a d i n g  i s  shown i n  P i g .  2 . 3 4 .
The f u n c t i o n ,  w h i c h ' d e s c r i b e s  t h e  d i s t r i b u t i o n . o f  t h e  l o a d ,  
i s  r e p r e s e n t e d  b y  a h y p e r b o l i c  p a r a b o l o i d  s u r f a c e ,  and  th e  
e q u a t i o n  o f  ' i t  i s  a s  f o l l o w s :  ‘ '
Pz = cxy
where
c = ab
/
* - P IC .  2 . 5 4
T h e r e f o r e  t h e  p r o j e c t e d ' l o a d  components  are.:
G = 0 ' - h  ■x . .  ....
' G = 0  '
y  ,  I  PGz = p z  = g ( x , y )  =
and  t h e  p se u d o  s t r e s s  com ponen ts :
,T ■=
<=ix &—. (JiLCY Yl
N =
y
W  ~ Z W akJ  4-kcxW
&• U l d y  -  vJ+M lAy
J 2* Z kcL 3ta J o> % h  f  + f (*)
(2
The o t h e r  t y p e  o f  h y p e r b o l i c  l o a d i n g  i s  r e p r e s e n t e d  i n  
P i g .  2 . 3 5 .
.105)
t -&
The f u n c t i o n  w h ic h  d e s c r i b e s  t h e
. (
d i s t r i b u t i o n  o f  t h e  l o a d  c a n  a l s o '  3
b e ^ r e p r e s e n t e d  by  a  h y p e r b o l i c  p a r a -  
b 6 1 o i d ,  and  i t s  e q u a t i o n  i n  t h e  p r e s e n t  
s y s t e m  o f  c o - o r d i n a t e s  i s  a s  f o l l o w s :
where
p z = c , (a -x )  ( a - y )
P o
ab
The p r o j e c t e d  l o a d  c o m po n en ts  a r e  now
C- = o x  . w
F I G . 2 . 3 5
and  t h e  membrane, f o r c e s :
G- = 01 .
G =
N-  = - j l g ^  " -  T t S F  | c  <: a )d *  -  -  A  2a*) + j p )X
. . . . . .  ( 2  i l  0 6 )
N =y - \ § 7 -  -  i H b p - y)A'J - -  
2 . 6 . 1 , 1B HYDROSTATIC.LOADING
} When t h e ' h y p a r  s h e l l  .
i s  a  p a r t  o f  a  c o n t a i n e r  o r  when 
i t  i s  c o n n e c t e d  w i t h  some o t h e r  
o b j e c t  o f  h y d r o t e c h n i c , i t  w i l l  . 
be  s u b j e c t e d  t o  f l u i d  p r e s s u r e .
The h y d r o s t a t i c  p r e s s u r e  a c t s  
p e r p e n d i c u l a r  t o  t h e  s u r f a c e  i n  
a l l  p o i n t s  and  i t s  . m a g n i t u d e ' i s
T ' t T T ^ T T T  r  VT> T  T  - V T  - *  T ~ v V V  W  t t t t  v  j
D IG .2 .3 6
p = v(m+z)  ..............................  . . . . ( 2 i 107!
a s  i n d i c a t e d  i n  D i g . 2 . 3 6 ,
w h ere .
v = Density of the fluid ' ’
• ' - m = The d e p t h  o f  - t h e  f l u i d  w h ic h  i s  c o n s t a n t
and  i s  m e a s u re d  b e tw e e n  f l u i d  s u r f a c e  
. v and  t h e  [xy] p l a n e .  _ • t' -
When t h e  m id d le  s u r f a c e  o f  t h e  s h e l l  i s  c o n s i d e r e d
! ■ ■ ' '
i n  t h e  fo rm  o f  z = k x y ,  t h e n  Eq( 2 .1 0 7 )  becom es
p = v(m+kxy) ........     - - ( 2 . 1 0 8 )
S i n c e  t h e  d i r e c t i o n  ,o f  p i s  a c t i n g  i n  any  p o i n t  n o r m a l
to  t h e  s h e l l ,  t h e  l o a d  w i l l  have  t h r e e  c o - o r d i n a t e ■ ;
c o m p o n e n t s a n d  t h e r e f o r e  t h e  p r o j e c t e d  l o a d  com ponen ts
w i l l  be o b t a i n e d  a s  f o l l o w s :
; • G- ■=. p 1- Tx cos T  * ' i
•• • •  .........     ( 2 .1 0 9 )G- = t o  i )y cob f
* r
Z CO b Q
where  c o s *  , cosf> and c o s  ^  a r e  t h e  t h r e e  d i r e c t i o n  c o s i n e s  
o f  t h e  s u r f a c e . n o r m a l .
S i n c e  t h e  s u r f a c e tn o r m a l  i s  v a r y i n g  f ro m  p o i n t  to  
p o i n t  a l l  o v e r  t h e  s h e l l , -  t h e .  c o s *  , c o s p  and  c o s # 1 t e r m s  
a r e  a l s o  v a r i a b l e  q u a n t i t i e s ,  .and t o  d e t e r m i n e  t h e s e  t h e  - •
f o l l o w i n g  t r e a t m e n t  i s  u s e d .  . ' ^
L e t  u s  c o n s i d e r  an  a r b i t r a r y , ’, v a r i a b l e  p o i n t  of. t h e .  y,.
m id d l e  s u r f a c e  ( x ^ y ^ ) t h e n  t h e  t a n g e n t  p l a n e  in ;  v
t h a t  a r b i t r a r y  p o i n t  i s  g i v e n  by t h e  f o l l o w i n g ' e q u a t i o n :
Z4-Z
-1 x-x.
S u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  d e r i v a t i v e s  and  f u n c t i o n a l
v a l u e s ,  we h ave  ’
zA-  Usy « (*r*)ky 
— W*y - k * ksy + ksy, ~ k sy  v !
-  o   ...................... - ( 2 .-j.10)
By i n t r o d u c i n g :
A = ky~‘
B = kx  ;
> C = -1.
D = - k x y
t h e  e q u a t i o n  o f  t h e  t a jx g e n t  p l a n e  w i l l - h e  o b t a i n e d  i n  
the ,  f o l l o w i n g  f i n a l  fo rm :
(2:i11 )
Ax1 + By1 + c z 1 + D = 0 ( 2 .1 1 2 )
The n o r m a l  v e c t o r . n . o f ■t h e  t a n g e n t  p l a n e ,  w h ic h  i s  a t  
t h e  same t im e  t h e  d i r e c t i o n  v e c t o r  o f  t h e  p f l u i d  - .. 
p r e s s u r e ,. now w i l l  be . .
n. *= A c * k j + c U
'/aand |a| » (K:2 V B2 ‘ C2J
(2.113)
w here  1 , “ and  k a r e ’u n i t  v e c t o r s  f a l l i n g  i n t o  t h e  c o ­
o r d i n a t e  a x e s  x ,  y  and  z r e s p e c t i v e l y .
The c o - o r d i n a t e  c om ponen ts  o f  t h e  n  n o r m a l  v e c t o r  a r e  
t h e r e f o r e : * .
ft * v A l a, -  k
idy = &J ; ’ in.i/i. = / i 1 * &
n 2 = C k \n- l/ca . .
• •  ( 2 . 1 1 U)
y
The d i r e c t i o n  c o s i n e s  o f  t h e  n o r m a l  v e c t o r  n  can  now.'he
o b t a i n e d  by  t h e  s c a l a r  p r o d u c t s ,  w h ic h  a r e  composed o f  -
t h e  n o r m a l  v e c t o r  and. i t s  a p p r o p r i a t e -co-o .rd in .a te -  com ponen ts
Namely:  -  -  .n - n *  x \ a  I .1*2 * i cos*
n .f t^  * i f t i . i ft ^  j *© & p
ii. n 2 * |H M  n r j co T
f ro m  w h ic h :
COSo*
f i n a l l y : '
n , h u _ ■ __
ln,Un*i vrt\a + + V . A VK1,* + clS
a n d - s i m i l a r l y COS ? -m -
COST *
V  \ % *■ &  * c % '  
c
V ♦ e>1 ♦ c x'
where  t h e  n e g a t i v e  s i g n s  i n d i c a t e  t h e  m e c h a n i c a l  i n t e r ­
p r e t a t i o n  o f  t h e  a n g l e s .  The f r a c t i p n s  o f  E q s ( 2 . 1 0 9 )
w i l l  t h e n  h e :  A
 A______
/ ^  _ A _ _ k yCO & *Ca% X
C O S  f tco s y*
Va* + ky
A1 v b S  cl
cos T to~*T
W*
1
( 2 . 1 1 5 )
By s u b s t i t u t i n g  t h e s e  v a l u e s  f o r  E q s ( 2 . l 0 9 ) ,  t h e  
p r o j e c t e d  l o a d  co m p on en ts  w i l l  be o b t a i n e d  a s  f o l l o w s :  
&x = ^  jo s v/ ( m ♦ U jcy) ky
G-y = l<%|o » v(m + k Ay) kx
= jo * v (rn ♦ W
and  t h e r e f o r e  g ( x , y )  f u n c t i o n  w i l l  h ave  t h e  f o l l o w i n g
t e r m s : , , . - ^= Uy + KS by  “ G t
C o n s e q u e n t l y  t h e  s h e a r  f o r c e :  >
• ( 2 . 1 1 6 )
T = JL2.k
T
(2 . 1 1 7 )
F u r t h e r
J2L y  /  EjD % jkn? y,1-  jrL 4. k. ll -  i  y.y  ^
•s>y z y  \  i  J  1 zk 2 1 J 2>*v
~ ^  ( 2 m y + 3 W * y + W s J - * )
and  t h e  n o r m a l  s t r e s s  com ponen t
w,
f i n a l l y
s i m i l a r l y
+ f, C'-O
klv- - vU _y4.
y . ( L
i.   ^ i? 5x2) + 4u + f»w
To d e t e r m i n e  t h e  f ^ ( y )  and  i n t e g r a l  f u n c t i o n s
t h e  p r e v i o u s  p r o c e d u r e  s h o u l d  he  u s e d .
2 . 6 . 1 . 1E. WINE LOAD
(2.118)
The a n a l y s i s  o f  t h e  wind  l o a d  w i l l  he 
shown i n  d e t a i l  i n  C h a p t e r  I I I  o f  t h i s  t h e s i s ,  where  
t h e  m o s t  g e n e r a l  c a s e  w i l l  he  i n v e s t i g a t e d .  The 
f o r m u l a e ,  w h ic h  w i l l  he d e r i v e d  t h e r e ,  can  a lw a y s  he. '  
u s e d  i n  p a r t i c u l a r  c a s e s  where  w = 9 0 ° ,  f -  0 a n d / o r  T =  0.
2 . 6 . 2 .  - INDIRECT SOLUTION OF EQ.2 13-POR THE'
SHAPE "FUNCTION z=h7x ^ - k 2y^~~
The g e n e r a l  d i f f e r e n t i a l  e q u a t i o n  f o r  memhr'ane 
s h e l l s ,  -as  i t  was d e r i v e d  i n  C h a p t e r  1 . 5. and  2 . 2 ,  h a s  
t h e  f o l l o w i n g  fo rm :  ' - 0 . _§!*_ . ©y _  .,v
dx"* c>#* ^ ’SVoy s* ay ays T
f e d * -
2 2S i n c e  t h e  sh a p e  i s  g i v e n  hy  z=k^x - k ^ y  , t h e  s u r f a c e
d e r i v a t i v e s  a r e  a s  f o l l o w s :
_£>-?• a 2. W * j ^  -  2. Lc-S) *
I #  " - 2 V J  i dyt
e) 7*. a> y O
c o n s e q u e n t l y  g ( x , y )  w i l l  he  o b t a i n e d  i n  th e '  f o l l o w i n g  f o r m : . .
-  G*+ 2 W** G*-2U.OV £>y + . . . . .  (2 . 11 9)
'and t h e  ‘g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n :  .' • ' u
L P  $  -  L  P —i  _  IL Qs(.X,sJ) ( o a q G  ^^  ^ 2  3 S 1 2. J - ......................  ( 2 . 1  2 o J
The s a d d l e  s u r f a c e , a s  w e l l - a s  t h e  h y p a r  a r c h e s ,  i s  u s e d  
s o l e l y  f o r  r o o f '  s t r u c t u r e s  and t h e r e f o r e  t h e  v e r t i c a l  
■ types  o f  l o a d i n g  (d e a d  w e i g h t  and  snow lo a d ) ,  w i l l  o n l y  
he c o n s i d e r e d .
I f  s o ,
g ( x ,y )  = -Gz .
and  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  r e d u c e s  t o  '
I t ±  _ } QlJt ! r
** 5         ( 2  .1 21 )
Due t o  t h e  f a c t  t h a t  no s t r e s s  f u n c t i o n  can  he  s p e c i f i e d  
Which can  s a t i s f y  E q ( 2 . l 2 l )  hy  t h e  r e q u i r e d  b o u n d a r y  
c o n d i t i o n s ,  t h e  s o l u t i o n  c an  he p e r f o r m e d  o n l y  hy  a p p r o x i ­
m a t i v e  o r  n u m e r i c a l  m e th o d s .  Such  m e th o d s  c o u l d  he t h e  
s o l u t i o n - h y  f i n i t e  d i f f e r e n c e s  o r  f i n i t e  e l e m e n t s , '  dynamic  
r e l a x a t i o n  or. t h e  p o l y n o m i a l  m ethod .  T h is  l a t t e r  w i l l  he . 
d i s c u s s e d  i n  t h e  ' f o l l o w i n g  s e c t i o n s . '
2 . 6 , 2 . 1 .  THE POLYNOMIAL METHOD.
The d i s a d v a n t a g e  oh, E q ( 2 .1 2 1 )  n e c e s s i t a t e d  th e  
d e v e l o p m e n t  o f  a  new -method o f  c a l c u l a t i o n  hy  i n t r o d u c i n g  
c o m p l e t e l y  new c o n c e p t s  i n t o  th e .  b a s i c  c o n s i d e r a t i o n s  o f  
t h e  e x i s t i n g  a n a l y s e s .  The h a s i c  i d e a  was r a i s e d  hy  
P r o f e s s o r  P. CSONK A^^ i n .  h i s  a r t i c l e ,  where  he p r o v e d  
t h a t  a  v e r y  good a p p r o x i m a t i o n  c an  he .o b t a i n e d  f o r  i n t e r ­
c o n n e c t e d , t r i a n g u l a r , e l l i p t i c ,  p a r a b o l o i d  s h e l l s ,  hy  u s i n g  
p o l y n o m i a l s .  ■ The m ethod ,  w h ic h  was n o t  named a t  t h a t  t i m e ,  
w a s E x t e n d e d  ( a l m o s t  ) fo i^  e v e r y  t y p e  o f  e l l i p t i c ,  p a r a b o l o i d  
and b o u n d a r y  c o n d i t i o n s  hy  t h e  a u t h o r ^  . , who c a l l e d  i t  
t h e  POLYNOMIAL METHOD i n  h i s  r e s e a r c h  r e p o r t s  p u b l i s h e d  hy  
THE TIMBER RESEARCH AND'DEVELOPMENT ASSOCIATION. . I t  i s  n o t  
t h e  p u r p o s e :o f  t h i s  t h e s i s . t o  d i s c u s s ,  t h i s  a p p r o x i m a t i o n  i n
g r e a t  d e t a i l ' ,  and  i t  i s  e x p l a i n e d  h e r e  on ly ,  f o r  -under­
s t a n d i n g  i t s  a p p l i c a t i o n  i n  t h e  c a s e  o f  t h o s e  hypa-r ’ (
s h e l l s  f o r  w h ic h  no d i r e c t  s o l u t i o n  o f  E q ( 2 . 1 3 )  can  he ' 
o b t a i n e d .  .
I f  i t  i s  i n t e n d e d '  t o  a p p l y  t h e  p o l y n o m i a l  m ethod ,  
t h e  l o a d  f u n c t i o n  h a s  t o  he e x p r e s s e d  i n  t h e  fo rm  o f  a 
pow er  s e r i e s  a n d ■t h e  s t r e s s  f u n c t i o n  h a s  t o  be p e r f o r m e d  
on some a l g e b r a i c  p o l y n o m i a l  fo rm .  L e t  t h e  - l o a d  f u n c t i o n  
s e r i e s  and t h e  p o l y n o m i a l  fo rm  o f  t h e  s t r e s s  f u n c t i o n  be 
d e n o t e d  b y S - ^  a n d  P ^  r e s p e c t i v e l y ,  t h e n  E q ( 2 . l 2 l )  can  be
w r i t t e n  i n  t h e  f o l l o w i n g  fo rm :
l  s 1 P4. _ I a1- ? *  i  ( s t
s* 2......... lz O t   ..................... ^2
I f  t h e ' c o e f f i c i e n t s  o f  t h e  s e r i e s  a r e  known, t h e
unknown c o e f f i c i e n t s  o f  can  be computed  by  s im p le  
a l g e b r a i c  m e th o d s ’. The p o l y n o m i a l  o f  t h e  s t r e s s  f u n c t i o n -  
t h u s  becomes know n-and  t h e  p se u d o  s t r e s s  co m p on en ts  ■ can  be 
o b t a i n e d  by  s i m p le  d i f f e r e n t i a t i o n s .  The b r i e f  programme 
of/ t h e  a n a l y s i s  i n v o l v e s  how t h e  d e t e r m i n a t i o n  o f  t h e  two 
s e r i e s .  . . • ‘ i :, ’ .
2 . 6 . 2 . 1 A .  THE LOAD FUNCTION •
.As f a r  a s  t h e  sh a p e  i s  d e s c r i b e d  i n  t h e  fo rm  
2 2o f  z = k^x  , t h e  l o a d  f u n c t i o n  i s  o b t a i n e d  a s  f o l l o w s :
® .]/ 1 + 4 ( $  ^ 4- t<2. £/*) '
l e t  u s  d e v e l o p  t h i s  l o a d . f u n c t i o n  i n t o  a  BINOMIAL SERIES, 
t h e n  we h a v e :
L t* .* )  -  -f + CO 4 ( +
C o n s i d e r i n g  now t h a t :  •
.1 2 2 )
The l o a d  f u n c t i o n  w i l l  he o b t a i n e d  a s :
^  1 * 2 ( k%a * Ut^1) — 2 C /f-v Uz'j1)'1 + K  kf ^ ^  r
-  io (Wt x2+!< % y*) $-....... **(2 . 1 2 3 )
By s u b s t i t u t i n g  a  p o l y n o m i a l  f o r  t h i s  s e r i e s ,  i n  w h ic h ,  
o n l y  c e r t a i n  members o f  t h e  s e r i e s  a r e  c o n s i d e r e d , ,  t h e n .  
Eq_(2.123) w i l l  be^ o b t a i n e d  i n  t h e  f o l l o w i n g  fo rm :
I t * , ' - / ) -  s i -  1*
12 ^ y 2, + I7! tu Wi x^y4, * 4 l?i £  + A l?a y* • ~
tv* ^C/4 “ -40 kl X&<y io k* ka i?" if  ^ **
S s . 18
( 2 . 1 2 4 )10k% S -  \ o U \ S
By i n t r o d u c i n g  t h e  f o l l o w i n g  n o t a t i o n s
L r  0 « . 1 \
1
S i t
l2 s r 2kV
l3 S3?
L4 a ~ 2 t
V -  2 1
LS «or l i f t
L? l i ' t k i
h - 4 t
V *= * H i
L10 * s - bQ t, t
L11
L1 2 ** -4 0
L13 •ss. -  IQ t
lh ■ss -  io 4
V ( 2 .1 2 5 )
Eq_( 2 . 1 24) becomes
— h i ~  Lo + ^  * L2 y 2, *- L3 xay 2 * ^ s 4 * y 4 >
j 1 + L; * V 4 *• k s ^G +- L 9 y a ...........    ( 2 . 1 2 6 )
Many t i m e s ,  o n l y  t h e  f i r s t  siix. members o f  t h e  f o r e g o i n g
p o l y n o m i a l  a r e  c o n s i d e r e d .  I f  o n l y  t h e  f i r s t  member- o f  ^ -
ST p o l y n o m i a l  i s  c o n s i d e r e d ,  and. f o r  p we p u t  15 LB/SQET,_Lj - z
t h e n  a  u n i f o r m l y  d i s t r i b u t e d  l o a d  w i l l  be e x p r e s s e d ,
n a m e ly :
Gx = px Lo = 15 • • • • • • .............................   ' (2-.127)
w h ic h  i s  s p e c i f i e d  f o r  snow l o a d  i n " t h e ' B r i t i s h  S t a n d a r d  h ; 
Code o f  P r a c t i c e  C . P . 3 .  *1
*2. 6. 2 . 1 B . THE STRESS EUHCTION .
Where t h e  p o l y n o m i a l  m ethod  i s  a p p l i e d , ’ t h e  
s t r e s s  f u n c t i o n  h a s  t o  be c o n s t r u c t e d  a s  an  a l g e b r a i c  
p o l y n o m i a l  and  p o s s i b l y . i n  m ixed  p o l y n o m i a l  f o r m . -  I t  i s  
n o w ' r e q u i r e d  t h a t  t h e  s t r e s s - f u n c t i o n  p o l y n o m i a l  u n d e r  
c o n s i d e r a t i o n  s a t i s f i e s  s i m u l t a n e o u s l y  t h e  b a s i c  d i f f e r e n ­
t i a l  e q u a t i o n  ( 2 . 1 2 2 )  and  the- g i v e n  b o u n d a r y  c o n d i t i o n s ;  
c o n s e q u e n t l y  t h e  . s t r e s s - f u n c t i o n  p o l y n o m i a l  s h o u l d  be 
c o n s t r u c t e d  i n  d i f f e r e n t . f .o rm s , d e p e n d i n g  on t h e  c h a r a c t e r  
o f  t h e  b o u n d a ry  c o n d i t i o n s  w h ic h  a r e  p r e s c r i b e d  i n  t h e  
g i v e n  p r o b le m .
Q u i t e  f r e q u e n t l y  t h e  g i v e n  p r o b l e m  i n v o l v e s  o n l y  
one b o u n d a r y  c o n d i t i o n ,  and  t h i s  i s  t h e  c a s e  f o r  h y p a r  
a r c h e s .  I f  s o ,  i t '  can  be p r e s c r i b e d ,  f o r  e x am p le ,  t h a t  
one p a i r  o f  p a r a l l e l  ■ s u p p o r t i n g  a r c h e s  m u s t - b e  f r e e  o f  
l a t e r a l  f o r c e s  w h i l e  t h e  o t h e r  p a i r  o f  p a r a l l e l -  a r c h e s  a r e  
c a p a b l e  'of r e s i s t i n g  t h e s e  f o r c e s .  I n  s u c h  and s i m i l a r  
c a s e s ,  t h e  s t r e s s - f u n c t i o n  p o l y n o m i a l  c an  be  s p e c i f i e d  
i m m e d i a t e l y  i n  a  fo rm  w h ic h  s a t i s f i e s ,  t h e  g i v e n  b o u n d a ry  
c o n d i t i o n .  . . .
w h e r e f ( x , y )  i s  a  f u n c t i o n  and P(x , y ) '  i s  an  a l g e b r a i c  - 
p o l y n o m i a l .  The r e m a i n i n g  t a s k  i s  t o  s a t i s f y  t h e  • 
b a s i c  d i f f e r e n t i a l  e q u a t i o n .
I t  s h o u l d  be n o t e d  t h a t f ( x , y )  i s  a  f u n c t i o n  o n l y  
o f . one o f  t h e  c o - o r d i n a t e s  x  o r  y  a t  t h e  same t im e  and 
i t ' h a s  t o  b e " c o n s t r u c t e d  i n  t h e  f o l l o w i n g  m an ne r :
i f  x  = i
o r  i f , y  = i  k
t h e n  fC*)~ o c o n s e q u e n t l y  ■ « 0
t h e n  f  0-0 “ 0 »• « Q
To f u l f i l l  t h e s e  r e q u i r e m e n t s  s e p a r a t e l y ,  t h e ' f ( x , y )  ■ 
f u n c t i o n  i s  c o n s i d e r e d  i n  one o f  t h e  f o l l o w i n g  f o r m s :
W h en . th e  b o u n d a r y  c o n d i t i o n  o f
M - o o r
h a s  t o  be  s a t i s f i e d
OP.
f w
f60 _■ i i _ x!4
When t h e  b o u n d a r y  c o n d i t i o n  o f  ■ «p(yj c/)2
if y -  t  -lr0 <
h a s  t o  be  s a t i s f i e d
o r
(2 . 1 2 $)
The P ( x , y )  p o l y n o m i a l  i s  c o n s t r u c t e d  i n  t h e  f o l l o w i n g  fo rm :
I f  N i s  p r e s c r i b e d  a s  z e r o  a l o n g  t h e  edge x
t h e n
P ( x , y ) = A  + Bx + Cy2 + Dx2 + Exy2 + Ex2 + Ox2y 2 + Hy^ + J x ^
OR
I f  E ■‘ i s  p r e s c r i b e d  a s  z e r o  a l o n g  t h e  edge
• y
( 2.1  3 0 )-
t h e n
P ( x , y ) = A  + By + Cx2 + By2 + Ex2y + F y 3 + Gx y  + H4 + J y 4
It should also he noted, if the load function is a r■i
p o l y n o m i a l  o f  t h e  n  t h  d e g r e e ,  t h e  P ( x , y )  ■ p o l y n o m i a l  ^ 
s h o u l d  he  o f  t h e  n  / t h . d e g r e e  t o o ,  and  t h e  s t r e s s  f u n c t i o n  
w i l l  t h e n  he  a  p o l y n o m i a l  o f  (n+2)  d e g r e e .
The whole  p r o b l e m  becomes much more c o m p l i c a t e d  i f  
b o t h  o f  .the b o u n d a r y  c o n d i t i o n s  a r e  t a k e n  i n t o  a c c o u n t .
We c an  a ssu m e ,  f o r  e x am p le ,  t h a t  n o n e ' o f  t h e  v e r t i c a l  
s u p p o r t i n g  a r c h e s  can  r e s i s t  l a t e r a l  f o r c e s ,  i . e .
N = 0 i f  x  = i - | iX ^
N = 0 i f  y  = i£s-  y  J L
s i m u l t a n e o u s l y
T here  a r e  a  num ber  o f  ways t o  c o n s t r u c t  t h e  s t r e s s ' f u n c t i o n  
p o l y n o m i a l  i n  t h i s  c a s e ,  b u t  i t  i s  t h o u g h t  t h a t  t h i s  p a r t  
o f  t h e  m ethod  f a l l s  b e y on d  t h e  s c o p e  o f  t h i s  p a r a g r a p h .
2 . 6 . 2 . 1 C .  DETERMINATION OE THE STRESSES.
H a v in g  d e t e r m i n e d  t h e  c o r r e s p o n d i n g  ' f ( x j y )  
f u n c t i o n  and P ( x , y )  p o l y n o m i a l  and  by  s u b s t i t u t i n g  t h e s e  
i n t o ~ E q ( 2 . 1 2 8 ) ,  t h e  s t r e s s - f u n c t i o n  i s  o b t a i n e d  i n  t h e  
d e s i r e d  p o l y n o m i a l  fo rm .  By s u b s t i t u t i n g  t h e  s t r e s s  
’f u n c t i o n  and  t h e  l o a d  f u n c t i o n  p o l y n o m i a l  i n t o ' t h e  b a s i c  
d i f f e r e n t i a l  e q u a t i o n  ( 2 . 1 2 2 ) ,  and  m aking  t h e  c o e f f i c i e n t s  
o f  t h e  c o r r e s p o n d i n g  t e r m s  e q u a l  t o  e a c h  o t h e r ,  a  s i n i u l -  • 
t a n e o u s  s y s te m . .o f  l i n e a r  e q u a t i o n s  . w i l l  be  o b t a i n e d .  .T h is  
s y s t e m  o f  e q u a t i o n s  c o n t a i n s  a s  many e q u a t i o n s  a s  t h e r e  
a r e  unknown c o e f f i c i e n t s  o f  the- s t r e s s  f u n c t i o n .  -.By 
s o l v i n g  t h e s e  e q u a t i o n s  t h e  A , B , C , . . .  c o e f f i c i e n t s  and 
f i n a l l y  t h e  s t r e s s  f u n c t i o n  i t s e l f  a r e  known.
The p r o j e c t e d  membrane s t r e s s  c om ponen ts  can  t h e r e a f t e r  
he o b t a i n e d  b y ' c o m p u t i n g  t h e  c o r r e s p o n d i n g  s e c o n d  "  ; 
d e r i v a t i v e s ; o f  t h e  s t r e s s  f u n c t i o n  p o l y n o m i a l .
2. 6. 2. 2 . ' APPLICATION OF THE METHOD'FOR HYPAR ARCHES'.
2 . 6 . 2 . 2 k .  . G-ENERAL
L e t  u s  c o n s i d e r  a  l a r g e  r e c t a n g u l a r  a r e a . ' t o  
be c o v e r e d  by  a  s h e l l  r o o f  w i t h o u t  i n t e r n a l  s u p p o r t s .
An a t t r a c t i v e  and econom ic  a r r a n g e m e n t  c an  be o b t a i n e d  
by  d i v i d i n g  t h e  b a s i c  p l a n e  i n t o  i d e n t i c a l  s t r i p s  and 
c o n s t r u c t i n g  h y p e r b o l i c  p a r a b o l o i d  s h e l l  a r c h e s  o v e r  
e a c h  o f  t h e s e  s t r i p s .  The a r r a n g e m e n t ,  w h ic h  i s  shown . 
i n  E i g . 2 . 2 2 ,  c o n t a i n s  two e x t e r n a l  and  a  num ber  o f  
i n t e r n a l  s h e l l  a r c h e s .  Each  o f  t h e s e  i s  s u p p o r t e d  
a l o n g  i t s  e d g e s  by  v e r t i c a l  a r c h e s .  The a n a l y s i s  o f  : 
one o f  t h e s e  i n t e r i o r  s h e l l s  w i l l  be- d e a l t  w i t h  in- t h e  
c o u r s e  o f  t h i s  s e c t i o n .  .
The b a s i c  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  p r o b l e m ,  
r e f e r r i n g  t o  E q ( 2 . 1 2 2 ) - - i s  a s  f o l l o w s :
L V . PL  _ [. S*P+ _ _  ' -b S
1 2 y 2 i 3 ** 2 . .......................................  ( 2 . 1 3 1 )
L e t  t h e  l o a d  f u n c t i o n  . be c o n s i d e r e d  i n  t h e  . f o l l o w i n g  /  ,
fo rm :  . 1.
SL = + t . ,*2 + L s y  + Lj P jA  V * 4 + Ls y 4
o r ,  by  . s u b s t i t u t i n g  the- v a l u e s  o f  t h e  c o e f f i c i e n t s  g i v e n  
i n  E q s ( 2 . 1 2 5 ) > '  we have  , - .
V l  '= 1+ 2 ^  ** + 2 1<\ y  - 4 1 £  X V 1 -  2 k V  ■- 2 l<* y* _ _ , . ( 2 _
The' l o n g i t u d i n a l  s u p p o r t i n g  a r c h e s  ( p a r a l l e l  t o  y  a x i s )  
fo rm  i n t e r c o n n e c t e d  e d g e s  and c o n s e q u e n t l y  t h e y  can  r e s i s t .
3 2 )
t h e  l a t e r a l  f o r c e s .  The s h o r t  a r c h e s  ( p a r a l l e l  t o  
x  a x i s )  h o w e v e r ,  a r e  n o t  a b l e  t o  t a k e  up N . s t r e s s  
c o m p o n e n ts .  ; .
The b o u n d a r y  c o n d i t i o n ,  t h e r e f o r e , ,  c o n s i s t s  o f  the. '
f o l l o w i n g  s i n g l e  r e s t r i c t i o n :
i . e .
i f  y  = 1 t h e n  N = -  0° 2 y  3 **• m___ _
- The s t r e s s  f u n c t i o n ,  w h ic h  s a t i s f i e s  t h i s  c o n d i t i o n ,  
i ,s w r i t t e n  i n .  t h e  fo rm  o f  ..
P /  = -fCvi. PC*.:/)
n2 £
where  *?(y) = -  y
and
£
f i n a l l y  ■*( ^  & + C*2 D y £-H-{ *2y 2 + G
The r e m a i n i n g  t a s k  - i n v o l v e s  t h e  d e t e r m i n a t i o n  o f  t h e  
A ,0 , 1 , . . . .  c o e f f i c i e n t s  .
2.6.2.2B. SNOW LOAD'
Bor a . u n i f o r m l y  d i s t r i b u t e d  l o a d  such . -as  
t h e  snow l o a d ,  b o t h  “t h e  l o a d "  f u n c t i o n  ^and t h e  P ( x ;-y) 
p o l y n o m i a l  c o n t a i n  one member o n l y ,  
i  . e .  $i - L0 » \
P(*.>v)= A
and t h e  s t r e s s  f u n c t i o n :  f) «  ”'J1) -  t \ ' j
The p r o j e c t e d  membrane s t r e s s  c om ponen ts  a r e  t h e r e f o r e :
■ . Nx -  2.A
Ny e **-
= Q
T
( 2 .1 35)
B y •s u b s t i t u t i n g  t h e s e  d e r i v a t i v e s  i n t o  E q ( 2 . 1 3 1 ) ,  .we 
f i n d : .
~ \  ' f ro m  w h ic h  - ^  «
1   '( 2.1  3 6 )
and t h e - f i n a l  v a l u e s  o f  t h e  p s e u d o  s t r e s s  c om ponen ts  w i l l  
be ’ ■. •
N
A
aw
( 2 .1 3 7 )
y  . .
I  « 0 ,
2 . 6 . 2 . 2C. SELE WEIGHT
I n  o r d e r  t o  f o l l o w  the.,  d i s t r i b u t i o n  o f  t h e  s e l f  
w e i g h t  o f ’ t h e  s h e l l  m a t h e m a t i c a l l y ,  t h e  l o a d  f u n c t i o n  and 
t h e  s t r e s s  f u n c t i o n ' a r e  t o  be c o n s i d e r e d  i n  r e l a t i o n  to  
'Eq£,(.2.1 32) and  ( 2 . 1 3 4 )  i n  t h e  f o l l o w i n g  f o r m s :
The second derivatives of this stress function are now:
N = = L .  5) + k « n  3 l 2 J y 2+ 2 ^ -  2C*4-  12t>y*
X  e>y i . L
— 12 Hs*y4 -  2 6 s *  -  3 Q J y ‘
Ny = 1 ^ =  -|& c v-f1 W: A  s h & s 2-  2C y2-  2 w / ~  \ < I G , * V
T = -
%
— -  l 2 H sy  4- 4-C * y  4 * y 3+ 8 G *3y
>.......( 2 . 1 3 8 )
B y  s u b s t i t u t i n g  t h e  f i r s t  two o f  t h e s e  d e r i v a t i v e s  a s  
w e l l  a s  E q ( 2 . 1 3 2 )  i n t o  E q ( 2 . 1 3 l )  one f i n d s :  , ■
2
(■Z\<2G - l'lU1b - U 24 a-H^
U ^ G ^ - C J O k p - s k ^ y 4' - -  ^ - ■ ^ k * * 4' ’
12- I a. ,4 A  i A 4.
2 f c S v ' - y  + f z k, * + f jp i  y  -
By m a k i n g . t h e  c o r r e s p o n d i n g - t e r m s  e q u a l  t o  e a c h  o t h e r ,  
t h e  f o l l o w i n g . s i m u l t a n e o u s  e q u a t i o n s  a r e  o b t a i n e d : ' ;
k, 2l D 2 U 4A  1<2 |  C -
2 L  C -
k T H  -
12 k<D
2 ^ 0 3 k j i 6  ~  ~  k ,  j>  
-  3 k, E-i J  = ■  —  U \
>
12 ^ 6 -  12 k4 H
2 kj.G
2k;,H -  50 k, J
i. tz
VP*
k'(?
As a'result of the solution of these equations, the
A , C , D . . .  c o e f f i c i e n t s  a r e  o b t a i n e d  as  f o l l o w s
&^tjkji<4 + rs2 *gQ’i‘al<\+fc00 \A A &
M 4dol<,
0 = “  i t ’ (' ° ' s 7 ' 5  k C W "
la i 2q ~  ^ e X w -  s s 3  v t q q - 120 A -  k 2\<,
‘,2 * 120 U t
1 ,2. .2
D = -
> (2.1 39)
12 6 k j
H
J _ ■  _  A  s u y  i j q  + 3 A h
12 7- 5  k .
The c o e f f i c i e n t s  i n  E q s ( 2 .1 3 9 )  can  now he s u b s t i t u t e d  
i n  E q s ( 2 . 1 3 8 )  t o  o b t a i n  t h e  f i n a l  v a l u e s  o f  t h e  p se u d o  
s t r e s s  c o m p o n e n ts . ,  Eor .the sa k e  o f  s i m p l e r  t r e a t m e n t ,
Eqs(  2.1,38) a r e  r e w r i t t e n  i n  t h e  f o l l o w i n g  f o r m s :
Nx = ( | l  H - 2 C > U ( i i 2J - l 2 D ) / -  U H s V -  Z t t -  J O j p
Ny = 4- 3 f j G * 1 -*- ( * f  H - 2 C )  I/2-  \ZG> a r t /  ' j ^ 2 ’1
T = S H s y  + 5 G s y - v p C  — E 2 H )s i /
The c o e f f i c i e n t s  i n  E q s ( 2 . 1 3 9 ) , e n s u r e  t h a t  t h e  s t r e s s  
' f u n c t i o n  f u l f i l l s  t h e  b a s i c ,  d i f f e r e n t i a l  e q u a t i o n  (-2.131 
f u r t h e r m o r e ,  t h e  r e s u l t i n g  membrane s t r e s s  co m p o nen ts  ' 
s a t i s f y  t h e  g i v e n  b o u n d a r y  c o n d i t i o n ,  
i . e .  i f  . y  -  1 - j . t h e n  Uy - O
i n d e e d  -
Hy= l- i  C r  . g I Z g *  + 1 Y c - I 2 , G
Hy= . i i  C C  + G i u  A -  6> f t * 1 v | h - 1 > h  =  o
2 . 6 . 2 .  3. LIMITATION OF THE POLYNOMIAL METHOD.
By su m m a r iz in g  t h e  r e s u l t s  o b t a i n e d  By t i e  
d i s c u s s i o n  o f - t h e  p o l y n o m i a l  m e th od ,  i t  can  be c o n c l u d e d  t h a t  
t h e  s t r e s s  f u n c t i o n ( w h i c h  i s  t h e  k e y  f o r  a l l  s h e l l  p r o b l e m s )  
c an  a lw a y s  be d e t e r m i n e d  - i n  t h e  fo rm  o f  an  a l g e b r a i c  p o l y -  ■ 
n o m i a l .  One may have  t h e  i m p r e s s i o n  now t h a t ,  t h i s  m ethod  
c an  be a p p l i e d  a l m o s t  i n d i s c r i m i n a t e l y  to  s o l v e  a l l  t h e  
b o u n d a r y  v a l u e  p r o b l e m s  w h ic h  o c c u r  i n  t h e  p r a c t i c a l  a p p l i ­
c a t i o n  o f  t h e  h y p e r b o l i c  p a r a b o l o i d  s h e l l s .  I t  i s .  t r u e  -  
a p a r t  f ro m  c e r t a i n  c a s e s  -  and  t h e r e f o r e  t h e  l i m i t a t i o n ,  
w h ic h  can  be s e t  up f o r  t h e  m e th o d ,  i s  b a s e d  .on t h e  . 
■ com plex i ty  o f  t h e  r e s u l t i n g  f o r m u l a e  w h ic h ,  beyo n d  c e r t a i n  
c o n d i t i o n s ,  become to o  c o m p l i c a t e d  t o  be u s e d  i n  common 
e n g i n e e r i n g  p r a c t i c e .
As l o n g  a s  t h e  s t r e s s  f u n c t i o n  can  be c o n s t r u c t e d
f ro m  a  r e a s o n a b l y  s m a l l  num ber  o f  t e r m s ’, t h e  a l g e b r a i c  ^
p r o c e d u r e  -  a s  w e l l  a s  t h e '  r e s u l t i n g  f o r m u l a e  -  i-s r e l a t i v e l y
s i m p l e .  T h is  i s  t h e  c a s e  when o n l y  one b o u n d a r y  c o n d i t i o n
i s  c o n s id e - r e d .  U nder  t h i s  h e a d i n g  t h e  h y p a r  a r c h  and t h e
t r i a n g u l a r  s h e l l  c an  be m e n t i o n e d ;  h ow ever  f o r  t h i s  l a t t e r
t h e  sh ap e  f u n c t i o n  h a s  t o  be t r a n s f o r m e d  i n . t h e  fo rm  o f  
2 2s=k^x * '^le ^ le  ^wc b o u n d a ry  c o n d i t i o n s ,
w h ic h  i s  g e n e r a l l y  e q u i v a l e n t  t o  t h e  i d e n t i t y  o f  t h e ' two 
sh ap e  f a c t o r s  and  w h ic h  l e a d s  t o  a  s q u a r e  s a d d l e  " su r face  
a l s o  r e s u l t s  i n  s i g n i f i c a n t  s i m p l i c i t y .  When b o t h  o f  t h e  
b o u n d a r y  c o n d i t i o n s ■ a r e  i n v o l v e d  ( k ^ k ^ )  a  f o r m i d a b l e ,  
a l g e b r a i c  p r o c e d u r e  h a s . t o  be c a r r i e d  o u t  i n  c a l c u l a t i n g  
t h e  p s e u d o  s t r e s s - c o m p o n e n t s .  I t  t h e r e f o r e  seems t o  be 
r e a s o n a b l e ,  i f  o n l y , f o r  p r a c t i c a l  r e a s o n s ,  t o  c o n f i n e  t h e  
a p p l i c a t i o n  o f  t h e  p o l y n o m i a l  m ethod  t o  .the. f o l l o w i n g ' 
c a s e s ' :  ■ 1 , • •
, , A) o n l y  one o f  t h e ■b o u n d a r y . c o n d i t i o n s  i s  
c o n s i d e r e d ! '  • ' .
, ■ • 33) b o t h  o f  t h e  two" b o u n d a r y  c o n d i t i o n s  a r e  
c o n s i d e r e d ,  b u t  t h e y  a r e  i d e n t i c a l .
.( l . = l 0=1; h . = h n=h and .o b v i o u s l y  k „ = k 0==k)*1 2 ! 2 1 . 2
2 ,7 . .  . -PRINCIPAL STRESSES IN KYPAR SHELLS,
2 . 7 . 1 .  IN TR QUITO TICN. .' v
As a  r e s u l t  of,  t h e  t h e o r e t i c a l  i n v e s t i g a t i o n
c a r r i e d  o u t  on v a r i o u s  t y p e s  o f  hypar .  s h e l l s ,  t h e  s h e a r '
s t r e s s e s  and  i n  p a r t i c u l a r  t h e  n o r m a l  s t r e s s e s  a r e ■g e n e r a l l y ■
low. S i m i l a r  r e s u l t s  cire o b t a i n e d  f ro m  t h e  e x p e r i m e n t a l
s t r e s s  a n a l y s i s  by  t e s t i n g  v a r i o u s  m o d e l s .  T h is  f a c t  g i v e s
i m p o r t a n c e  i n  f i n d i n g  t h e  p r i n c i p a l  d i r e c t i o n s  where  t h e
a l r e a d y  m e n t i o n e d ,  t h e  f i n a l  membrane s t r e s s  c om ponen ts  
a r e  'o b l iq u e  ■. s t r e s s e s  ' and  t h e r e f o r e  t h e  u s u a l  c o n s t r u c t i o n  
o f  MOHR?s c i r c l e s  c a n n o t  l e a d  t o  t h e  p r i n c i p a l  s t r e s s e s
I n  t h e  c o u r s e  o f  t h e  f o l l o w i n g  d i s c u s s i o n ,  c e r t a i n  m e th od s  
w i l l  be  .g iven  t o  o b t a i n  t h e s e  q u a n t i t i e s . .  The s e p a r a t i o n  
o f  t h e  two t y p e s  o f  m ethod  d e p e n d s  on t h e  t w i s t  o f  t h e  
s h e l l  and  t h e  a p p l i e d  s y s t e m  o f  c o - o r d i n a t e s ,  w h i c h ,  
i n c l u d e s  w h e t h e r  t h e  s h e l l  i s
a )  o b l i q u e  o r  s t e e p - r e c t a n g u l a r
b )  s h a l l o w - r e c t a n g u l a r
2 . 7 . 2 . ,  OBLIQUE OR STEEP-RECTANG-TJLAR SHELLS.
When t h e  h y p a r  s h e l l  i s  s t e e p  o r  i t  i s  d e f i n e d  i n  
a n . o b l i q u e  s y s t e m  o f  c o - o r d i n a t e s ,  t h e  t h i r d  c h a r a c t e r i s t i c -  ' 
a n g l e  (<J) c a n n o t . b e  s u b s t i t u t e d ,  n o t  e v en  a p p r o x i m a t e l y ,  by  
t h e  f i r s t  c h a r a c t e r i s t i c  a n g l e  ( ° ) . V/hen t h e  s h e l l  i s  
o b l i q u e  o r  s t e e p - r e c t a n g u l a r ,  t h e  a n g l e  (<£) i s  g i v e n  by  
E q s (2 3 5 )  and  ( 2 . 3 1 )  r e s p e c t i v e l y .  ' ’
'• I f  an  a r b i t r a r y  d i r e c t i o n  ( ? )  i s . t a k e n  on t h e  s h e l l ,  
r e l a t i n g  t o  w h ic h  t h e  n o r m a l  s t r e s s e s  ( 6 « ) and  s h e a r  s t r e s s e s  
) h ave  t o  be  com pu ted ;  i t  i s  t h e  a n g l e  f w h ic h  sh o r i ld  be 
c h a r a c t e r i s e d  f i r s t .  D e n o t in g  t h e  p r o j e c t i o n  o f  t h e  a n g l e  f  
on t h e  [xy] p l a n e  by  $ and  t h e  s u r f a c e  d e r i v a t i v e s  i n  t h e  
S d i r e c t i o n  by  and m aking  use- o f  E q s ( 2 . 3 1 )  a n d . ( 2 . 3 5 )  
t h e  a n g l e  j> w i l l  be o b t a i n e d  .by t h e ,  f o l l o w i n g  f o r m u l a e :
o r  e ven  t o  t h e  s t r e s s e s  a c t i n g  i n  an a r b i t r a r y  d i r e c t i o n
F O R  O & U Q U S .  S H E L V E ,  ♦.
cos% c
> (2.11*1 )
FOR S T E E P
U  . 2>JL 3 ^ '  3S
where the surface derivative in the direction f is:
+ -§§■ s i n - S f  . ----- . . . ' . . . (2 .1  i*2)
The n o r m a l  s t r e s s  (Gs) p o i n t i n g  p e r p e n d i c u l a r  t o  t h e  $ -
d i r e c t i o n ,  and t h e  s h e a r  s t r e s s  ( "St ) l y i n g  a l o n g  the.
<■>
d i r e c t i o n  % , a r e  d e t e r m i n e d  hy  c o n s i d e r i n g  t h e  e q u a t i o n s
o f  e q u i l i b r i u m  o f  an  i n f i n i t e s i m a l  t r i a n g u l a r  s h e l l  e l e m e n t .  
D e n o t i n g  t h e  • a x e s  w h ic h  a r e  p a r a l l e l  t o  t h e  and “SJ ■ s t r e s s  
c o m p o n e n t s ■by  § and  - r e s p e c t i v e l y ,  t h e  e q u a t i o n  o f  
e u q i l i h r i u m ,  w i t h  r e f e r e n c e  t o  D i g . 2 . 3 7 ,  i s  w r i t t e n  a s
■ f o l l o w
O o
I
£* § a 0^ S -  G* CoS CS“SO**) - 'S’j f  CoS? [dh*-C S- <5 )|
Gy A ^ 74 co s ^  ** (% “ ^  )j "• "Sty ^  S >t co s  C - 2*0 3 ^  0
B u t :
cp5sC^“^°0 * S 5 cos[sor* C ) J  r C%~<$)
a  ^<‘1 C + GyAS* S in  C * 'ZTiy AS* Si’n
As i t  f o l l o w s  f ro m  D i g . 2 . 3 7 .  
dS = • t i H - C l i l l a S v
dS = Sin $y s«n ( § - < o
S u b s t i t u t i n g  t h o s e  r e l a t i o n s ,  and  c o n s i d e r i n g  t h a t  . ..
Sty * "St* * 'zr' '' one h a s  , h  '
Ch S i  n ^ f  4 2. <7 s i n ? . S i n  (  S~<5 )  + CTy S ina C S - « 0
and  f i n a l l y . y,n j? £’(nL f  y^  £ g ) _ «> {na C §- 5)
^  = ChlA ^ncT' •  ,.(2.12+3)
s i m i l a r l y :  z* - G* s>n^ c° i :7-4- 7~ .bio c 2 s-dq + ~ >tr?cg-i>3,c^cs-.j..l , 0 ■ ..  :‘"y
$ * Vm«$ S in A  «* %in £    \  <y* I 4 4 /
I f  6y i s  p r i n c i p a l  s t r e s s ,  ^  m u s t  he z e r o ,  and  f  =& ■■■ .' :
becomes t h e  p r i n c i p a l  a n g l e .
I t  f o l l o w s  now t h a t :  ' •' • .
' 6 *  sin © to so  + ‘5 ’stn (2.0-<S) + Gy s*»n (&-<$) , ( .&-£>' )  «  o  v
<3*sirt0co$© ^ ^ ‘iia 28.cos^-'S 'tos2© Sinf + Gy $m 0.O?50,<u3sxJ  * ’ y
Gy ~Cy co^’Q^'inS, Cos<S -  6y S io2^ ,5 — O *
By s u b s t i t u t i n g
sin .2© - 2 lbi'n0 cos©
and cos 2.© =■• co'a’Q -s»nz0 .
we g e t : f r
v *  Sifi 2 0  + 1 Z Sin 2©. cos«3 -  1 i;cof> Z 0 . *»n A +
Gy sin 2©(to£l- siohf ) ~6y$inlS (<?£>$*0- S«n*5) «  O
f i n a l l y :
whence
(G* * I'STtos^ + Gy cos 2<£)s»n2© “‘(S S 's in i  + Gy s fn i i )  co$26>
» i a o  2,0 + Gy Sin 2-5  y ..........(n 1 j , r  V
. ^  2-0 \  + 2zr*?<,S+<ZjC*$2S K * 4 .
The p r i n c i p a l  d i r e c t i o n s . are . a t  r i g h t  a n g l e s  t o  e a c h  o t h e r ,
t h e r e f o r e  i f  0 i s  t h e  f i r s t  p r i n c i p a l  a n g l e  ) m ust
be t h e  se c o n d  one .  S u b s t i t u t i n g - t h e r e f o r e  S and  {O + So') 
f o r  Gy i n : e q u a t i o n  ( 2 .1 43) f  . the p r i n c i p a l  s t r e s s e s  w i l l  be ' 
o b t a i n e d  i n  t h e  f o l l o w i n g  f o r m s :
g  ~ g >j s U | - +  I Z  > i n g . y n O - j )  ^ L e - S )  .. ........................( 2 . 1 4 6 )
1 * s m A  “s>in 3 J S«n G
f t  _  z~ sin4 (0+Sof) j. o -7- s in (6HS0D. Vtn (S -vSo'-A') 4 4 s» +S'D>~<5)*' ZG + <5y- — fn ^------
B u t  c o n s i d e r i n g  t h a t  . -sin C®+bot) * c o s e
and  ^  v cos(,© "
we f i n a l l y  g e t :  • ■* .■
K  ^  cos^O , A C0S&, C&§(& -A ) ■ /• co$a C^-^)   ,
6 i ’ 0<U U ^ + i z r  * Gs— ^rns —  " ( 2 . 1 4 7 ,
2 . 7 .  3." SHALLOW RECTAHG-ITLAR ' SH ELLS;
• I t  i s - a  u s u a l  p r a c t i c e  . t o  assume f o r  s h a l l o w 1 
r e c t a n g u l a r  s h e l l s  t h a t  t h e  t h i r d  c h a r a c t e r i s t i c  a n g l e (£)  
i s  e q u a l  t o  t h e  f i r s t  c h a r a c t e r i s t i c  a n g l e  (<0 -90° ')  .' T h is  
a s s u m p t i o n  l e a d s  t o  t h e  s u b s t i t u t i o n  of .
rr
I = c o n s t ,  and  b y . v i r t u e  o f  t h i s
s  -
By s u b s t i t u t i n g  J » j  . i n  E q s ( 2 . l 4 3 )  and  ( 2 . 1 4 4 ) ,  t h e  
s t r e s s e s  a c t i n g  i n  t h e  f  d i r e c t i o n  w i l l  be' o b t a i n e d  'as
' f o l l o w ; <5 = G* $\nZ$ -v IZriinf* Unit-do*) 4 Gy Sin1 C
. “g j  « 6 #  Sin + 2T *in ( I S - S O  * Gy Sin C.S-9^0 %
w h ic h  a f t e r  s i m p l i f i c a t i o n  r e d u c e s  t o : ■
6f = G* + ^y ? - -S’ ............................. (2 .12+8)
2$ -  . . . . . . . . . . . . .  . . . , ( 2 .1 4 9 )
<? 2. *
S i n c e  G, a p r i n c i p a l  s t r e s s  z*, and by  d e n o ' t i n g  t h e
p r i n c i p a l  a n g l e  w i t h  9 ■ , f ro m  E q ( 2 . l 4 9 )  f o l l o w s
j>*n„2JL =t ian.%^ iar? 1 0  =
COS 2.S
2 S' 
G* ~ Gy •(2 . 1 5 0 )
S i n c e  0  i s  a  p r i n c i p a l  a n g l e ,  Gy becom es '  t h e  p r i n c i p a l  
s t r e s s  i f  we s u b s t i t u t e  9 f o r  r  i n  E q ( 2 . l 4 8 ) .  D e n o t i n g  
t h e  p r i n c i p a l  s t r e s s  by  {Tp , we have
Gp * G y Sin*© + G y  co 5* 0  ~  S' Sin 2 0  ............... . . . . . . . . ( 2 . 1 5 1 )
By s u b s t i t u t i n g  t h e  f o l l o w i n g  t r i g n n o m e t r i c  e x p r e s s i o n s :
s»n2e  = J L = J » °± * e . co£e
(2.-152)
w e . g e t :
c o n s i d e r i n g  now - t h a t  . ^  i C l c * n  ££>
• p"y_^iHer sm 2 0  ® -c»?s2 ©# t o n  2- 0
and s u b s t i t u t i n g  t h e s e  i n t o  E q ( 2 . 1 5 l )  ' -
we f i n d  - ■.
- ' 6 1  * -  i  ) * 3 (Gy -Gy) Ct?s2 0  + i  (Gy "Gy) t a n ‘l2 &. o?5  2 0
P  ..2 *
„G = v Gy) + ~ ( G y ( i *  ton1 2<9)
and  b e c a u s e  o f  cos2© -  ^ / l / l  + ian1 19
G p ~ k * Gy) — 2©
(T p *■ k (G* + Gy) — 2 l/(^l "G +■ "Gy}* i'an* iL0'
6 p ~ k (G* + Gy } — k "* ^y)2 +■ 4 'S'1'
w h ic h  h a s  two s o l u t i o n s  f o r  t h e  p r i n c i p a l  s t r e s s e s ,  
n a m e ly :  ^  t  f / ( + l z %\
( 2 . 1 5 3 )
* i  C G** Gy)  -  i  i(p *  -  Gy)a 4 i  'S'a
E q s ( 2 . 1 5 3 )  i n d i c a t e  t h a t  t h e  p r i n c i p a l  s t r e s s e s  a t .  
a p o i n t  o f  t h e  s h a l l o w - r e c t a n g u l a r  hypar .  s h e l l  r e p r e s e n t s  
a  - ' tw o -d im e n s io n a l  sy m m et r ic  t e n s o r ,  t h e  same a s  t h e  tw o-  
d i m e n s i o n a l  s t r a i n s  o r  s e c o n d a r y  moments o f  t h e  c r o s s  s e c t i o n ,  
I n  a l l  t h e s e  c a s e s ,  t h e r e  e x i s t s  a  s e t  o f  f o r m u l a e  i d e n t i c a l  
t o  E q s ( 2 . 1 5 3 )  a n d . t h e r e  a r e  g r a p h i c a l  m e th od s  a v a i l a b l e  
w h ic h  s e r v e  the-  same p u r p o s e  a s  t h e s e -  e q u a t i o n s .  Among 
t h e s e  d e v i c e s ,  MOHR's c i r c l e  a p p e a r s  t o  be t h e  m os t  
u s e f u l '  one'. *
CHAPTER I I I  
THE ELASTIC BEHAVIOUR OE ASYMMETRIC
DIAMOND HYPAR SHELLS SUPPORTED -ALONG- ^
THEIR TWO SHORT ADJACENT EDG-ES. "
3.1 . SCOPE OE THE RESEARCH ' ■
■ The m ain  o b j e c t  o f  t h i s  r e s e a r c h  was t o  o b s e r v e  t h e
d i s t r i b u t i o n  o f  t h e  membrane f o r c e s ,  b e n d i n g  moments and
' d i s p l a c e m e n t s  i n  a c c o r d a n c e  w i t h  i r r e g u l a r  d iamond h y p a r
s h e l l s . ' The whole  i n v e s t i g a t i o n  c a n . b e  d i v i d e d  i n t o  two
p a r t s .
*
I n  t h e  f i r s t  p a r t  o f  t h e  r e s e a r c h ,  a  t h e o r e t i c a l  and 
e x p e r i m e n t a l  s t r e s s  a n a l y s i s  h a s  b e e n  c a r r i e d  o u t ,  f o r  t h e  
c a s e  o f  v e r t i c a l  l o a d ,  i n c l u d i n g  snow l o a d  and s e l f  w e i g h t .  
The membrane s t r e s s e s  h ave  b e e n  d e t e r m i n e d  a n a l y t i c a l l y  a s  
w e l l  a s  e x p e r i m e n t a l l y  and com pared  i n  t h e  c o n c l u s i o n s .
The bending .m om ents*  and  d i s p l a c e m e n t s  were  m e a s u r e d  p a r t l y  
o n . t h e  f u l l - s i z e  p r o t o t y p e  and on a  £■■ s c a l e  t e s t  m ode l .
The m o d e l - p r o t o t y p e  c o r r e l a t i o n  i n  t i m b e r  h a s  a l s o  b e e n  
e x am in e d .  T h is  p a r t  o f  t h e  r e s e a r c h  was s u b m i t t e d  t o  t h e  
I n t e r n a t i o n a l  C o n f e r e n c e  on Space  S t r u c t u r e s  o r g a n i z e d  by 
t h e  D e p a r t m e n t  o f  C i v i l  E n g i n e e r i n g ,  U n i v e r s i t y  of. S u r r e y ,  
i n  .1966 and was p u b l i s h e d  by  t h e  same o r g a n i s a t i o n  u n d e r  
t h e  f o l l o w i n g  t i t l e :
THE DETERMINATION OE THE MEMBRANE 
FORCES, BENDING- MOMENTS AND DIS­
PLACEMENTS IN AN INTER-CONNECTED, . 
PREFABRICATED, LAMINATED TIMBER 
DIAMOND-TYPE SHELL.
T h is  r e s e a r c h  p a p e r  i s  c o n t a i n e d  i n  t h e  s e c o n d  volume 
o f  t h i s  t h e s i s .
I n  t h e  s e c o n d  p a r t  o f  t h e  r e s e a r c h ,  a  m ethod  i s  
p r e s e n t e d  i n  o r d e r  t o  e n a b l e  one t o  a n a l y s e '  t h e  wind " r
e f f e c t  p r i m a r i l y  i n  a s y m m e t r i c  d iamond s h e l l s ;  how ever  
t h e  g e n e r a l i t y  o f  t h e  m ethod  makes i t  p o s s i b l e  t o  a p p l y  
i t  f o r  a l l  t y p e s  o f  w arped  p a r a l l e l o g r a m s .  T h is  g e n e r a l  
w ind  a n a l y s i s  w i l l  be' g i v e n  i n  t h e  r e m a i n d e r . o f  t h i s  
c h a p t e r .  -
3 . 2 .  ANALYSIS OF WIND LOAD. N '
3 . 2 . 1 .  THE LOAD FUNCTION.
3 . 2 .  1 . 1 . GENERAL. ■
t
The wind e f f e c t  i s  a  s p e c i a l  c a s e  o f  l o a d i n g  w h ic h  
a c t s  a lw a y s  h o r i z o n t a l l y ,  b u t  i t s  i n t e n s i t y  v a r i e s  f ro m  
p o i n t  t o  p o i n t  o v e r  t h e  s h e l l  a s  a  f u n c t i o n  o f  t h e  c u r v a t u r e  
o r  i f  p r e f e r r e d ,  a s  a  f u n c t i o n  o f  t h e  c o - o r d i n a t e s . /"• S in c e  
t h e  wind may b lo w  f ro m  a n y  d i r e c t i o n  ( i n  t h e  h o r i z o n t a l  p l a n e ) ,  
a n . i n f i n i t e  num ber  o f f l o a d i n g  c a s e s  c an  be s e p a r a t e d . -  The 
p ro b lem ,  b e c o m e s «e v en  more c o m p l i c a t e d  i f  one i n t e n d s  to  
f o l l o w  t h e  e x a c t  l a w s  o f  a e r o d y n a m i c s  by  c o n s i d e r i n g  a 
p r e s s u r e  on one s i d e . of, t h e  s u r f a c e  w h i l e  t h e r e  i s  s u c t i o n  
a l o n g  t h e  o t h e r .  U n f o r t u n a t e l y ,  t h i s  p r o b l e m  c a n n o t  be 
so lv e d ,  by  t h e  membrane t h e o r y  t h a t  i s , -.no s t r e s s  f u n c t i o n  
can  be s p e c i f i e d  w h ic h  d e s c r i b e s  t h i s  s p e c i a l  v a r i a t i o n  o f  
t h e  s t r e s s e s  w i t h  t h e  s i m u l t a n e o u s  f u l f i l m e n t  o f  t h e  b a s i c  
d i f f e r e n t i a l  e q u a t i o n .  However ,  CHIHG-HUUG— h a s
s h o w n ' t h a t  t h e ' wind  e f f e c t  c a u s e s  r e l a t i v e l y  low . - s t r e s s e s ,  
i n  t h e  h y p e r b o l i c  p a r a b o l o i d  s h e l l  i t s e l f - ,  w h i l e  f o r  t h e  
e d g e .m em b ers  and  s u p p o r t s  i t  may become c r i t i c a l .  .
To f i n d  a r e a s o n a b l e  s o l u t i o n ,  two s p e c i f i c  wind  
d i r e c t i o n s  ( “b a n d  2)  a r e  t a k e n ,  w h ich  c o i n c i d e  w i t h  t h e  . 
p l a n e s  o f  t h e  two p r i n c i p a l  p a r a b o l a e .  I t  w i l l  be  
assumed t h a t  t h e  wind p r e s s u r e  v a r i e s  i n  m ag n i tu d e  b u t  .• 
a c t s  a lw ays  p e r p e n d i c u l a r  a t  a n y ‘p o i n t  o f  t h e  s h e l l .  
These  two l o a d i n g  c a s e s  w h ich  a r e  c r i t i c a l  t o  t h e  
s u p p o r t i n g  s t r u c t u r e  and a t  t h e  same t im e  can  be  s o l v e d  
i n  t h e  membrane t h e o r y  a r e  sh ow n ; i n  F i g .  3.1 .A and 3 . 1 .B
F I G . 3.1 . .
L e t  t h e  b a s i c  v a l u e . ,o f  t h e  wind  p r e s s u r e  be  d e n o te d
by  p (L B /S Q .F T ) ,  w h i c h : e x p r e s s e s  t h e  h o r i z o n t a l .p r e s s u r e
a c t i n g  on a one s q u a r e  f o o t  p l a n e  n o rm a l  t o  t h e  w in d .
The B r i t i s h  Code o f  P r a c t i c e  C . P . 3 .  g i v e s . v a l u e s  f o r  t h i s
b a s i c  w in d  p r e s s u r e  (p )  f rom w h ic h  i t  i s  s u g g e s t e d
EXPOSURE "D" i s  c o n s i d e r e d  so  t h a t  t h e  a n a l y s i s  i s  r e l a t e d
t o  p r a c t i c a l -  a p p l i c a t i o n .  The b a s i c  w ind  p r e s s u r e  can  .
be  r e s o l v e d  a t  any  p o i n t  o f  t h e  s h e l l  i n t o  a p e r p e n d i c u l a r
(p ) and  a ’ t a n g e n t i a l  (pm) component ,P
n a m e l y :
s»sn X 
cos  X (3.1 )
where  > i s  t h e  a n g l e  e n c l o s e d  by  t h e  p o s i t i v e  wind • 
d i r e c t i o n  and -the c o r r e s p o n d i n g  s u r f a c e  t a n g e n t .  .S e e 'F ig j [ 3 .  2.
The t a n g e n t i a l  com ponent  i s  n e g l e c t e d ■a s  i t  c a u s e s  v  
s u c t i o n  and so d e c r e a s e s . t h e  l o a d  c r i t i c a l  t o  t h e  s u p p o r t i n g  
s t r u c t u r e s ,  "by w o r k in g  a g a i n s t  t h e  p e r p e n d i c u l a r  com ponen t .  
The p e r p e n d i c u l a r  component  o f  t h e  b a s i c  p r e s s u r e  - i s  a c t i n g '  
on a  s u r f a c e  e l e m e n t  o f  1 x  1 x sinp\. ( s e e  a l s o  F i g .  3 . 2 )  
c o n s e q u e n t l y  t h e  wind f o r c e  r e l a t e d  t o - t h i s  s u r f a c e  e l e m e n t  
i s  • .
V  .  /  •mur / A  C  <*4 ^  . A  A  / * « • ' % A  m  l / \  ^  * / I
( 3 . 2 )W  *• |o sfn ^ .1 .1 .  s in  A "  jO s>in. X
S i n c e  ^  i s  v a r y i n g ’o v e r  t h e  s h e l l  s u r f a c e ,  a  f u n c t i o n
h a s  t o  be i n t r o d u c e d  t o  e x p r e s s  t h i s  v a r i a t i o n .  T h is  f u n c t i o n
i s  c a l l e d  t h e  load ,  f u n c t i o n  and  t h e  d e t e r m i n a t i o n - o f  i t
d e p e n d s  p r i m a r i l y  on t h e  d i r e c t i o n  o f  t h e  w ind .
3. 2 . 1 . 2 .  LOAF FUNCTION'FOR THE WINF DIRECTION. 1 .■
( FIG-. 3. 1 -A) ■ - 1 : .
A c e r t a i n  amount  o f  v e c t o r  a l g e b r a  i s  n e c e s s a r y  
i n  d e r i v i n g  t h e  d e s i r e d  q u a n t i t i e s  and  t h e  f o l l o w i n g -  
n o t a t i o n s  w i l l  be u s e d .  A l l  t h e  v e c t o r  q u a n t i t i e s  a r e  
d e n o t e d  by  s m a l l  o v e r l i n e d  l e t t e r s ,  (a/, b ;  v ) . The u n i t  
v e c t o r s  o f  t h e  r e c t a n g u l a r  c o m p o nen ts  o f  a n y  v e c t o r s  a r e
d e n o t e d  by  I ,  ~, k .  The s c a l a r  p r o d u c t  o f  two v e c t o r s  
i s  d e n o t e d  by  p l a c i n g  a  p o i n t  b e tw e e n  t h e  two v e c t o r s ,  ^ 
and  i s  d e f i n e d  a s  -  -j
<x. b  -  l a l . i L l .  co s Cn.,b) 
where  a  and  b a r e  t h e  componen t  v e c t o r s , \ a \  and  | b |  a r e  
t h e  a b s o l u t e  v a l u e s  o f  t h e s e ,  w h i l e  ( a  b)  i s .  t h e  a n g l e  a t  
w h ic h  t h e  two v e c t o r s  m e e t .  ' hue  t o  t h e  f a c t  t h a t  t h e  r u l e s  , 
o f  t h e  v e c t o r  a r i t h m e t i c  a r e  d e f i n e d  i n  an  o r t h o g o n a l  r i g h t -  
h a n d e d  s y s t e m  o f  c o - o r d i n a t e s ,  t h e  d e r i v e d  sh a p e  f u n c t i o n  
h a s  t o  be t r a n s f o r m e d  i n t o  a  s i m i l a r  s y s te m .
L e t ,  t h e r e f o r e ,  a  n e w . a u x i l i a r y  o r t h o g o n a l • s y s te m  
o f  c o - o r d i n a t e s  ( 1 ,W ,  z. )-£>e c o n s i d e r e d ,  t h e  o r i g i n  and 
t h e  z a x i s  o f  w h ic h  w i l l  c o i n c i d e  w i t h  t h o s e  o f  the;  " o r i g i n a l  
( x , y , z )  s y s t e m  i n  w h ic h  t h e  sh a p e  f u n c t i o n  h a s  been; d e f i n e d  
i n  t h e  fo rm  o f  z = k x y .  The ^ and  ^  a x e s  a r e  p e r p e n d i c u l a r  
to, i n  t h e  ( x , y )  p l a n e  and  m ee t  a t ' r i g h t  a n g l e s .  The 
a n g l e  *f e n c l o s e d  by  t h e  x and  f a x e s  i s  i d e n t i c a l  t o  t h a t  
a t  w h ic h  t h e  y and ^  a x e s  i n t e r s e c t .  The two s y s t e m s  o f  
c o - o r d i n a t e s ,  i n  p l a n  l a n d  . e l e v a t i o n ,  a r e  shown i n  F i g . 3 . 3 .  A 
and. B. R e f e r r i n g  t o  t h o s e  f i g u r e s ,  t h e  e q u a t i o n s  o f  t h e ,  
t r a n s f o r m a t i o n  c an  be o b t a i n e d  i n  ' the  f o l l o w i n g  fo rm  -
\  ~ % co  s + if s  in ‘j3
*> in *f + tJ
i O  I a  COwhere  j * 4 5  * 2
(3.3)
r /
-£3=AH. EUVATlQU
' T  ■ ’ . t‘ ■
F I G . 3 . 3 .
By m u l t i p l y i n g  t h e  f i r s t  o f  E q s ,  (M".) hy  c o s f  . 
and  t h e  s e c o n d  one hy  s i n ' f  we have  -  •
j  c o i f  * * cos*f v y<>in f  cos f  
' t s i n f  g *. s i r f f  + y cos f  
\  toi'f -  \  ) ■• f ro m  w h ic h
f c o s f - ^ s i n ^  •
 ...............  (3.U)
By m u l t i p l y i n g ■t h e  f i r s t  o f  E q s . ( - 3 .3 )  hy  s i n  *f
and  t h e  s e c o n d  one by  e o s  f  ?we' a r r i v e  a t  -  •
|  6 i n ^ =? + y
^cos a x b t n f  eos-f * i/cos*f
^ t o 6 f  ) f ro m  w h ic h
y =.. Is-inf- 1  f ........... ..........................  , ,  ..y
J Vm*f-COSl f  '
By s u b s t i t u t i n g  E q s ( 3 . 4 )  and  ( 3 . 5 )  f o r  the- shap e  
f u n c t i o n  we f i n d :
z = w** = k ycos1  ^inx ^  tosxf
Z =  L -  (  f t V )  S i n f c o s f  » g'g
. 2sin*f cos*|>* cos4f
= -  L $*l ~ ( s in f  cos «f
( sin*f~ coS'f}1
z = k
By i n t r o d u c i n g
(£rinl f  - Cosl f^<
k i =
- U
C i 1+ y 'L)  S i n ^ . d o s f  
Qsin1 f  - cos* (3.6)
k 2 =
S in 1- ^ - cos1 ’f
U . sin f . cos*f 
Sin*’'  ^- cos1
( 3 . 7 )
- E q (3 .6 )  "becomes'
: ’ _ z =  W, (I***1) . . . . . . . . . . . . . .  ( 3 . 8 )
Eq.(3 .8 )  g i v e s  t h e  sh a p e  f u n c t i o n  i n  t h e  new 
o r t h o g o n a l  s y s t e m  o f  c o - o r d i n a t e s  ( f ^ , 2  ) ,  I f  
a r b i t r a r y  p o i n t  o f  t h e  s u r f a c e  i s  d e n o t e d  h y  P ( ! 0 >70 , z«»), 
t h e  t a n g e n t  p l a n e  o f  t h e  s u r f a c e  a t  t h a t  p o i n t  i s  . d e f i n e d  
h y  t h e  f o l l o w i n g  e q u a t i o n  v i z .  -
z -  z„ •- (5- L ) c>z:
M
Oz ( 3 . 9 )
The S u r f a c e  d e r i v a t i v e s  and  t h e  f u n c t i o n a l  v a l u e  
i n  t h i s  a r b i t r a r y  P( f  p o i n t  a r e
Or
Wo K * .  -  ^ Ut  t 0
and  b y  s u b s t i t u t i n g  the&e v a l u e s  f o r  E q ( 3 . 9 ) ,  t h e  t a n g e n t  
p l a n e  a t  t h e  a r b i t r a r y  P( , *o ) p o i n t : w i l l  be  g i v e n  a s
2 ~ K ?»?o- KcC*7bJ -  ^ *U (  K ,V 2 ^ O - c 7-7J c K\«z 
i  ( tU J o - k v . ' ) 4 ? * b  ♦ z 4 M . * 2 . - > k 1 1*.1* ? . 3 “  6,
By introducing the following notations
-v
a  = 2 U J _  -  k<‘2 o
C =
d = U 0 ?o ~
The e q u a t i o n  o f  t h e  t a n g e n t  p l a n e  c an  he' w r i t t e n ’ i n  t h e  
f o l l o w i n g  f i n a l  form:.
1 •
The n o r m a l  v e c t o r  n  o f  t h i s  p l a n e ,  w h ic h  i s  a t  the .
same t im e  t h e  - d i r e c t i o n  v e c t o r  o f  t h e  p^ wind  com ponen t ,
can  now he o b t a i n e d  a s
and
n
In
CL V. + b j  4- cW 
V C1
The c o - o r d i n a t e  c o m p o nen ts  o f  t h e  n  n o r m a l  . v e c t o r  a r e  
t h e r e f o r e  -
n ,  - Cl I j - 1 n ? I - V ^ “ - a
S  - • \ n^ 1 b
n ,  - c W J ' 1 n r 1 ~ - c
The d i r e c t i o n  c o s i n e s  o f  t h e '  n o r m a l  v e c t o r  n  c an  n o w 'h e , ,  
o b t a i n e d  by  t h e  s c a l a r  p r o d u c t s  composed f ro m  t h e  n o r m a l  
v e c t o r  and  i t s *  c o - o r d i n a t e  co m p o n e n ts .  D e n o t i n g  these.-  
d i r e c t i o n  c o s i n e s  by  cos (* > c o s ^  > and  Cos|^ > t h e  t h r e e  . 
s c a l a r  p r o d u c t s ,w i l l  be o b t a i n e d  a s  f o l l o w s :
n . n  ^ — In 1.1 n ^I.cos ^
n • n^ — In 1.1 n ^l.cos (\
. n  • n z — I n -l.ln j.coc,^ :
(3.11 )
( '3 .13)
(3.1'U)
f ro m  w h ic h
'  c o s£  -  H - " s CtL I vb j  + ck^jtQ. O an | . |n ^ |  V a n  s f a F s V a ^ V ^ T c ^
and  i n  s i m i l a r  m anner  -  c o s r ,  =  -
cos f  = -
CL
Y CL1 -*• ts*- c 1
yci> 4 W1 %- tS
co s  P.
(3
1 ■*» y  a-x + t>x c ' ”
where  t h e  n e g a t i v e  s i g n s  i n d i c a t e  t h e  m e c h a n i c a l ' i n t e r - .
p r e t a t i o n  o f  t h e  a n g l e s .
By s u b s t i t u t i n g  t h e  v a l u e s  o f  a ,  b ,  a n d c  f ro m  E q s ( 3 . 1 l ) ,
t h e  c o m m o n . e x p r e s s i o n - u n d e r  t h e  s q u a r e  r o o t  i n  E q ( 3 . 1 5 )
• • »
c an  be  r e w r i t t e n  a s  f o l l o w s :
V Y h l h Y + -  a t < , M o V  1 ' ,
V a  t< X ) <O O  - s "
By i n t r o d u c i n g  now -
The d i r e c t i o n  c o s i n e s  w i l l  f i n a l l y  be o b t a i n e d . a s  -
(3
cosft
co& f.
CO
, V E U i * C >  * + 1
 2 kg ?0 -  k ,  L  _
V T i i p ^ y T T T ^ y r r
* r
( 3 .
The n e x t  p r e p a r a t o r y  s t e p  i s  t o  d e t e r m i n e  t h e  d i r e c t i o n  
c o s i n e s  o f  r t h e  h o r i z o n t a l  w ind  i n  t h e  ( { ^ , z  ) s y s te m 1. 
D e n o t in g  t h e s e  q u a n t i t i e s  h y : c o s o c  c o s < x  > and  c o s c C ,  ,1 J ft . 3
from P i g  .3 we o b t a i n  .. * ■
-  r + 5o° 
cos «• cos C 9 0%3*3 “ -  sin  2f
HORIIONTAL
F I G .3 .U .
I n  d e t e r m i n i n g  t h e  o t h e r - t w o  d i r e c t i o n  c o s i n e s ,  i t  can  he  
s e e n  t h a t  t h e y  a r e  e q u a l  and  t h e i r  v a l u e s  a r e
o< ® o( *  45* + r / 2. -<\ 2.
C o n s e q u e n t l y  t h e  t h r e e  d i r e c t i o n  c o s i n e s  o f  t h e  h o r i z o n t a l  
wind, d i r e c t i o n  w i l l  h e :
T ak in g  now a u n i t  v e c t o r  p Q w h ic h  i s  a c t i n g  p a r a l l e l  t o  t h e  
h o r i z o n t a l  w ind  d i r e c t i o n ,  one. can  w r i t e ,  /
' * L COSof^ j + J  c<7Sofa v U coSrt j       ( 3 . 1 9 )
• ■ O
The p u n i t  v e c t o r  and  t h e  n  no rm a l  v e c t o r  e n c l o s e  an  a n g l e d  o
( P i g . 3 . 2 )  and t o  o b t a i n  , . t h e  s c a l a r  p r o d u c t  o f  t h e s e  i s  ;
t o  he  composed.  ; • .
. c - . v i
Namely -  ' h
n .  p  =* ]n  | | p |  c o s  /> . f rom w h ich
COS J> «  H  «  CctT + taJ  V C  U 3 -  c r  O O S^ + J  COSo<2 + U COSo<3 )
Y a1 + ♦ c*-v „ y c d 4- c o C o .
COS/* *► CL COScK^  + \=> COS Q< Z V C CC?So<3
^  ajF~ v- t>4rVc^-' •
But i t  c an  a l s o  he  c o n c l u d e d ’f rom  P i g . 3 . 2 ,  t h a t
+ A « 2>o° 
c o s / .  -  °>in A
and so  ' '  .
sin  }\ ■ o. COSoC^  4 bcOScf^4 c co 5o<3 ^.........  ( 3 . 2 0 )
, ' / y a l  + V>z+
S u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  v a l u e s  o f  a , h , c ,  > ^ 4. an<^  
we f i n d -  ' h
Sin
(2 cosC-ls0+y/0+  C2.k**ZQ“ kj^«3tos» C^ s*-*- 3V2J -  *m ^
V ( JW . - l < , t /  +CrW1*2.-l<i '
SlUCE c o s  ( i5 °*  ~ )  « ^  ( c o s + v i n ^ )
Sin 7, -
lit ( c o s |  4. cir. |  ) ( 1  U<? . » a U a. y U , , U  - t > jo  r 
f 2 ( c o s  f  «• s i n  i K l U ^ - l c . , ^  V ? . }  -  t f , i n  r
z V u  q +  t v ) c  -  s i < > 2 f . 2  * 1
 ( 3 . 2 1 )
and  t h e  d e s i r e d  te rm  o f  E g . (3*2)  w i l l  t h e n  he  -
Sinz ^ (cos | '+5»n|) t.(2.l<;L-l<3<2:tfo+70T -  2.1/2 (eosf+sin £,) sin r + i b i n 1/ '
By i n t r o d u c i n g *  c  *= (co6 \  * *>"-?)*( tU^-U*)2-
and a g a i n
D “  ,V2 ( cosT J*
A.$ “  2.
e ; -  - -
F -  «K.w4
(3 ;2 2 )
( 3 . 2 3 )
E q . ( 3 . 2 2 )  ‘becomes -
. .  ■■ c (  W . > 1 + & I V O +Sin1 a
2 [ e t C < ) * F i . v 1l
( 3 . 21+)
c o n s e q u e n t l y  t h e  w ind  f o r c e  can  ,he  w r i t t e n  a s
W - . f 0  sm * A P 2 [ E ( l M o >  f  L z ^ ] ( 3 . 2 5 )
The p r o j e c t e d  l o a d  components  o f  W, i n . a  r e c t a n g u l a r  s y s te m ,  
w i l l  t h e n  he  o b t a i n e d  h y  m u l t i p l y i n g  W w i t h  t h e  c o r r e s p o n d i n g  
d i r e c t i o n  c o s i n e s ,  v i z .  -
Substituting "the values of 3 c o s ^  .and'.cosf . ',_ from
E q s . ( 3 . 1 7 )  a s  w e l l  a s  t h e  v a l u e  o f  W f rom  Eq.- ( 3 . 2 5 )  we 
f i n a l l y  a r r i v e  a t  -
. , f> [°C £ *  l o f *  D (■ ?°V ^ s R 2 K  *.+ K  I -  )
VVf ”  2 [ E < ! >  ♦ F '•I ■
u
w .
2 [ £ ( 5 > ? h  + M . v f l
p Cc o . - 'U 1 ♦ dc? .+ « +^ ]
2 [ E ( C * S > F U . + 1]
( 3 . 2 7 )
R e t u r n i n g  now t o : t h e  o r i g i n ’a l ,  o b l i q u e  s y s te m  o f ' c o - o r d i n a t e s  
( x , y , z ) i n  w h ic h  a l l  o f  t h e ‘p r e v i o u s  i n v e s t i g a t i o n s  were  
c a r r i e d  o u t ,  t h e  t r a n s f o r m a t i o n  d e s c r i b e d ;b y  E q s . ( 3 . 3 )  h a s  
t o  be  i n t r o d u c e d .  T h is  t r a n s f o r m a t i o n . l e a d s  t o  t h e  f o l l o w i n g  
e x p r e s s i o n s  o f  t h e  v a r i a b l e s  -  . . ' .
{ COS <f 4- * b \ n  < f )  (  * . 4 -y .)
£  - x * +  y 1 +  2 . * y  2 .* ?
( L *  2 o ^ = C 1+ * i n  2 L f  )
i ? „ ' I ' f
2  M . -  K 2 „  - x  ( <l W 2 c o s « f > -  W ^ s i n f )  +  y C  -  W ^ c o s f )
2 -  k ,  I - X  C 2.  W +  y  (  2  k 2  s » n f )
• (3 .28 )
The common d e n o m i n a t o r  i n  E q s . (3*27)  c a n ' t h e n  be  w r i t t e n  a s  -
*  (  E * P f .^(F + 2Eym2f3>cy + 1
( 3 .2 9 )
I n t r o d u c i n g  now . the  f o l l o w i n g  a d d i t i o n a l  symbols  -
A -  . c C i + ^ ' m a f )A '
* DC f  + s»\w tf y  
A4 ~ 2.U4cosf -
< A^  *■ 2 cos*f
A6 » E + o-5 Fs\n
A 7 -  F  + 2 E V\n 2 ^
The common d e n o m i n a t o r  o f  E g . (3*27)  can  t h e n  be w r i t t e n  a s  -
2 ' [k 6 ( x N y * i  «■ +1]
And th e  p r o j e c t e d  l o a d  components  i n  t h e  ( x , y , z )  s y s te m  become
\  /  -  [ A ACxvy)a + AaC*»y)» As ^3 1°
* A7xy  v V]
\ a / z  "
[A ,(> u y )1 + A^C**:/)* A3]  (. As ** A^ y.) |> 
[A6(xHy*l + A7*y + l]
[ A., cx+:Ol..+ A2(%+yj* A3]  p
2 [^&kxHy1)+ A7xy *1]
The l o a d  f u n c t i o n . c a n  now b e 1s p e c i f i e d  as
( 3 . 3 0 )
L A&Cxl ^yi l  +k7xy+ \ * *
and  t h e  p r o j e c t e d  l o a d  components  w i l l  be  fo u n d  i n  the.
f o l l o w i n g  f i n a l  f o rm s :
(3 .31  )
V 7 .  “  2- +
Wy - 
W. “ JLi2 L Cx.y^
( 3 . 3 2 )
3 .2 .1  . 3 .  LOAD FUNCTION FOR THE
WIND DIRECTION N o .2 .  ( F i g . 3.1 . B . )
The d i r e c t i o n  c o s i n e s  o f  t h e  h o r i z o n t a l  w ind  ' 'can bei
fo u n d  i m m e d ia t e l y  f rom  F i g . 3 . 5  
n am e ly  -  I  :
CO S c* ,  -  c o s  1^5° »  -  lte/2
i/5/z 
o'
c o s <*2 •» c o s  -4 s
COSoC ' * COS $On '«
( 3 . 3 3 )
P I G .3 . 5 .
■The u n i t  v e c t o r  now, w h ich  i s  assumed t o  a c t  p a r a l l e l  t o  t h e  
h o r i z o n t a l  w ind  can  "be d e t e r m i n e d  a s  -
f i n a l l y
P,
= l coSo( + J Co&crf^  + U
=  X - :  ■ (3.31+)
The a n g l e d  w h ich  i s  e n c l o s e d ,  "by -the .p u n i t  v e c t o r  and t h e  n  
no rm al  v e c t o r ,  can  t h e n  t e  o b t a i n e d  "by composing t h e  s c a l a r  
p r o d u c t  o f  t h e s e ,  and  f rom w h ich  -  v -
_  ~ r u f o  (c x u  v  l=>j” * c U ^ . C L COSoC  ^ + J  COSO<2  V tc COSo(.
i H U p l  ■  ^ JvC&‘X > * 0 )  C CoS l oti * C osV j+ C o SV^Y
by  s u b s t i t u t i n g  t h e .  c o - o r d i n a t e s  -■
.  ^ t/i + C2. 1<2.42o'“CO«,/> «  ^ « -A V.°, 16t> ....   : i ...
2. V  K  W 1 + W1 U  * A
Introducing now the notations of (3.16) w e ■finally arrive at -
2 [ e CC+?=)*- F L ? „  + t j ■ ( 3 . 3 5 )
The p r o j e c t e d  l o a d  components  i n  r e c t a n g u l a r  sy s te m  o f  
c o - o r d i n a t e s  a c c o r d i n g  t o  E q s . ( 3 . 2 6 )  w i l l  h e  o b t a i n e d  -
W« = -
W ,
W z
2.
p [c z k; i„- - c i  W  i . -  u,u ]  (. i uz i u ,  ^
p [ a M o -  K 1?.) -  c t W u ,  u l a U z ? . - u , U  
[EC F l ^ M ]  „
P [ » M . - >«»?.>-c t k ? . -  m .y! 
[ E U M p  * V i .  *2. *1]
( 3 . 3 6 )
R e t u r n i n g  now t o  t h e  o r i g i n a l  sy s te m  o f  c o - o r d i n a t e s  ( x , y , z ) ,
 ^ • ’ 
t h e   ^ and  v a r i a b l e s ' h a v e  ‘ t o  be  s u b m i t t e d  t o  t h e
t r a n s f o r m a t i o n  by  E q s . ( 3 . 3 ) .  T h is  and  t h e  i n t r o d u c t i o n '  o f  t h e 7!
n o t a t i o n s  o f  E q s . ( 3 . 2 8 )  and  ( 3 . 2 9 )  l e a d  t o  t h e  f o l l o w i n g  v a l u e s
o f  t h e  p r o j e c t e d  l o a d  com po n en ts ,  v i z .  -
\ a / x “ ~
W y ~
W z
p [c^z~  ^ H » - y ) ] (  ^ 4 * + V)
* A7 )Cy + 1]
p[c k 4-  k s ’) c % - y ' )  ] c
A7 * y  ♦ i j
p [ c ^ - A s) ^ - y ) ] 4
L^s C*-1 \ ]
(3.37)
The load function can now he specified as -
‘ v ■ : ■ '• : r - : 
| , j . A . x - y y 1 ' y-L  “.................. . ......  ....................... ( \r%8)
and t h e  p r o j e c t e d  lo ad ,  components  w i l l  he fo u n d  i n  t h e  
f o l l o w i n g  f i n a l  fo rm :  '•
V* ~ 2 y)  ( v a s
Wy ** 4 L2 C ^  v/K As*
Vc "  4 L 2t * ,  i/3
(3 - 3 9 )
3 , 2 . 2 .  DETERMINATION OF THE STRESSES
3 . 2 . 2 . 1  . G-ENERAL ' '
Having  d e t e r m i n e d  t h e  p r o j e c t e d  l o a d  components  i n  
forms, o f  t h e  a p p r o p r i a t e  l o a d  f u n c t i o n , 1 t h e  p se u d o  . s t r e s s ,  
com ponen ts  can  he  o b t a i n e d  i n  t h e  u s u a l  m a n n e r . .
The g ( x , y )  f u n c t i o n  now becomes
t < y H  «- k * .w y -  w ,  ........ ( 3 !
and t h e  p se u d o  s t r e s s  components  a r e  :
T =     . ( 3 . 4 1 )
Nx = -  - J W x d x '  '  . • . . •  • • • ..................................... (3.U2):
- ] W ^  . ....( 3 .43 )Ny
The f i n a l  s o l u t i o n , -  f o r  t h e  two l o a d i n g s  d epends  on t h e
W ,W ,W q u a n t i t i e s ,  which  were d e t e r m i n e d  s e p a r a t e l y  f o r  x y .jl
e a c h  o f  t h e s e  l o a d i n g  c a s e s  i n  t h e  p r e v i o u s  two s e c t i o n s .
3 .2  .2 .2 . STRESSES DUE’ TO WIND DIRECTION 1 .
L e t  u s  s u b s t i t u t e  W . W and  W from E q s ( 3 - 3 2 )x y • z
i n t o  E q (3 .U 1 )? t h e n  t h e  s h e a r  f o r c e  w i l l  be  o b t a i n e d  as  [
\ '
^ =: ( k, y)  y) — y)(As^* Aj, y ) — ^  “jrL^
f  = y  As y) + %{.(Ks 'k*■ A^y} + -p: Cx^y) N
T = *“f  ^ M * 1+ / 3  + H a *V v - j j  ( ^ y )
L ( x , y )  -  A^Ufryj*. k $  /
 ^ 4- 1 _
b y  d i f f e r e n t i a t i n g  t h e  s h e a r  f o r c e  w i t h  r e s p e c t  t o . x  and y
we have  :  £
A-
’ £>y 4
The d e r i v a t i v e s  i n  E q s (3 .U 5 )  and (3.^-6). w i l l  be  d e n o t e d  by
eU5*. Li()<iV) k5/ *
U l y . -  As^L^x^jj HAsaH  A s / . H ^ j *  A —
3/.  '
£? L t U ,  y ;  , *
and t h e i r  v a l u e s  a r e  woj?ked o u t  as  f o l l o w s  :
_  [kki U+;Q + A2J + k7*y 4-f]- [Ay U*tQz-+ K-2.C**y)f A J  ( £ A&X+- A7llD
[A<i,CKa-t-i/a3  ^A7
K ?-X.y-v-K 5
AtSd-'-y2!  ■*■ A; *y M'
A&U*>y*l*A7*y v \ AfcCidvi/2) * A7*>jM
-  I (* ««t «>
and in similar manner,
C v x _
1 - A^Cx^'-sl'lvA/*;/ M
I n t r o d u c i n g  t h e  n o t a t i o n s  o f  Eqs(3*l+7)j  t h e  c o r r e s p o n d i n g  
d e r i v a t i v e s  .of  t h e  s h e a r  f o r c e  w i l l  he  o b t a i n e d  a s  f o l l o w s
• 1+1+ )  :
(3-1+5)
(3-1+6)
(3-1+7)'
(3.1+8)
(3-1+9)
3T
•>*
_ ' r
Clk5x ^ s / U  A4*y CO ] . .  . . , 4 1 3 . 5 0 )
3T [ 2< > 4*+Asy)^GVJ:)  +
( 3 . 5 1 )
S u b s t i t u t i n g . t h e s e  d e r i v a t i v e s  as  w e l l  a s  t h e  W and  Wx ' y
components  f rom  Eqs ( 3 . 3 2 )  i n t o  Eqs (3 .U 2 ) a n d  (3.U3)> 
t h e  p r o j e c t e d  n o rm al  s t r e s s  components  w i l l  be  w r i t t e n  
a s  f o l l o w s  : ^
u. p3T 4AS '/J [xL1C*iiO J *  ■*• <C^sy1+^ 1 $
+ 2 Aa v J x c ^ C ' j ) e lx  + ............. 03-52)
W .  1 + 4A4 j y  L^CX.ylJy + (A5) 0 + - j 4 J j ( 0 J y
* * ^ JV ^ M -iy ] . ......... (3 .53)
By i n t r o d u c i n g  t h e  f o l l o w i n g ,  n o t a t i o n s  :
m O')
j ^ V - D ^ *  •, , J  ■- } L,Cx,v)Jy
4*
CO
T -  (*
o *✓ ^
(O
ax.
,co
I,., “•3*
.0)
T * f*5cy)^*
4* J 1 /
ov
I ». f a.1 ^  Cy)*bc
5x ■* v j
[  -  fy O .u .y jdy
x2.y
(0
T » . f <L C*0 A \ /
xi)j J *
0)
I  “ fy^ .co^y
0)
T. *Asv/ y . n '
( 3 .51+)
t h e  n o rm a l  s t r e s s  components  w i l l  t h e n  be o b t a i n e d  i n  t h e  
. f o l l o w i n g  fo rm  :
R e w r i t i n g  t h e  d e n o m in a to r  o f  t h e  l o a d  f u n c t i o n  i n  t h e  
f o l l o w i n g  form :
AGCvA.y*:>^7 *y = A6x-+A6/ + A 7x y + N ( A fiy M > A 7xy + Asx*'« (A6*V1) + A7*y + Aey
t h e  f o l l o w i n g  n o t a t i o n s  can  he  i n t r o d u c e d
■* (A6 ya+t) + A7 y% +
f W  « (A6 *l  +1) + A; xy  4 As y
I n  t h e  e x p r e s s i o n s  o f  f ( x )  and f ( y )  t h e  l e t t e r s  y  and  x 
a r e  c o n s t a n t s  r e s p e c t i v e l y .  C o n s e q u e n t l y  i n  Eq( 3.1+2). t h e  
f u n c t i o n  f ( x )  and i n  Eq(3. ' l+3)' t h e  f u n c t i o n  f ( y )  w i l l  he 
used .-  I f  we s u b s t i t u t e  now t h e  c o r r e s p o n d i n g  t e r m s  o f  
E q (3 ‘.57)  i n t o  E q s ( 3 - 5 5 )  and ( 3 * 5 6 ) ,  a l l  o f  t h e  c o m p l i c a t e d  
i n t e g r a l s  o f  t h e s e  e q u a t i o n s , c a n  he  e x p r e s s e d  i n  t e r m s  o f  
t h e  f o l l o w i n g  s im p le  i n t e g r a l s  :
( 3 - 5 7 )
dx
ft*)
dx
m t >
xdx
ft*)
I XdX 
! [ » ]
X^dx.
m
*tdX
fli)
a ■» fjddx_ . f . (XAdx . fh m z ’ i m z J J im F  J i
■ ■■■ ( 3 - 5 8 )
I fey)
.Vd V
ffcO fUtt ■pT
fir ( 3 - 5 9 )
f-jy - . ( y2dy._ . (_y,3dy__ . f
M 2 * Jtfw)]* * J [ f ^ j j  i i m z J i  [ f ^ r
The f i n a l  f o r m u la e  f o r  E q s (3*55)  and  (3*56)  as  w e l l  a s  t h e  
s o l u t i o n  o f  t h e  a s s o c i a t e d  i n t e g r a l s  (3*58)  and (3*59)  a r e  
g i v e n  and t a b u l a t e d  i n  s e c t i o n  3 .2 .2 .1+ .
3. 2. 2 . 3 • STRESSES DUJli l'U vvxiNiJ d ±si&kj ixwis
L e t  u s  s u b s t i t u t e  W , W and' W f ro m  Eq[s( 3.'39x y  z - ■
i n t o  Eq_(3 .4 l)»  t h e n  t h e  shear ,  f o r c e  w i l l  he  o b t a i n e d  a s
T = - A SC ^ V + -  U c * , ' j y  . (3 -6 o )
w here  l o ( x , y )  
a s  g i v e n  i n  E q ( 3 . 3 8 )
By d i f f e r e n t i a t i n g  t h e  sh e a r^  f o r c e  w i t h  r e s p e c t  t o  x  and  y ,  
we h a v e : •
2(Ask.*-AAy)L2C*.«) *"( As* +o r7> * ±A ( 3 . 6 1 )
<DT £
s y  ~ 4. 2 ( f \ A% + A5 ' - / ) U c v - 0  * ( A s x V  A sv  >- £ A ^ * y  ■»• ?L j ^ ' vA]  ( 3 . 6 3 )•  • »
The d e r i . v a t e s  i n  E q s ( 3 . 6 1 )  and  ( 3 . 6 2 )  w i l l  he  d e n o t e d  h y :
_s > L * cx. j o _ w j  w
7) *
Ld l 2 Cx.y) ?oCt/)s>y T2
and t h e i r  v a l u e s  a r e  a s  f o l l o w s :
( 3 . 6 3 )
f  o 00 '«— 2. [(AA 3 / ~( AA s) (Ar As)[Ac  ^7 * t l" [( Aa~ A s') a A a. ~ A shy] {?-P\G,is+ A 7i/3
i w  =— 2.[^Aa As-) - C Aa~ Af) y_ h i "  As
"1 21[(ArAs)x-{Ai~Af)i. Ag  ^+ AtR)
-  2L2t*,y> '  Utx.'-O- AtcAht+A7)^Cy+ 1
I n t r o d u c i n g  t h e  n o t a t i o n s  o f  E q s ( 3 . 5 7 ) . we f i n a l l y  a r r i v e  a t
=  —^ - Lst — v L. fO ) (3-61+)
and i n
s i m i l a r  m anner
fC.VJ ( 3 . 6 5 )
The s h e a r  f o r c e  d e r i v a t i v e s  w i l l  now he o b t a i n e d  a s  f o l l o w s :
QT _  i
^  * “ 4
3 T  '
d d “
p
T l ( k A* + - L o 4-(As +^- As 'A  (v) (3 -6 7 )
S u b s t i t u t i n g  t h e s e  d e r i v a t i v e s  a s  w e l l  a s  t h e
W and  W c o m p on en ts  f r o m  E q s ( 3 . 3 9 )  i n t o  E q .s (3 .4 2 )  and  ( 3 .4 3 ) >  x y
t h e  p r o j e c t e d ' n o r m a l  s t r e s s  co m p o n e n ts  w i l l  be. o b t a i n e d •a s  
f o l l o w s : '
Nx j L ^ t v - O ^ *  ¥ + (Asy1* ^  J ^ C nJ)4k
+ 2 4 A ' j j * ? 2C'J)d* + 4 s J * ^ C vJ ) d * ]  . . . . . . . .  . . . . .  ( 3 . 6 8 )
my 4 4 Jy L2(.v.0dy 4 
+ £ M  j 4 ksj y ^ o o d y ]    ( 3 . 6 9 )
By i n t r o d u c i n g  t h e f o l l o w i n g  n o t a t i o n s : .. !
r(£)
•MX |  L2 ( v j ) 4 *
..>
r - |  L2(*,y) dy
. )
T(i) 
1 2X j  X.L^U.V^d* j
*r(h
x 2y
j  i /L j jU.yjdy ;
tW
4 3* J v ^ a k - *j
T (X)
1 *x 3y
j ^ C O d y ,  ^ . . . . •• ( 3 . 7 O)
rto
-‘-Ax
J  *$2(y3eix \3 x4v
|  i/?2(*)dy
/ .  . ,
r -■*■ 6* 3 rCO43 j i / ^ W d y
The n o r m a l  s t r e s s  c o m p o nen ts  w i l l  be o b t a i n e d  i n  t h e  
f o l l o w i n g . fo rm :
N =y 4 I  ks*
o 4 T'
4 A4 t y  + ( k* * + k i i;/ + 2 A4
■a>
s-*
-a)*
sy
A l l  t h e  i n t e g r a l s  o f  E q s ( 3 . 7 l )  and  ( 3 . 7 2 )  c a n  be e x p r e s s e d  
i n  t e r m s  o f  t h o s e  s i m p l e  i n t e g r a l s ,  w h ic h  a r e  g i v e n  i n .  
■(3.5-8) and  ( 3 . 5 9 ) .  The f i n a l  s o l u t i o n  f o r  t h e  p r o j e c t e d  
n o r m a l  s t r e s s  com po n en ts  a s  w e l l  a s  t h e  a s s o c i a t e d  
i n t e g r a l s  ( 3 . 5 8 )  and  ( 3 . 5 9 )  a r e  g i v e n  and  t a b u l a t e d  i n
s .  % •
S e c t i o n  3. 2 . 2 . 4 .
3 . 7 1 )
3.* 72)
3 . 2 . 2 . 4 .  USE OF TABLES
A l l  t h e  i n t e g r a l s  r e l a t i n g  t o  ^the c o m p u t a t i o n  ^
o f  t h e  n o r m a l  s t r e s s e s  f o r j w i n d  d i r e c t i o n s  1 and  2 a r e
sum m arized  i n  T a b l e s ■ I I I .1, and  I I I .  2. The c o n s t r u c t i o n  of.
t h e s e  ' t a b l e s  makes i t  p o s s i b l e '  t o  c a l c u l a t e  t h e  s t r e ’s s -
co m po n e n ts  s t e p  by  s t e p  i n  t h e  f o l l o w i n g  o r d e r .
F i r s t  o f  a l l ,  t h e  a s s o c i a t e d  f u n c t i o n s  h av e  t o
b e ■c a l c u l a t e d  f o r  t h e  p r e d e t e r m i n e d  v a l u e s  o f  t h e  x and y
c o - o r d i n a t e s .
( ■ ■'  ,
T h is  i s  f o l l o w e d  by  t h e  c a l c u l a t i o n  o f  t h e
a s s o c i a t e d  i n t e g r a l s ,  where  a l l  t h e s e  i n t e g r a l s  a r e
. e x p r e s s e d  i n  t e r m s  o f  t h e  p r e c e d i n g  o n e s .  I n  o t h e r  w o rd s ,
a  r e d u c t i o n  m ethod  o f  i n t e g r a t i o n  i s  d e v e l o p e d  where  a l l
t h e  i n t e g r a l s  a r e  e x p r e s s e d  i n  t e r m s  o f  t h e  f i r s t  o n e ,
a f t e r  a l l ,  w h ic h  i s  (££1 o r  f iW
■ J < U
The s e c o n d a r y  and  p r i m a r y  i n t e g r a l s  a r e  now t o  
be com puted  where  . a l s o  a ' r e d u c t i o n  m ethod  o f  i n t e g r a t i o n  
i s  d e v e lo p e d '  s i m i l a r  t o  t h a t  o f  t h e  p r e v i o u s  g ro u p  o f  
i n t e g r a l s .  * . ' - '
The n o r m a l  f o r c e s  a r e  o b t a i n e d  by  s u b s t i t u t i n g  
t h o s e  i n t e g r a l s  i n t o  t h e  p r i n c i p a l  f o r m u l a e .
I n  c o n s t r u c t i n g  t h e  t a b l e s ,  i t " w a s  f o u n d  n e c e s s a r y  
. ' t o  e n s u r e . t h e  p o s s i b i l i t y  o f  A  r e l a t i v e l y  s i m p le  way o f  
c o m p u te r  p ro g ra m m in g ,  p r e c i s e l y  to  r e s o r t  t o  a  s e r i e s  o f  
a l g e b r a i c  s t a t e m e n t s .  -This  e f f o r t  was made and  t h e  r e s u l t  
i s  g i v e n  i n  t h e  f l o w  c h a r t  on t h e  n e x t  p a g e .
INPUT
OUTPUT
GO BACK ■
STOP
READ BASIC CONSTANTS
CALCULATE
ASSOCIATED
PARAMETERS
. CALCULATE 
ASSOCIATED FUNCTIONS
CARRY OUT ■
THE
FROZEN TECHNIQUES
' CALCULATE ■ ‘
ASSOCIATED INTEGRALS
-SUBSTITUTE
FOR'THE SECONDARY 
INTEGRALS
. SUBSTITUTE
FOR .THE PRIMARY 
. INTEGRALS
MULTIPLY BY<*(x,-y) AND l /« * ( x ,y ) .  TO GET 
FINAL MEMBRANE STRESSES
MULTIPLY BY THE ASSOCIATED PARAMETERS 
AND ADD IN PROPER FORM TO GET 
THE PSEUDO STRESS- COMPONENTS
WHERE x AND y REACH
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• .CHAPTER IV . '
THE ANALYSIS OE RECTANG-ULAR LAMINATEP
TIMBER HYPAR SHELLS WITH PARTICULAR ' '
REFERENCE TO THE EPG-E-DISTURBANCE AND ' i. -
• ' - ■ FREE CORNER DEFLECTION.
4 . 1 .  . SCOPE OP THE RESEARCH.
■ The o b j e c t  o f  t h i s  r e s e a r c h  was p r i m a r i l y  t o  f i n d  
•the' d i s t r i b u t i o n  a n d . t h e  maximum v a l u e s  o f  t h e " B e n d i n g  
moments w h ic h  o c c u r  i n  t h e  h y p e r b o l i c  p a r a b o l o i d  s h e l l ' -  
and  s e c o n d l y ,  t o  o b s e r v e  t h e  e f f e c t  o f  t h e  edge  beam s.
I t  was f o u n d  t h a t  t h e  s t i f f n e s s  o f  t h e  edge  members 
i n f l u e n c e s  g r e a t l y  t h e  d i s t r i b u t i o n  o f  t h e  b e n d i n g  moments,  
t h e r e f o r e  t h i s  e f f e c t  i s  c a l l e d  t h e  e d g e - d i s t u r b a n c e . .
E x t r a  c a r e  was t a k e n  i n  i n v e s t i g a t i n g , t h e  
d e f o r m a t i o n  o f  t h e  edge members ,  i n  p a r t i c u l a r ,  where  
t h e y  were  n o t  s u p p o r t e d  a l o n g  t h e  p e r i m e t e r .  I t  was fo u n d  
that- ,  t h e  s t a b i l i t y  o f  t h e s e  s h e l l s  g r e a t l y  d e p e n d s ,  on t h e  
d e f l e c t i o n  o f  t h e  f r e e  e d g e s  and  t h e  s a f e t y  o f  t h e  s h e l l  
c an  be e x p r e s s e d  a s  a- f u n c t i o n  o f  t h e  f r e e  c o r n e r  d e f l e c t i o n .  
S i n c e  t h e  s t r e s s e s  i n  t h e  t i m b e r  s h e l l s  a r e  g e n e r a l l y  f a r  
b e lo w  t h e  p e r m i s s i b l e  v a l u e s ,  t h e  f r e e  c o r n e r  d e f l e c t i o n  
c an  Be r e g a r d e d  a s  a  b a s e  on w h ic h  t h e  s a f e t y  o f  t h e  
t i m b e r  s h e l l  r e s t s .
I n  o r d e r  t o  o b t a i n  i n f o r m a t i o n ,  t e s t s  have  b e e n
■ ' K .
c a r r i e d  o u t  on s i n g l e  h y p a r  s h e l l s  w i t h  a  sh a p e  f a c t o r  o f  
k = 0 .0 0 1 5 8  a n d ' two d i f f e r e n t  s u p p o r t i n g  c o n d i t i o n s  were 
examined. .  (MK.1 and, MK.2).  F o r  s h e l l s  MK. 1 t h e  e d g e -  
beams a t  t h e  low c o r n e r s  were  r e s t r a i n e d  a g a i n s t  d i s p l a c e ­
m en ts  and  r o t a t i o n ,  w h i l e  t h e  e d g e s  w e r e ' u n s u p p o r t e d : .
" S h e l l s  MK.2 had  t h e  e d g e s  a t  t h e  low c o r n e r s  s u p p o r t e d  
a g a i n s t  h o r i z o n t a l  and  v e r t i c a l  d i s p l a c e m e n t s  h u t  n o t . ,  
a g a i n s t  r o t a t i o n .  Two a d j a c e n t  e d g e s  were  c o n t i n u o u s l y .
s u p p o r t e d  and  t h o s e  o p p o s i t e  e d g e s  were  u n s u p p o r t e d
Beams were  p r o v i d e d  a l o n g  t h e  e d g e s  f o r  b o t h  c a s e s  and  t h e  
s t i f f n e s s  o f  t h e s e  w ere  a l t e r e d  f o r  t h e  d i f f e r e n t ■s t a g e s  . 
o f  t h e  t e s t  p r o c e d u r e .  Three  s i z e s  o f  t h e  edge beams 
(A ,B ,C )  were  i n v e s t i g a t e d  f o r  e a c h  t y p e  o f  s h e l l .
'.(MK.1 and  MK.2)
The whole  r e s e a r c h ,  i n c l u d i n g  c o n c l u s i o n  and 
s u g g e s t e d  m ethod  o f  a n a l y s i s  b a s e d  on nomograms,  was 
p u b l i s h e d  by  t h e  TIMBER.RESEARCH AND DEVELOPMENT ASSOCIATION 
i n  1965 u n d e r  t h e  f o l l o w i n g  t i t l e :
AN EXPERIMENTAL INVESTIGATION 
INTO THE 
STRESS AND DISPLACEMENT 
DISTRIBUTION IN' HYPERBOLIC , • 
PARABOLOID TIMBER SHELL ROOES
T h is  r e s e a r c h  p a p e r  i s  c o v e r e d  i n  t h e  -second  volume o f  
t h i s  t h e s i s . ' 'V • „
To f i n d  more e v i d e n c e  f o r  t h e  m ode l  p r o t o t y p e  c o r r e ­
l a t i o n  i n  t i m b e r ,  t h e  . i n v e s t i g a t i o n . o f  t h e  e d g e - d i s t u r b a n c e  
was e x t e n d e d  f o r  l a r g e r  s h e l l s . .  The r e s u l t  o f  t h i s . r e s e a r c h  
a s  w e l l  a s  t h e  s h o r t  resum e  o f  t h e  above  p a p e r  we're s u b m i t t e d  
t o  t h e  INTERNATIONAL SYMPOSIUM ON 'SHELL STRUCTURES o r g a n i s e d  ' 
by  t h e  INTERNATIONAL ASSOCIATION FOR SHELL STRUCTURES'in 1965,  
u n d e r  t h e  f o l l o w i n g  t i t l e - :
THE EDGE-DISTURBANCE AND THE 
FREE CORNER 'DISPLACEMENT OF - 
LAMINATED TIMBER HYPAR SHELLS 
BOUNDED BY STRAIGHT GENERATORS
T h is  p a p e r  i s  a l s o  i n c l u d e d  i n  t h e  s e c o n d  volume o f  t h i s  
t h e s i s ' .  \ ‘
- 4 .2 .  ' THE BEHAVIOUR OF THE SHELL UNDER LOADING.
I n  o r d e r  t o  o b s e r v e  t h e  b e h a v i o u r  o f  t h e  s h e l l s  
u n d e r - l o a d i n g ,  t h e  f r e e  . c o r n e r  -  w h ic h  i s  t h e  m os t  
c r i t i c a l  p o i n t  o f  t h e  s h e l l  -  was s e l e c t e d  f o r  e x t r a  
d e f l e c t i o n  m e a s u r e m e n ts  and  t h e s e  were '  t a k e n  f o r  edge  
beams MKS "A " , " B " , and  "C" u n d e r  t h e  f o l l o w i n g  l o a d i n g  d a t a :
1 . 12 x WORKING LOAD.
2. 1 X - d o -
3. 14 X - d o -  ,
4. 2 X - d o —
The s p e c im e n s  w e r e . u n l o a d e d  a f t e r  t h e  f o u r t h  l o a d i n g  c a s e  
and s l i p  m e a su re m e n t  was t a k e n ,  and  t h e  r e c o v e r y  o f  t h e  
f r e e  c o r n e r  a l s o  o b s e r v e d .  A d d i t i o n a l  d e f l e c t i o n  m e a s u r e ­
m e n ts  were  t a k e n  f o r  t h e  edge-bea rns  MK"C". u n d e r .
5. 3 x  WORKING LOAD. -
6. 4 x  - d o -
The 4 ‘ x WORKING LOAD’ was s u s t a i n e d  on t h e  s h e l l s  f o r  one 
m o n th . .  D u r i n g ' - t h i s  p e r i o d '  s i x  i n t e r i m  r e a d in g s - ,  and .  a f t e r  
t h e  3 0 t h  d a y ,  f i n a l  r e a d i n g s  were  made' t o  o b t a i n  the- c r e e p  - 
due t o  SL is ta in ed  l o a d .  . Then t h e  s p e c im e n s  were .u n l o a d e d
\
and t h e  l a s t  s l i p / c r e e p  m e a s u r e m e n t s  were  t a k e n .
L o a d - d e f l e c t i o n  c u r v e s  a r e  p l o t t e d  i n  F i g s . 4*1,
4 . 2 ,  4 . 3  and  4 . 4 .  f o r  e a c h  o f  t h e  s h e l l s  and  edge beams 
where  t h e  s l i p / c r e e p  ( a s  w e l l  a s  th e '  r e c o v e r y  o f  t h e  f r e e  
c o r n e r ) - a r e  a l s o  i n d i c a t e d .  F o r  e d g e -b ea m s  "C" t h e  d e v e l o p ­
ment  o f  t h e  c r e e p ,  w h ic h  o c c u r s  due t o  s u s t a i n e d  l o a d ,  i s  N.
' ' c.
' . ’ *
a l s o  t a b u l a t e d . i n  t e r m s  o f  t i m e .
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■From F i g s . 4.1  and  4 . 3  i t  c an  be s e e n  t h a t  t h e  
b e h a v i o u r  o f  t h e  s h e l l s  w i t h  edge  beams A and  B i s  
e s s e n t i a l l y  l i n e a r ;  ho w ever  c e r t a i n  s l i p  was o b s e r v e d  . 
a f t e r  u n l o a d i n g  t h e  s h e l l s .  T h is  c a n  be e x p l a i n e d  by  
t h e  f a c t  t h a t  a  l a m i n a t e d  s h e l l  a lw a y s  c o n t a i n s  c e r t a i n  • 
r e s i d u a l  e n e r g y  w h ic h  i s  c r e a t e d  i n  t h e  s h e l l  d u r i n g  
c o n s t r u c t i o n .  T h i s  r e s i d u a l  o r  i n i t i a l  e n e r g y  i s  o v e r - . 
come i m m e d i a t e l y  t h e  l o a d  i s  a p p l i e d  t o  t h e  s h e l l ,  and  • 
r e m a i n s  u n r e c o v e r a b l e ,  on r e m o v a l  o f  t h e  l o a d ,  e v e n . i n  
t h e  e l a s t i c  r e g i o n .  The l o s s  o f  t h i s  i n i t i a l  e n e r g y  
e x p l a i n s  t h a t  t h e  100$ r e c o v e r y  n e v e r  c a n  b e ’ a c h i e v e d  
and  t h e r e  a lw a y s  e x i s t s  a b d u t  5$~10$ i n i t i a l  s l i p  w h ich  
we h a v e  t o  t a k e  - i n t o  a c c o u n t .
•By i n s p e c t i n g  F i g s . 4 . 2  and  4 . 4 ,  i t  c an  be s e e n  
t h a t  t h e  b e h a v i o u r  o f  t h e  s h e l l s  i s  a l s o  l i n e a r ,  e ven  
u n d e r  t h e  3 x  WORKING'LOAD. The i n i t i a l  s l i p ,  i s  a p p r o x i -  
.m at& ly  h a l f  o f  t h a t  ,o b s e r v e d  i n  t h e  c a s e  o f  e d g e -b ea m s  
A and  B. T h is  i s  e x p l a i n e d  by  t h e  h i g h e r  s t i f f n e s s  o f  
edge  beam C. The t a b u l a t e d  v a l u e s  o f  t h e  c r e e p  show t h a t  
25$ o f  t h e  c r e e p  p a s s e s  o f f "  d u r i n g  t h e  f i r s t  day  and  t h e  
80$ o f  i t  t a k e s  p l a c e  w i t h i n  t h e  h a l f  t im e . -  I t  can  be 
a s su m e d ,  t h e r e f o r e ,  t h a t  t h e  r a t e  o f  i n c r e a s e  d i m i n i s h e s  
s t e a d i l y  w i t h  t im e  and t h e  c r e e p  t e n d s  t o  some d e f i n i t e  
l i m i t .  T h i s  - l i m i t  c an  be  t a k e n  a s  3 . 5 $  o r  8$.- F r o m . t h e  • 
o b s e r v e d  c r e e p  phenom ena,  i t  c a n  be c o n c l u d e d  t h a t  t h e  
s h e l l s  c an  c a r r y  t h e  4 x Wr0RKING LOAD s a f e l y  and  no p l a s t i  
f l o w  o c c u r s  i n  t h e  s t r u c t u r e .
CHAPTER V
LAMINATED' TIMBER SHELL. •
' - . : ' . . ■ ■ ' X ' ■' " C ;'-
3.1 INTRODUCTION . • f
• ' ' . • H
Timber has-been used, for roof construction from time im-
memorial. For-’domestic buildings and for small houses, in .
particular, it remains the supreme structural material to this day.
Its economic and practical advantages in this field of construction
are so great, that despite acute rises in the cost of the material 
\
and prolonged periods of extreme penury of supplies^ substitute 
materials and alternative methods of construction fell out of use as 
soon as timber supplies were restored to normal. In■general.it is 
only in multi-storey buildings and in others of more than.average 
span, that steel replaced timber.
At the turn of the century reinforced concrete became'available 
as a new building material. Within the last generation, particularly 
since'precasting anci prestressing have been developed on. large scale, 
reinforced concrete has'become an important rival of steel. So far, 
in terms of volume of construction, -aluminium and plastic are playing 
a relatively small .but slowly increasing role.' In the face of these 
new materials timber has been effectively eclipsed until, quite 
recently. . ■ . .
Since the war, there has been a growing interest in.the use of . 
timber for domestic and industrial buildings.and for assembly'halls; 
particularly in U.S.A., Canada and in U.S.S.S. Soon after, mostly on 
the initiative Of the TIMBER DEVELOPMENT ASSOCIATION, as a-purely 
promotional effort,.a similar process started and came to pass in 
this country. The development of. the metal connectors facilitated the 
construction.of triangular frames, further, the appearance of-the 
better quality glue made possible the prefabrication of the
glue-laminated arches. Consequently the pattern of development 
followed the structural forms associated with mild steel. The. 
primary advantage of timber,: as structural material, namely, its 
high strength/weight ratio, is already well utilized and it became • f
clear, that the next phase is to: make more advantage of the thermal
insulation value of timber, as board material, in curved or in
doubly-curved surfaces..
The idea was close at hand now, to construct layers, consisting 
of relatively thin and narrow boards and to place one layer to
j
another in such a manner that the direction of the boards in .
different layers are mutually perpendicular. The results of the r
_ • /
various research’ investigations, carried out on this field, -proved V
that timber, as boarding material, is sufficiently stiff, elastic and
suitable to cover large areas without internal supports. The fact. A
• A
that the final shape of the boarded element is identical to that of '
the formwork -.on which the-boarding procedure was carried out -
opened almost unlimited opportunities to construct new surfaces, or to
follow those which already have been generalized in the field of 
reinforced concrete shells,, Timber became thus new, suitable and 
competitive material for space.structures in form of laminated timber ' 
shells.
A few examples will be given to illustrate the wide applic­
ability of' laminated timber shells. The examples are' confined to 
hyperbolic paraboloid surfaces/
FIG. 3.1.
Roof for the ROYAL CARPET FACTORY, WILTON. Central view of the com­
pleted roof. Total covered area 130 ft. x 130 ft. '
Built in 1937 *
Architect: R. TOWS END
Engineer: T.D.A. with the co-operation of H. TOTTENHAM
Roof for a factory in .NORTHAMPTON. The roof consists of sixteen 
individual hyperbolic paraboloid shells, each of these being 
A8 ft. x A8 ft.
The building was erected in i960 
Architect: SIR JOHN BROWN 
Engineer: DR. L.G. BOOTH
FIG. 3.3.
A very steep hyperbolic paraboloid shell roof for a studio in 
DURLINGTON. Covered area A3 ft. x A3 ft.
The construction was completed in 1939 
Architect:- R. TO VATS END 
Engineer: T.D.A.
FIG. 5.k.
A multi-connected hyperbolic paraboloid shell, consisting of three 
individual diamond shell elements designed by the author. The 
covered area is 375 sq. ft. The thickness of the shell is 9/1° ins. 
The shell elements were prefabricated in the structural' laboratory 
of the TIMBER RESEARCH AND DEVELOPMENT ASSOCIATION. >The first 
erection was completed in 196,3 • ' The construction was conducted by 
the author. •
5.2 MATERIALS
In order to develop new design methods for timber shells, or 
apply those already existing, one needs wide information about the 
materials from which the timber shell is built up. We have to assume 
that the material of the completed timber shell, the nailed and glued 
timber strips, is homogeneous and obeys the HOOKE'S LAW. Further it 
is assumed that .the behaviour of this material is identical to that 
of any glued-laminated structure. From the fact, that in those 
structures the glue line is always stronger than the timber itself, 
follows that the. strength of the shell will always be controlled by 
the strength of the timber strips.
In order to use timber economically, as the basic material of 
shells it is necessary to know its mechanical properties, among 
which the most important are the permissible stresses and the stressf 
which timber can endure for considerable periods of time; also the 
associated constants such as Modulus of Elasticity, Shear.Modulus and 
Poisson’s ration'f play a significant role.
The permissible stresses for glued-laminated structures varies 
with species, direction of grain and moisture.content and.are speci­
fied by the different codes of practice. The corresponding British
1 ■ ' v. ‘ •
Code is under revision and will shortly be republished.
All conventional softwoo'ds are ^suitable for shell structures, 
however the following are specially recommended: DOUGLAS FIR, HEMLOCK, 
.WHITE WOOD,-' EUROPEAN RED WOOD. It is required that these materials 
must be free from knots and cross grain and the maximum moisture con­
tent should not exceed '18%. For these materials, the permissible 
stresses are tabulated below;
SPECIES .
TENSION,-.’ 
PARALLEL TO- 
GRAIN •:
..COMPRESSION 
' 'PARALLEL TO 
’ , ’ ; .GRAIN ■
SHEAR -
COMPRESSION 
PERPENDICULAR 
.TO GRAIN
p s l .p s i p s i p s i
DOUGLAS
FIR
( .
1 6 0 0 1 2 5 0 3.75 3^0
HEMLOCK 1 2 5 0  , 1 0 0 0   ^ ' I k O  ■ 2 3 0
.WHITE 
WOOD -
1 2 5 0 950 140 2 3 0  •
EUROPEAN- 
RED WOOD
1 2 5 0 ,990 . i k o 2 8 0 -
TABLE V.l.
Tests to determine the strength of timber- under sustained load 
take a long time,'and probably for this reason not much systematic
work has been done on the subject. Apart from 'the time these tests
{ „ •
take, the variability of the timber is a factor which makes the 
study of the material more difficult than the rather uniform materials ■ 
such as steel and concrete. It is only in the last three decades [that
the behaviour of timber under stress has been investigated. The most
(L'\ ) ( L p )
important researches are of W. BARKES , Y. IVANOVv ■. and F .
( k - 3 )  \ ■BELYANKIir .
BARKES considered timber as a gel and discussed its elastic and 
other properties at low stresses. IVANOV considered timber as a 
vi^sopus-elastic and viscous-elasto-plastic medium. He made .the 
assumption that there is an initial stress below which no'plastic 
deformation occurs. This stress was'called by him the LIMIT OF PLASTIC 
FLOW. IVANOV proposed that the limit of plastic flow was in fact the 
stress which timber would, sustain indefinitely; this however was not 
confirmed by BELYANKIN- ' ~ .
' If timber is subjected to a sustained*load two distinct types of 
time-deformation curve 1 and 2 can be obtained. These curves are '• 
represented in FIG. 5.5* The .fact whether curve 1 or 2'occurs depends
entirely on the magnitude'of .the- applied stress
If the stresses are small the curve consists of two parts. The 
initial part (A) representing the immediate deformation on application
. of the load, and the second part (B) indicates a gradual increase in 
/deformation. (Curve 1. in FIG. 5*5*) The rate of increase of part (B)
steadily diminishes with time, and the deformation tends to some 
.definite limit. N • :
If large stresses are applied the curve consists of four parts,
(A) the initial part as before, (B) a range where the deformation ^
• ' ' ' V ■
increases at a steadily decreasing rate, (C) in which the deformation
increases at a constant rate, (D) a rapid increase in deformition
leading to failure of the material. • (Curve 2 in FIG. 5«5*) the last
part of this curve represents a total distortion of the wood.and it
•is of little interest. Following IVANOV the steadily increasing
deformation (part C of Curve 2) will be called the PLASTIC FLO*//, the
s
steadily diminishing increase in deformation (B of Curve 1) will be 
called CREEP and the initial parts (A of Curves 1 and 2) the 
INSTANTANEOUS DEFORMATION.
The essential difference between Curve 1 and Curve 2 is that,
1 is asymptotic to a constant value whereas 2 has a steadily increas­
ing part, i.e. plastic flow, which will eventually lead to failure, 
however small this steadily increasing rate, of deformation may be.
Thus if there is a stress above which plastic flow occurs this will ' 
also be the maximum stress which timber can sustain indefinitely.
The stress above which plastic flow occurred, the LIMIT OF PLA.STIC 
FLOW, was taken by IVANOV as being the sustained load strength.' More 
recently BELYANKIN disputed the equality of the limit of plastic flow 
and the sustained load strength and showed experimentally that the 
limit of plastic flow varied with the rate of .loading and was thus not 
an absolute property of the timber.
In' order to investigate these two characteristics, more closely, 
it is necessary to idealise the material. In this idealisation timber;' 
will be considered as an ideal viscous-elastic medium, which cah be,. • ..
represented by a rheological model as in FIG. ^.6,, having two parallel 
branches Which must deform equally. - %■■■
&R.&UC.W \ . vA A A A A A A A A A A  
E.U\*TIC 5.P5UN&
g> R \ N C H  2. 'VAAA/WVVW 9
ELASTIC SPRIW& CO v i s c o u s  DASWPOT
FIG. ^.6.
Branch 1 has a purely elastic spring with constant.k^ and the 
relationship between* force and deformation of this branch is written
as ' ' : . ,
(5 .1  )
Branch 2 consists of an elastic spring with constant k^ and a dashpot 
with a coefficient of viscosity ^  . The deformation of the two 
elements of branch 2 are related to the force applied to them and is 
given -.
/> 6 .
( 5 . 2 )
In branch 2 the load applied to the spring is equal to the load applied 
to the dashpot, and the load applied to the whole system is the sum of 
the load applied to the brarrches; Also the deformation'of the two 
branches are' equal • If (5 and £. are the total stress and deformation 
of the.system, we get A t
£ 1 =  £ 2 + £ S
<0 .
( 5 . 3 )
From (5*3) using (3*1) and (5»2) follows
0 8.4
S> t
©> 6 z
a t - a t <5 *
( 5 .U)
and putting . - 6"- 6'z
Eqs. (5*^) and (5*5) determine the deformation for any £ or 6 given 
as a function of time. The IVANOV- criterion for the onset of plastic 
flow is: 6 - , but since this limit of plastic flow was found
by BELYANKIN dependent on the rate of loading/therefore other 
criteria must be established. ,\ i
H. TOTTENHAM examined the consequences of assuming that the 
limit of plastic flow is reached when one of £, 2.^  ^ 3 * ^"2
rs r?
reaches some critical value with constant rate of loading,( 3^  = const)
£) £ 'and/or constant rate of straining ( = const). He arrived at the
criteria that plastic flow occurs when the critical strain is exceeded
and continuous while the elastic part of the strain exceeds this
critical limit. If ihe 'elastic and viscous properties of the material
are known the sustained load strength can be found by a direct measure-?-
ment of the onset of plastie ;.flow at constant rate of straining.
( WTOTTENHAM also determined the elastic and viscous properties for 
certain species of timber and for.the sustained load strength and for 
the limit of plastic flow the following expressions were .presented:
siderations as well as in the experimental stress analysis o f ,the
( 5 . 6 )c t i  ~
CL
J
where
( 5 . 7 )
The Modulus of Elasticity o f 'the timber is another important 
factor, which plays a significant role both in the theoretical con-
timber shells.
- Timber is a very variable material and displays a high degree 
of aeolotropy. In log form it .is .reasonably represented as a 
cylindrically orthotropic medium, the principal axes being along tfie 
log, radially and circumf erentially, as shown in FIG. 5 »7
The boards cut from the log will maintain 
the longitudinal axis (z) but the radial 
' (y)'and tangentional (x) directions will - 
be .differently disposed in every board. 
Fortunately, the radial and circumferential 
elastic properties of 'timber a r e .sufficiently 
similar to enable a sheet of b.oards to be
__________  considered as an orthotropic sheet with
principal axes in the direction of the grain and at- right angle to the 
grain. ' ■■ /
The Modulus of Elasticity for various'species'of timber is
obtained experimentally and the value for. the four species mentioned • 1
i f, V
before and in direction parallel to the grain (E^) is tabulated below
FIG. 3.7
SPECIES -
•^MODULUS OF ELASTICITY 
‘PARALLEL TO GRAIN -
- El
DOUGLAS FIR'; 1 . 7  x 1 0 6
HEMLOCK 1 . 5  x 1 0 G
WIIITE WOOD 1 . 2  x 10&
' EUROPEAN 
REDWOOD 1 . 3  x 1 0 G
■ , ■ TABLE V.2. w
The Modulus of Elasticity perpendicular'to the grain.is much
lower and denoted by . The relation between and E^ and the 
other typical elastic■constants for any of the above species are as 
follows:
■V= 20 L
E = 12.5 G
h
{ 5 * i
. = 0.25
Where G is the Shear Modulus and is the POISSON’s ratio.
In order to obtain the Modulus of Elasticity of the timber at 
any- arbitrary angle c< to the grain, the modified ITANKINSON formula may 
be used. This formula is:
E. cos4<* + 2 sm V .cosV  + VvnA* .
Substituting the values given in Eqs. (5*8), we finally have:
EoC tos^dl + 1*2. +• 2.Q 5.\n4<^ ’
The timber shell will be built up'from several layers of boards at an 
angle to. each other. If the thickness of the successive layers are 
denoted by t^, t^, t^, ...and the angles of these related to layer 1  
by » *f » • ••» then, as far as plane stresses are concerned, we may
take the effective YOUNG'S. MODULUS of the shell in.the direction 
parallel to the first layer as:
r -   Pmmc<~0 1 2  A
If, for example, we have four layers at 4-5° to each other, as shown in 
FIG. 5.8., and all the layers are identical in thickness, E'q. (5*10) 
will be obtained in the following simple form: ,
t < - V  . A t
[^ _ E 4 + E. c/.^  A5° * t-<* = IS50+ Efc ■ _.._
L  ~ " ~  3 “
01 = 0 ,
'■ FIG. ^.8.
riSH) 1*05% + E * ^  V £ , _ ^ 5 -
q  “ — --- :---- ^------ — - • in all cf the. four directions
5.2.2 NAILS ; 1 q
• For efficient use in board lamination for shell roofing, a nail - 
should have the following properties:
1. Sufficient resistance to withdrawel to prevent’ nai-lheads
. popping at .the surface, which may cause puncturing of any
waterproof covering applied o n ' the top surface of the shell.
2. Ability'to develop reasonably, high pressure between the 
layers of boards to provide adequate pressure for glueing.
The T.D.A. RECOMMENDATIONS.for timber-shells prescribe the use 
of glue all over the shell surface. The results of the research, which 
was carried out at the TRADA. recently, also underlines the importance 
of the glue, which should'-.be /used all over the shell area. Therefore 
the function of the nail' is only1- to provide suitable pressure for the 
subjacent layers until the glue Vill settle, and the originally 
separated layers will- become one monolithic elastic body. 'The nails, 
by fulfilling their functions, will not take an active part in the 
shell actions, any more and all the shear forces•which.occur between, 
the layers will be taken up by the glue line.
In spite of the above recommendation, a number of timber shells 
were and are constructed by using only nails over their central areas. 
For these cases the nails are of particular, importance, and should 
have the following additional properties: n
3. Ability to develop fairly high pressure to improve friction 
between.the layers and-to petain this pressure indefinitely.
k. Adequate resistance to lateral loading in double shear.
5. Resistance against metal corrosion, which may impair the’
strength of the nail.: .
The ordinary straight shanked nails cannot fulfil these requirements^ 
and therefore improved nails are recommended.
It is only'within the period of the last decade that- we have
been able to obtain improved nails with deformed shanks in Britain.
Formerly nails of this kind were exported to Canada and U.S.A.:
1 ■ ■" ” .
Two types of improved nails have so far been introduced into
shell structures, square- twisted shank nails and ringed.shank nails. 
Square twisted nails are available in lengths of up to 8 iris, and are 
used for making connections between the shell and edge beams. Being 
manufactured from high carbon content steel they can be driven without 
the likelihood of bending. Ringed shank nails are manufactured in 
lengths up to 2 ins. and from several wire gauges. They are very 
popular for- shell membranes because of their-high resistance to with­
drawal*. To prevent rusting of the nail from either rain or corrosive 
chemicals contained in the wood, the square twisted nails are normally 
ho,t-dip galvanised and the ringed■ shank nails are electrogalvanised.
The cost of these improved nails.is probably twice that of the 
straight shanked nails of equivalent gauge and length. In terms of 
the total cost per square foot of the shell this is, however, a small 
portion since at the rate of 1 2 - 2 0  nails per square foot the cost of 
nails only amounts to a few pence.
5.2.3 GLUE ,
Plastics in general have made great progress in the last -couple 
of decades and plastic industries have put forward since 1 9 3 0 *s 
onwards, synthetic adhesives suitable for complex structures ofy ' .
unlimited sizes. The main types of these adhesives are. as follows:
FOR INTERIOR USE:
1. EFOXY RESIN ’ (E.R.)
2. POLYVINYL ACETATE EMULSION (P.V.A.)
3- UREA FORMALDEHYDE RESIN (U.F.) ^
k. M ELAM IN E -DO- -DO- (K.F.)
FOR EXTERIOR USE:'
5. RE30RCINAL FORMALDENYDE RESIN (R .F,.)
6. PHENOL -DO- -DO- (P.P.)
The author does not wish to discuss these adhesives in detail 
sifice his interest in them is limited as far as glue laminated timber 
shell roofs are concerned.
At the present time P.V.A. adhesives find no place in the 
industry because of their plastic flow properties and neither do E.R. 
because it has not shown any superiority over R.F. types when, used 
with timber. The M.F. type adhesives have only been used in the 
manufacture of radio frequency cured scarf joints. U.F. adhesives 
though; are cheap and'do not stain, possess a high degree of .resistance 
to moisture and making strong .joints rather quickly at room temper­
ature, cannot be suitable for. the outer skirt of the shell roofs 
because of poor weather and' boil*’"proof properties.
The adhesives, which have greatly assisted the development of 
glue laminated timber industry,, particularly the manufacture of 
structures for exterior use, are the R.F. and P.F. types. As these 
are weather and boil proof, they are most suitable for shell struc- A.
tures. It should be emphasized that bond quality of laminated timber 
structures is also related, to the grain angle apart from various 
enviromental.factors of which the most important are the pressure, 
moisture contents of the timber and the temperature. The high co£t .of '1 
these adhesives is the major disadvantage and has, no doubt, • restricted ■.A
their use. Nevertheless the use of these adhesives continues to growt 
steadily and they are being increasingly employed in the laminated
timber industry.
Apart from the above adhesives the NATURAL GLUES are available 
for purely interior structures. ,,The,most popular of these are the
ANIMAL GLUES and CASEIN GLUES. . . / f ■
• - ' . ' ■ - ' . ■" ^
^ .3 METHOD OF CONSTRUCTION
. Laminated■timber shells are constructed on the "site or in 
.factories as prefabricated shell units. In considering either .the 
outdoor or indoor method of construction niany factors have to be taken 
into account which will be systematically summarized in the following 
iteips.
3.3.1 STIFFNESS - , 1 ' -
The stiffness of the shell depends mainly on the curvature and 
the thickness, and the following recommendations derived .empirically 
can be given as guidance. "
If we call the vertical distance measured between high and low 
corners as the twist of the shell and denote .it by f , and denoting the
sizes of the basic plan by-a and b,'then the minimum twist, as a*
function' of the basic plan will, be given in TABLE~V.3*
■a + b 
2
•1WIST OF THE SHELL " 
f
20 '20/11
. A o uo/1 0
6 0  
OR MORE SO/ 9
' TABLE V.3. ' \
The thickness of the shell will be determined as a result of calculat-; 
ion, however, the need of.preventing flat buckling due to moisture 
movement and other/. excessive deformations, the minimum thickness of
the shell as a function of the covered area is recommended and'given 
in TABLE V.4.
SIZES OF THE COVERED AREA 
FT.
’ THICKNESS OF THE SHELL' 
INS.
10 x 10 O R ,EQUIVALENT 
20 x 20 RECTANGLE 9/lS" 3/k" 1"
30 x 30 OR EQUIVALENT " 
' k O x k O  RECTANGLE 1" l V S ’’ l V s ”
- 50 x 50 OR EQUIVALENT- 
60 x 60 RECTANGLE l1/^' 1? /8" 21/4m
70 x 70 OR EQUIVALENT 
80 x 80 RECTANGLE 2 1 A "  2 ^ A "  3"
TABLE V.A.
The thickness of the shell is built up usually of three or more layers 
of boards. Two layers can be used only if the shell is not larger in 
plan than 2 5  x 2 5  feet square or equivalent rectangle.
* . ' i '
5.5.2 SIZES AND JOINTS OF THE BOARDS
The thickness of the-boards depends on the number of layers
selected to build up the required thickness of the shell and one can
work between a range of -g-ins. and 1-g- ins. thick, not finished T. and
G. boards with intermediate thicknesses in ^ ins. increments. For
3 ■ 'special jobs extra thicknesses are available such as / 1 6 ins.-, ins., 
5V 8  ins., but these, obviously, make the construction more expensive.
The width of the boards are generally h- ins. or less'. For large 
and shallow Hypars however 5 ins. or 6 ins. width of boards can also 
be used. •
For jointing the boards at the ends, the finger jointis the best 
and most attractive solution, nevertheless for industrial roofs the 
butt joint is also accepted. If butt joints are used, particular 
attention must be given to the distribution of these joints. ;■ These
should be staggered 2 to 5 ft. apart and at least two or three boards 
should separate them in a line. ■ It must be ensured that the butt 
jointed ends receive ample nailing against lifting.
Although it is an essential requirement to provide- suitable ■ f 
seasoned timber for the construction as well as to ensure that the 
boards are protected from changes in moisture content, • one cannot com­
pletely ignore eventual moisture movement in the completed structure.
As this will take place mainly across the width of the boards, it is 
advisable to leave a slight.gap at the T. and G. jointing.
•' ’ The layers ,of the boards are nailed together, preferably with an 
improved type of nail to provide the suitable pressure for gluing.
In order to obtain reasonable distribution of the nail<b ; a nail pattern 
has to be designed, which depends on the width of the boards and the 
angle at which the boards in the subjacent ..layers meet. It is- a 
general recommendation that every board should be nailed with a mini­
mum of two nails' to the subjacent one. If the boards are wide more
than two_nails may be used in a so-called group. The nail should be 
of sufficient length to penetrate within minimum ^  ins. into the bottom 
layer. • Two typical nail patterns are shown in FIG. 5 . 9 • » one for wide
and the other for narrow- boards .v
5.3.5 DIRECTION OF BOARDS
As far as the aesthetic apparance of the interior of the;shell 
is concerned the direction of boards in the bottom layer is of con­
siderable importance. If one takes into consideration additionally^ 
the strength o f 'the shell as well as its resistance against excessive 
deformation and moisture movement, the direction of the boards will 
play a very significant role.' In fact the strength of the boards is 
maximum when-parallel to the grain and is minimum when perpendicular 
to grain. Consequently, by taking all advantages of a layer, the 
boqrds should be laid along the direction where the maximum compress­
ion occurs, while the minimum compression will act perpendicular .to 
the boards. To satisfy this basic requirement for Hypar shells, which, 
are built up from two, three, four or more layers, the following 
recommendations are- given. •
A. If the shell consists of two layers, the boards should be 
laid along, the first and second principal direction in the 
bottom and top layer respectively. In other words, the 
boards are parallel, to the diagonals.
B. If the shell consists of three layers, the boards in the
bottom and top layers "are laid parallel to the first
principal direction, ivhile in the middle layers they are 
placed along the second principal direction.
C.' If the shell is built up of four layers, the boards in the 
bottom layer are placed along the first principal direction, 
•in the second layer parallel to one of the edges, in the
third layer perpendicular to the same edge and in the fourth
layer para.llel with the second principal direction.
D. Sometimes, particularly for not very large Hypars, to build 
up the suitable thickness, a good and economical.solution 
can be achieved by the.following arrangement. The boards
in the bottom layer are placed along the first.principal 
direction. The second layer consists of single -boards 
only, which are laid in the same direction as those of the 
first 'layer, having gaps equivalent to the width of the 
boards between them and are applied only - in the central 
region of the shell. The boards in the third layer are 
now placed in the second principal direction. This arrange­
ment is shown in FIG. 5-10* which represents the layers of
an asymmetric diamond shell roof model for ST. ALDATSS 
CHURCH, GLOUCESTER, built in i960.
FIG. 3,10.
In the above arrangements it was always recommended to place the 
boards of the first layer diagonally; however the contractors protested 
many times against it by referring to economic and other points accord­
ing to which certain savings in the formwork can be achieved if the 
boards are placed parallel with the edges in the bottom layer. This 
arrangement of the boards is not 'recommended, particularly for 
aesthetic reasons. The gaps between the boards which are approximately
zero in the central line of the shell increase towards the edges. If 
the'boards are placed.parallel with the edges, the gaps occur along 
the straight generators and they are much more visible than those 
along the parabolae when the boards are laid diagonally. Again, iff 
the boards are placed•parallel to the edges, they should be twisted 
before'fixing on the formwork and they never will fit perfectly into 
the surface; and particularly if certain moisture movement takes-place 
the interior of the surface will show inevitable wavy deformations.
By investigating the shell later in its age one can never distinguish
whether these distortions are due to excessive deformation caused for* . . .
example by flat buckling or due to the initial moisture movement.'
As far as structural aspects are concerned, parallel boards are 
not recommended at all, except for case C mentioned before where the 
■two middle layers form a perfectly balanced structure. Among others, 
the author carried out a number of tests to investigate the behaviour 
of the Hypar shells for different position of boards. It was found 
that the shells built up from boards parallel to the edges were always 
weaker than those of purely., diagonal boards; even one layer of parallel 
boards affected badly the strength of the shell. Consequently it is 
not recommended to build up' three layer shells in such a way where 
only the middle layer boards are placed diagonally. In particular it 
is not'advisable to use only parallel boards. These two solutions 
which are especially disapproved are shown in FIG. 5 » H *  A and B.
2.\n> Lm e u
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INCORRECT METHODS OF BOARDING
FIG.5.11.
Fortunately only a few Hypar shells-were constructed in Great Britain 
by this me'thod of boarding. All of them are seriously damaged, some 
of-them have already collapsed* - The lateral deformation of the edges, 
particularly along those hwere the boards in two layers are placedf • 
parallel with them, is significant so tiiat it leads many times to the - 
failure of the glue line in the edge beam. This type of boarding has 
only a very limited resistance against local buckling, which 
frequently takes place even due to moisture movements.-
It was a special task of the author .to visit and investigate the 
laminated timber Hypar shells, built in Great Britain and to.report 
. those which were designed and/or constructed under the supervision of 
the TIMBER DEVELOPMENT ASSOCIATION. This study is presented .in the 
second volume of this•thesis under the following title:
"SURVEY OF EXISTING.TIMBER SHELL ROOFS '
DESIGNED BY T.D.A. PERSONNEL”
EDGE BEAMS... , -
Due to their length, edge beams are built generally from glued
laminated timber. As-the slope of most of the shells varies along- the
edges, -the edge beam has to be constructed, with a twist to match with
the shell surface. ' Consequently the best and most appropriate -solution
is to carry out the glue lamination procedure of the edge beam on the
side of the shell itself. Generally three' types of edge beams are used
'in' the practice, and are’shown in FIG., 5*12.
Bottom Edge' Beam Middle Edge BeamTop Edge Beam
FIG, 5.12.
Sometimes, for an architectural require­
ment, very slender edge beams -are used
along the perimeter. A solution for
these is shown in FIG. 5*13* FIG. 5«13»
The site glueing of the edge beams to the shell requires’ special 
care and supervision, particularly because of the difficulties in 
maintaining an extra pressure while the-glue sets. It must be 
appreciated that it will be extremely difficult- to achieve an -adequate 
glue joint, particularly when prefabricated edge beams are used. It 
is advisable therefore to use additional bolts to tie the edge beam to 
the shell and to design the bolts to be capable of transforming the 
forces from the shell to the edge beams in case of failure in the glue 
line. .
5.3.5 TIE AND SUPPORTS '
If, as will usually be the case, ties are used for connecting 
the low corners it must be remembered that the entire weight ©f the
roof c.omes down through the edge beams to these corners, and therefore
an adequate restraint is essential. Thus not only the anchor plate 
must be carefully designed,-/ but also the tie. If a very high tensile 
wire cable is used, the elongation ■ of it due to the horizontal corner 
reactions may be considerable. It is thus, particularly for. large 
shells, best to use mild steel or a medium tensile alloy steel for the 
tie. The tie may be suspended from the roof and should be protected 
from accidental knocks particularly if these would cause movement 
perpendicular to its length.
Although the load of the roof is carried at the low corners or 
along two adjacent edges, it is also advisable to give some form of 
support at the high corner to limit the deflection. The .load-at these 
corners is very small - theoretically zero, practically only 3 or 
hundredweights; on a roof of 60 feet square. A further detail that 
must be watched is wind tending to.lift the roof. A sufficient weight
can generally be provided to prevent lifting by tying the roof to the
supporting members. ' .
If no tie bars are used, the .lateral forces at the low corners
should be taken up by suitable construction. - r
5.3.6 OUTDOOR CONSTRUCTION - -
The outdoor construction of the timber shells is carried out on
straight members which are parallel with the straight generators of 
the shell. The normal distance measured between these•straight
between 2-5 feet.
The, first layer of boards is placed and fixed in position, as 
the first step of the construction, using only a limited number of. 
very thin round shank nails. The gluing of the surface, placing the' 
second layer of boards and nailing this to the first one with a pre­
designed nail pattern and by improved nails c-ompose the second Step 
of the construction. In the third step of the constructio-n the. third;;-
. h
layer is placed onto the second,similarly as that was laid onto the 
first one. If there are n o 'further layers to place the edge beams are 
constructed around the perimeter as;a final step of the construction. 
FIG. 5.1^.shows the construction of the roof of an EGG PACKING STATION 
at STOWMARKET in nearly completed stage.
the site-. A wooden formwork is constructed at first, usually form
members depends.on the thickness of. the boards but op'4 generally
FIG. 5.1^*
When the construction of the. shell and edge members are completed the 
supports at the low corners or .along two adjacent edges are built and 
the shell is fixed on these'supports; at the same time the construction 
of the roof cover is carried out.'-' "The wooden formwork will now be 
removed, the surrounding walls will be built up and eventually the con­
struction of the ground floor will take place.
5.3.7 INDOOR CONSTRUCTION
PR EFA BRICAT10N '
The outdoor construction of the laminated timber shells may 
create considerable difficulties. Although it is expected to provide 
suitable seasoned timber for the construction and to ensure that the 
moisture content does not exceed l8%, one cannot ignore the possibility 
of heavy and continuous rains during the period of construction, which 
may change completely the moisture required. In addition, above 
approximately 30% of moisture contents, the- timber ceases to be a 
suitable material for effective glued joint. The protection of the
site against the rain is- extremely complicated and very expensive. . 
Apart from these, it is also very difficult to control, the enviro- . 
mental factors such as'adequate' gluing, nailing, assembly of the edge 
beams etc., which will give safety and additional stiffness and  ^
strength to the shell. . . .
• With this in mind, an attempt was made to. suggest a method of 
prefabrication of shell elements, 'and to investigate the technical 
implications of- dividing a large roof surface into small transportabl 
components. The first prefabricated timber shell was designed and 
constructed by the author at the structural laboratory of the TIMBER 
RESEARCH AND DEVELOPMENT ASSOCIATION in 196 3 . During -the ’following 
years a number of prefabricated shells were constructed using similar 
and different techniques in Germany and Austria.
The manufacturing advantages of such systems are obvious.as all 
operations demanding a high degree of quality control can be carried 
out under the most suitable conditions. The cost of construction can 
also be reduced since the need for a complex system of formwork can 
be substituted by that required for the shell element only. Again an 
adjustable formwork can be constructed say from scaffolding tubes
which can be altered later with a;-minimum effort to serve for another
' * ' ‘ • - - >
perhaps different shape of shell-. Such a formwork is shown in FIG.
5.15.
FIG. '5 >13.
The construction of the shell .components on this formwork is similar 
to the outdoor method of construction. If the thickness of the 
boards does not exceed in's., even a nailing machine can be used to 
obtain further improvement in the construction.
FIG. 5 .16. shows such a shell component under construction. A 
SAMCO AUTOMATIC POWER NAILER, which was used during construction, can 
also be seen. A completed shell component, standing on the edge in 
an upright position is also, shown in the figure. These shells were 
constructed in the structural laboratory of the TIMBER RESEARCH AND 
DEVELOPMENT ASSOCIATION in 19&3 and later they became components of 
an interconnected diamond shell structure.
FIG, 5°l6*
After completing the prefabrication of the shell components, 
they are transported to the site, where the final supporting structure 
is already completed to receive the roof elements. As far as trans­
portation is concerned the shell components are carried on their edges 
in an upright position, they should be propped and secured so that 
they are held firmly, eliminating the possibility of flapping -during 
transportation.
• • X/
The stability of the shell comoonents is of great importance aha 
therefore they should be provided with temporary supports during 
erection.- These contain only a few vertical members, which sometimes 
are joined together by haunches sometimes only braced by inclined 
members. Generally the following types of temporary supports are 
used:
Vertical props at the high points of the perimeter.
Vertical props at the centre of the shell or at.the apex.
Bracing at the column knees.
As soon as the temporary propping structure is built the shell■com­
ponents will be lifted either by crane or a suitable'device and rested 
partly on the final, partly on the temporary proppings. At once after 
this the shells should be brought into their holding position, which 
will, enable them to be fixed on the final supporting structure. The 
temporary supports should now be removed. FIG. F»17* shows an example 
for such operation.
FIG. 5.17-
5A COVERING MATERIALS
Laminated timber shells built to date have been covered generally
with two or three layers of “bituminous felt of a mineral .base, On'ya •
. few roofs a proprietary roof, covering,- consisting of thin mastic •
' layers with fibre glass reinforcement'was laid. Though'this was an . 
excellent solution by providing a perfect protection to the roof  ^
against the climate, it was however very expensive in comparison wit li­
the basic cost of the roof.
In 1959 some experimental work was carried, out in ’the. Chemical ; 
‘Department of the T.D.A. with the use of thin plastic sheeting glued 
vto ."the timber. In the main these tests were concerned with problems
.of durability under exposure condition and the effeciency .of the \
s
adhesives. More systematic investigations;, including accelerated
weathering tests, on this field took place in the industry during the
\  '■ "
recent years; and as a result of these a number of plastic roof cover­
ings are now available in 'different quality, thickness and colour,- for 
reasonable prices. - . > . •
Thin metal sheeting of zinc, aluminium and particularly copper 
offer-.the best and most attractive solution. Unfortunately-.the trad-
t
..itional techniques 01 applying these metal sheets on doubly curved 
surfaces’-required, certain-modification, " which made their application 
relatively expensive.- A f ew ’ exainples, BUSH-IIILL LIBRARY in .EDMONTON
J ■ . •
and-FIRST CHURCH OF CHRISTIAN SCIENTISTS in HENDON, however proved the 
advantages o f  these coverings either in durability, water proofing or 
in aesthetic appearance and we may hope certain reduction in their
cost, which will make these excellent typ.es of covering widel-y used
!
in the future.
5.5 THERMAL'INSULATION '
The THERMAL INSULATION (INDUSTRIAL BUILDING) ACT,. 1957 links the 
required thermal insulation according to the heating design for build­
ings., '.From this ACT it follows- that in many cases the low-standard of 
thermal insulation provided by a thin concrete shell itself is 
■inadequate and additional insulation is required. . The thermal.
conductivity (k) of the concrete is between 7.00 to 11.00 while for 
soft, wood is only '0 .8 0 , consequently a thin concrete shell suffers 
from-'deficient thermal insulation while a timber shell of similar - 
thickness may provide adequate insulation. f
• ' The THERMAL INSULATION ACT requires a degree of insulation in 
factory roofs, which is commensurate with the ambient temperature in 
the building. For working under normal comfort condition, the thermal 
transmission factor (U) is prescribed to be up to a standard of 0.30 
or at least 0.35* This can be easily provided by a timber shell 
whereas in case of concrete shell additional insulation layers of cork, 
fibreboards or other insulating materials will be necessalry. ■ TABLE 
V.3 shows the minimum thickness of. a timber shell required to meet 
different standards of insulation according to the ambient termperature
REQUIRED THICKNESS (j , 
OF TIMBER SHELL ' ' 3/s 2/1 i V s 1V2 2 -2^/b
U VALUE 0 . 8 0 0 . 6 0 0 . ^ 8 0.1-0 O'. 3 ^ 0 . 3 0
INTERNAL TEMPERATURE (°F) ^5 30 3 3 6 0 6 3 . 70
TABLE V.3.
The possibilities of timber shell roofs are not however, confined 
to solid laminated shells. Cellular construction with internal air 
cells should provide not only lighter and cheaper solutions but also 
further improvements in thermal insulation values. These possibilities 
raise, however, a number of theoretical and experimental problems for 
the solution of which further investigations and experimental work.will 
need to be conducted.
3.6 DURABILITY OF TIMBER SHELLS
In roofing for industry the permanence of the construction is 
generally measured by a shorter span of life than in domestic' buildings 
30 to 10 years may be taken as a reasonable limit and shorter periods
will frequently be accepted.
Timber roofs -of conventional construction have a longer life 
under normal conditions. They are rarely subjected to decay, but 
insect attack, particularly in some localised areas, has been a mote • 
serious -problem in recent years. Where this occurred, extensive, 
repairs and replacement of members have sometimes been necessary. 
Elsewhere' the timber roof maintenance is generally considered a 
negligible item.
The development of preservative treatments of timber during the 
last two decades has reduced the hazard of either fungus or insect 
attack to a simple question of economics. The cost of pressure 
impregnation with suitable preservatives is of the order of 1G% of the 
cost of the raw material, which will rarely exceed 2% of the total
t *
cost. It. is unlikely that preservative treatment of timber shell roofs 
will be required in every case or for the'whole of the structure. In 
certain conditions (humid industries), and for certain parts of the 
structure (eaves, edge^beams, apex) treatment will generally, be 
advisable. ' . . • . ✓
Where preservative treatment and fire retardant treatment are 
required, consideration should-be'given,to the use of treatments which 
provide both safeguards in one operation.
3 .7  FIRE HAZARD ,
The BUILDING BYE-LAWS do not lay down, any specific requirements 
for fire resistance of timber shell roof structures. Provisions are, 
however, made for roof coverings' and the recent THERMAL INSULATION ACT 
has included certain provisions with regard to the insulation of 
factory roofs.
In so far as timber shells are concerned, Bye-Law requirements 
for adequate protection-against the spread of fire into the building 
or from the building to adjoining buildings, will be satisfied if an 
incombustible covering is provided or the building is at a distance of
not less, than twice its height to the nearest boundary.-•
The list of materials deemed to satisfy the requirements ’for 
protection include: ; ' \ i-
./A. Metals (Copper , zinc, aluminium) ^
B . Asbestos base roofing felt.
C. Organic base roofing felt.
D. 3Asphalt mastic of suitable thickness. , . . .
Unfortunately not much study has been done so far, in investigat­
ing the fire resistance of the various types of• timber shells. It 
would be important to establish to what extent the structure as a whole 
resists, collapse if a part of it were consumed, and to compare its 
general behaviour in fire'with the behaviour of other types of roofing. 
This work will have to be undertaken with the co-operation of the FIRE 
RESEARCH STATION, who alone in this country have the necessary
facilities. ' 'v ■ ;
3.8 COMPARISON WITH THE. CONCRETE SHELL., . '• ,
As the main alternative to timber and the material which is most 
widely used for shell roofing today is reinforced concrete,- therefore 
the advantages and disadvantages of timber can conveniently be discussed 
with reference to reinforced- concrete structures.
On of the biggest items of cost in reinforced concrete shells is
that of the formwork - supporting structure and shuttering. This
frequently accounts for one-third of the total cost, and is rarely less 
than one-quarter of the total cost.. In timber construction savings in 
cost are made in this respec.t as: ' . ' • .
A. Timber is much lighter and so requires less, -extensive
supports.
B. ' No shuttering is required for timber.
C. : Concrete.must be supported for a considerable time
.after placing to allow the concrete to cure! This
period is a week for some portions of the shell and
three to four weeks.for the main members; in timber 
’ ' construction one or two days is sufficient.
In order to overcome this high cost there is a tendency to precast the 
concrete shell in sections; this sometimes considerably limits the6 . ■ 
size of the roof or requires a special structural solution. Timber 
shell roofs can also be prefabricated then transported to the site and 
erected. . Here the low weight of timber is a distinct advantage.as 
much larger units can be handled.. By comparing the weight of a concrete 
shell (3 0 - 3 5  Ibs/ft.sq.) with’ that of a timber shell (6-8 Ibs/ft.sq.) 
it tcan be concluded that the single limitation of a prefabricated 
timber shell unit in sizes is given by transporation. '
As far as foundation is concerned the low weight of ..timber has 
also distinct advantages in so much as the load on the substructure 
can be reduced which results in economics in the cost of foundation.
The principal disadvantage of timber as a material is that, 
unlike concrete it canno.t easily be moulded to any shape. The variety 
of forms of shells which can economically and easily be constructed in. 
timber is thus to a certain extent limited. In order to avoid any 
shaping of the boards it is; nec.essary to use either a developable 
surface, such as a cylinder'or" a 'cone, or a shallow doubly curved 
surface. The term "shallow" is applied to surfaces whose surface 
geometry approaches that of geometry on a plane. Very shallow 
hyperbolic paraboloid shells are, however, not always safe,, particularly 
not if the shell is large. These shells are generally springy as one 
walks on them, they are critical against moisture movements and 
deflections which will lead sooner or later to local buckling. Thus 
the very shall Hypar shells are not recommended and the twist of the 
Hypar should satisfy the TRADA recommendations summarised in. TABLE V.3-- 
For these twists, the moulding of the boards can still b e ’performed, at 
the worst the width of the boards should be reduced.
As far as the actual cost of hyperbolic paraboloid timber shells
are concerned, an average of 10 to 12 shillings per square foot can 
be calculated from .the tenders obtained by several timber engineering 
firms and contractors during the past 6-7 years. To this will have 
to be added the cost of felting and internal finishing such as paint 
and varnishing. If these cost trends continue it will be clearly 
demonstrated that a saving of-50% on the cost of.a comparable .concrete 
shell can, in fact, be achieved. '
CHAPTER VI
/  THE ELASTIC BEHAVIOUR OP RECTANGULAR 
PRECAST CONCRETE, EDGE-BEAM-LESS 
HYPAR SHELLS SUPPORTED AT TWO >
. OPPOSITE LOW' ENCASTRE COREERS
6 . 1 .  SCOPE OF THE RESEARCH ^
The o b j e c t  o f  t h i s  r e s e a r c h  was p r i m a r i l y  t o  f i n d  t h e  
^ d i s t r i b u t i o n  and maximum v a lu e s ,  o f  t h e  b e n d i n g  moments w h ich  
o c c u r  i n  t h e  e d g e - b e a m - l e s s  h y p a r  s h e l l s  and  s e c o n d l y t o  
i n v e s t i g a t e  t h e  b e h a v i o u r  o f  t h e  s h e l l  a t  f a i l u r e .
.The b o u n d a r y  c o n d i t i o n s  were  s e l e c t e d  t h e r e f o r e ,s '
t o  s u b m i t  t h e  s h e l l  t o  t h e  g r e a t e s t  p o s s i b l e  bend ing ' ,  e f f e c t  
and  d e f o r m a t i o n .  Ho s t r u c t u r a l  e l e m e n t s  were  a p p l i e d  w h ich  
m igh t  r e d u c e  t h e  moments and  d e f o r m a t i o n s ,  b u t  a t  t h e  same ' .
t im e  i t  was d e c i d e d  to. c r e a t e  a r e a l i s t i c  shape  and  b o u n d a r y
4
c o n d i t i o n s .
These  r e q u i r e m e n t s  and  c o n s i d e r a t i o n s  l e d .  t o  a 
r e l a t i v e l y  s t e e p ,  s q u a r e ,  e d g e - b e a m - 1 e s s , h y p a r  s h e l l ,  w h ic h  
was s u p p o r t e d  a t  t h e  two low e n c a s t r e  c o r n e r s .
I t  was d e c id e d ,  t o  t a k e  a l l  a d v a n t a g e s  o f  t h e  , 
c o m p r e s s iv e  r e s i s t a n c e  o f " t h e r s h e l l , b u t  a l s o  a l l o w  a l l  
p o s s i b i l i t i e s  o f  f a i l u r e  due t o  t e n s i o n .  C o n s e q u e n t l y  a v e r y  
good q u a l i t y  c o n c r e t e  -  m o r t a r  and no s t e e l  r e i n f o r c e m e n t  were  
u s e d  i n  c o n s t r u c t i n g  t h e  e x p e r i m e n t a l  t e s t  m ode l .
E x t r a  c a r e  was t a k e n  i n  s e l e c t i n g  t h e  s u i t a b l e  
c o n c r e t e  m i x t u r e  and a number o f  t e s t s  was c a r r i e d  out '  t o  
d e t e r m i n e  t h e  m e c h a n i c a l  p r o p e r t i e s  o f  t h e  c o n c r e t e - m o r t a r .
F u r t h e r  a t t e m p t  was made t o  c o n s t r u c t  t h e  s h e l l  f rom 
i n d i v i d u a l  p r e c a s t  h y p a r  e l e m e n t s  and t o  j o i n  t h e s e  b y i n s i t u  
c o n c r e t e  s t r i p s .  T h i s  p a r t i c u l a r  s t u d y  a im ed t o  i n v e s t i g a t e  
t h e  p o s s i b i l i t y  o f  m a n u f a c t u r i n g  such  p r e c a s t . s h e l l s  i n  t h e  
p r a c t i c e .
A s i m p l i f i e d  b e n d in g  t h e o r y  was d e v e l o p e d ,  and t h e  
a n a l y t i c a l  r e s u l t s  were compared w i t h  t h o s e  o b t a i n e d  b y  t h e  
e x p e r i m e n t a l  s t r e s s  a n a l y s i s .  I t  was f o u n d ,  t h a t  t h e  
a n a l y t i c a l  and e x p e r i m e n t a l  r e s u l t s  were n o t  i n  good 
a g re e m e n t  a l o n g  t h e  e d g e s ,  which  l e d  t o  t h e  c o n c l u s i o n  t h a t  
f o r  c e r t a i n  b o u n d a r y , c o n d i t i o n s  and f o r  s t e e p  s h e l l s  t h e  
n o n - l i n e a r  b e h a v i o u r  o f  t h e  s h e l l  h a s  a l s o  t o  be c o n s i d e r e d .
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ON THE APPLICATION OF SHELL STRUCTURES, o r g a n i z e d  b y  t h e  ' -  ' 
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EXPERIENCES OBTAINED BY THE LOADING TEST 
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SHELL WITH PERFECTLY FREE EDGES.
The p a p e r  i s  c o n t a i n e d  i n  t h e  s e c o n d  volume o f  t h i s  t h e s i s .
THE RESISTANCE OF THE FREE EDGE OF RECTANGULAR 
HYPERBOLIC PARABOLOID SHELLS AGAINST BUCKLING-.
1 '  '
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7.1. INTRODUCTION
7.1.1 Scope of the Research
The1, aim of this research is to investigate the resistance of th
free edges of rectangular hypar shells against buckling. This
these
beams are supported continuously or discontinuously, the' edge resist­
ance of the shell against buckling is increased. It is evident now 
' that the most critical edge condition w:j.ll be the case when the edges 
are perfectly free. To ensure this condition, however, it i s - 
necessary to support the shell at its two low corners, possibly by 
encastreing them. The boundary condition shown in FIG. 7.1. is most 
critical for edge buckling 
and this was one reason why 
we chose it for subject of 
investigation.
This boundary con­
dition was already discusser 
from different aspects (with FIG. 7.1.
regard to internal forces and moments), in the previous chapters and 
it was found that the edg.e as a whole (supported or not - supported, 
.with or without edge beams) plays a significant role in the behaviour 
of the shell. Thus this chapter aims to extend the work of the 
previous ones, in investigating the edge buckling. This is t h e - 
second reason for choosing the above boundary condition.
After a short survey of the existing work done on "the subject, 
and a brief summary of the scope of the exact method of analysis an
H tG H  C O R W ER
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phenomenon, is called the edge buckling.
When\beams are provided along'the edges and further when
approximate method is presented, in which the given shell is being
regarded as an arch having variable cross sections. . The critical
load which causes the instability of the edges will be expressed either
r
in term of the horizontal reaction component or in term of the pending 
moment which occurs at the encastre corner..
In order to determine the extent of accuracy;of the analysis, a. 
model test was carried out, where' the whole buckling phenomenon was 
carefully examined. The material of the test model, which was black 
perspex, made this observation well possible.
7.1.2 Introduction to the Stability Problem
/ Due to the mathematical difficulties the analysis for the buck­
ling of shells appears to^a formidable problem and not- much'work has 
been done in this connection. In fact only the cylindrical .shells . 
are solved from this aspect. Very little attempt was made towards 
the solution of stability for elliptic paraboloid and conoid shells,-
&§v@Fth§l@§§ §om§ work was don© in e©nneefcien with shells of revelu®
tion• •
The differential equations for the linear stability theory of 
hyperbolic paraboloid shells have been derived-by E. E e i s s n e r ^ ^  in 
the following form.
v 4 -  2 ................   ( 7 . o
4 ^  2 U . P . . . . . . . . . .. .........  , \
v  ^  * d &*** D ” * *’ ( 7 - 2 )
L
where
Modulus of Elasticity 
thickness of the shell 
shape factor 
cylindrical stiffness 
deflection 
stress function.
In the particular case when the shell edges are simply supported the 
basic equations (7.1.) and (7.2.) can be reduced to the classical
( 49 )
eigenvalue problem without difficulty . The boundary conditions
for: w and 4 » then are identical with the boundary conditions for
I ■
\ .  ■ 
the transverse deflection of a simply supported rectangular flat
plate. These boundary conditions are:
( 7 . 3 )
Perfectly hpmogeneous boundary conditions for rigid edge beams were 
examined experimentally by H.L. K e n n e t h a n d  he concluded that the 
manner of support of the edge members does not affect the magnitude 
of the initial buckling load. • In the present case, however., the 
boundary conditions are far more complicated,-'which.necessitates the 
solution of a mixed boundary value problem. The boundary’ conditions 
for our particular case are shown in FIG. 7.2.
ay
V f L . _
a
According to 'the Kirchhoff 
condition for free'edges it 
can be' stated, that ■
if x = - a *,
if y = - a •
FIG. 7.2.
4 y * s>
(7.1+)
We have to ^add to these conditions some restrictions concerned with 
the corners.
Namely:
0
To the low corner. if -
Ot* -4-S
/ > (7-5)
, V —  a. I gVs _  8\ j  m Q
In the high: corner. if' %m. *3*
y • + a
a.
No attempt has been made to derive solution for differential 
equations (7.1.) and (7.2.) satisfying these boundary conditions. On
the other hand, an attempt has been made to develop .■ an arjproximat e 
solution for the same problem and is described in detail in the next 
chapter • •' > . ■
7.1.3 TIIE p o s s i b l e  APPROXIMATION ' .,
The outline of the exact method of analysis shows itself the
mathematical difficulties involved in the eigenvalue problem. If one
/  :
.adds to this that the analysis is very time consuming and extensive in
nature, the applicability of the method on an average engineering.
level becomes doubtful. Unfortunately no approximate method exists
for the solution of the stability problem of hyperbolic paraboloid
shells, and as such no closed formulation has been developed as yet
which enable one to calculate the critical load for these shells.
On the other hand, an approximate solution is derived here for
the support condition, where a square regular plough surface is
supported', by its two low encastre corners. This particular support 
\ l i
condition'makes possible to regard the shell as a positively curved 
parabolic encastre arch, having negatively curved, parabolic, vari­
able cross-sections. FIG. 7 »3 •
HFrom the aspect, of regarding' 
a square regular plough as a 
*;shell arch the presence or' 
absence of edge beams makes 
no difference anymore. In 
our. investigation preference 
was given to the edge-beam- 
less shells and the reason 
for this was already explained.
The external load of the shell arch is transferred now to the
supports, where a vertical (V) and a horizontal reaction component
■■(H) and a fixed-end-moment (M) will occur. These can.be calculated
; by any of the methods given by the theory of indeterminate structures
The horizontal reaction component (H) and the fixed-end-moment (M)
CL . '  ■'
will cause now buckling effect in the arch, and at a certain value of 
(' H and M this buckling effect becomes critical and the arch .will lose 
- its stability. These values of H and M will be called the critical 
effects. The brief programme of the analysis involves now to 
calculate the critical effects and to compare them with the real H 
force and M moment and then t o ,determine the safety of the arch.
The shell arch, however, which is a doubly curved structure 
where no rigid edge beams are used, cannot .be in the membrane state, 
but transverse moments are arising in it due to the external load. 
Consequently the internal forces and so the' critical effects cannot 
be discussed as those of an ordinary.curved arch with solid cross- 
section, but new quantities have to be determined. This leads to a 
differential equation approach which will be given in the following 
items.
.712. APPROXIMATE AHALYSIS OF ■
HYPERBOLIC PARABOLOID SHELL ARCHES . ~ •
7.2.1 Fundamental.Assumptions
In the course of the analysis the following assumptions and
simplifications will be made.
1. The material of the shell is homogeneous, isotropic 
and obeys the Hooke’s lav;.
2. The thickness of the shell (t) is'small in comparison
' w i t h  the other dimensions.
The Poisson's ratio' is supposed to be zero. , 
k. The shear deformations are neglected.
Fori simplifying the mathematical work we have to assume additionally
that„ ' s
5. The cross-sections of the arch are flat enough to -
replace an infinitesimal ds arc element by it.a* 
horizontal projection, dx. This assumption is not 
fully satisfied, but as far as the.accuracy of the
* •’ r
method is Concerned this simplification still can be 
permitted.
Our shell, a square regular plough, can always be regarded as a trans­
lational shell, where a parabola z(x) having downwards curvation- 
( K ^ )  is translated on another parabola z(y) curved upwards (K^). 
The parabolae are identical in their constants but'opposite in signs. 
It can be considered now that
6, 'The longitudinal (upwards) and transverse (downwards)
curvatures of the shell arch are identical, again the 
longitudinal radii-of ' curvature equal with the
transverse radii of curvature ( R ^ ) . , , -1 .
K.,„ "  "4 " ~     ( 7 . 6 )
^  ^  UP ^  DU
Since the-shell is given by the.usual dimensions (side length of the 
horizontal projection and rise) the shape function z(x,y) can easily 
be determined in any practical system of co-ordinates. Once the shape 
function is known, the radii of curvatures can also be determined in
any point of the surface as
n  __ Li+ j  _  _ l i+  j      f —jrs — -r / -%w . \ f • (J
Va
■*(*)" . ; * u y
where z(x) and z(y) are the equations of the principal parabolae * 
Consequently
7• The shell arch can be characterized by two equal but
opposite parabolae z(y) = -z(x) and the radii of
curvature in one cross-section can be regarded.as
• constant. '
Simplification arises from the fact that all the cross-sections of 
* • •
the Shell arch are characterized by the same equation -z(x.). ■ - In. the 
different cross-section, however, different portions of the z(x) 
parabola.are incorporated; nevertheless all the cross-sections are 
symmetrical about the longitudinal axis of the arch.
8., , In case of symmetrical load the torsion can be 
neglected•
In the following-, analysis,. as stated before, the H and M reaction
components and their critical values H . , and M ., are of great * ' ■ .. crit cri-t °
importance. To elucidate this, the investigation of the whole buck­
ling phenomenon will be essential'.
When the shell arch .is subjected to external load (we specify 
it as uniformly distributed vertical load) the curvatures will change 
and reaction components (V, H, M) will occur at the supports. Let us 
restrict our considerations to the change of the longitudinal curvatur 
at present. If we denote the original radii of curvature by ft and the
same after deformation by R , then the change of curvature is
z
- t f  -     ( 7 .8 )
If the load increases, the values of V, H, M reaction components will 
increase at the same time while the ^  quantity changes. It is con­
venient to represent the variable M in terms of 'Si .
H O R . \ t O H T f r ,L  - t M 4G e . N T
. Instead of the real fixed-end-moment let us investigate the 
special!, case when the -distribution of bending moments is constant all. 
over the longitudinal axis of the arch. This loading erase corres­
ponds tola couple applied at each of the supports, when obviously -
V = H = CL It is evident now if Hi - 0, M = 0, and if W  increases M
■ . ' . ' ■ ■ . - ■■ • ■ 
increases\too• At a certain value of , M reaches the critical
value where the shell arch loses its stability and beyond
this limitIthe arch cannot resist bending anymore. By representing
this process, the curve in FIG. 7.4. is obtained. This diagram,
which is called the MOW)
• \ •i ‘ ' '
curve will be of great.
importance in our further 
investigation. The M(W) 
curve establishes relation ; , 
between the bending'moment 
and the change of the . 
curvature and involves two 
important characteristics. - FIG. 7.4.
The first of these is the Initial tangent and the second one is the 
culminating point, where the tangent is horizontal.
The shell arch, as any other arch, is subjected to eccentric 
compression* This combined effect, can always be split into a central 
compression and a pure bending. Consequently in this analysis 
■■, v ■ 9* The shell arch will be analysed primarily as a
centrally compressed arch and secondly as an arch 
„ subjected to pure bending. - -
If the shell arch is subjected to central compression, where the 
bending moment is practically zero, then in the determination of the 
stability we have always to examine that form of equilibrium, which 
is infinitely near to the momentless state. Since this state corres­
ponds to an infinitely small change-, in curvature, the M(^) curve can
be replaced by its initial tangent. It follows now that
10. The critical force on the shell arch for central ' 
compression can be ; determined similarly to that 
of an ordinary curved bar. ^
If the shell arch is subjected to pure bending, where no other react­
ion components occur, the critical moment can be read at the
culminating point of the M($0 curve. Consequently
11• The critical bending moment can be obtained as the 
only extreme value of the MOH) curve. In the 
practical application, however, the distribu- 
tion of the bending moment is.not constant but • 
is varying .along the longitudinal axis of the 
arch. This variation will not be taken into , " • .
consideration and the critical moment will be
defined as a critical fixed-end-moment.
By taking into aecoimtthe variation -of‘the eroes»s@ctiona, several of
these have\to be investigated in compliance with the radii of
‘ \ ■
L longitudinal curvature as being valid for the cross-sections in .
question, therefore, from certain aspect
;  \ . ■ ;
^ 12. The shell arch will be treated similarly to an -
ordinary arch having variable cross-sections. .
/.2.2 Considerations .~ " . V
The regular plough surface is usually defined in a rectangular
system of co-ordinates, where the 
x and y axes coincide with the 
horizontal straight line 
generators. FIG. 7.5* -
The equation of the surface, in 
this system of co-ordinates is
*2
a .
■ /  '
and the shape factor
z = kxy 
2fk = ~
(7-9)
. Since the regular, plough is represented as a shell, arch, with 
supports at its two low corners only, another system of co-ordinates 
will be convenient where the x and y axes coincide with the plane 
of principal curvatures and the origin will_.be located at the centroid 
of the cross-section at the crown. This co-ordinate system together 
with the hypar arch is shown in FIG. 7*6.
Va x i
Cross Section taken 
at the Crown
Longitudinal Section taken 
through the principal parabola
FIG. 7.6.
The shape function in this system of co-ordinates can be obtained in 
the following form ' > .
z(x,y) =-z(x) + z(y)     (y
where z(x) and z(y) are the equations of t h e .principal parabolae and
to determine them the following conditions are to be adopted; 
if y = 0 then 2
if y = then z = —  h. '*• o o* • *
By considering the equation of the, parabola in the.form of
£z(y) = Ay + B from the above conditions yields
^  ~ J i i .
consequently:
and in
similar manner: ICO
V ( 7 . 1 1 )
( 7 . 1 2 )
therefore the shape function:
z  -  . V j * —  . ^ l <  y 1 -  J t l *  —  k  f J 5 >  -  n
. ■ g* ^  e* i 3 'V* 6. s*
i ■ . ! ■ . .  ;
Using now the original dimensions, such as u f , h _ 2lf
v y j  fc>*® 2 Svv<*”a c - .
the shape function will be obtained as
. z t ^ V J  -  | ( ^ - ^ -  J| - ) =  ................................  ( 7 . 1 3 )
Z %
Since the cross-sections of the hypar arch vary, the b and h .*• *
quantities can only' be regarded as constants in one given cross-section,
otherwise they will vary along the arch as functions of, the y
co-ordinate. As long as we resort to an approximate analysis, where
several cross-sections will .be investigated but separately from each 
other, the variation of the b and h . quantities- are unimportant1. 
Relations are derived, however, to simplify the calculation of these
I
quantities in the various cross-sections
The calculation of the b quantity
is
in various cross-sections ega based
on FIG, 7.7.» from which.it can be
concluded that
b = b - y
x 1
By substituting the original 
dimensions one finds: FIG. 7.7.
' i f *  ■
In calculating the h
' . \ . 1 - 
quantity1,, the notation
* \
\
of FIG. 7.8. are used.
First of all the equation
- \\
\ ' • 
of the principal parabola
\
has to be ’.established in 
the new auxiliary system 
of co-ordiriates / y r2>/*
( 7 . 1 U )
L_ \  4_ V f/2
w
•— •—_ -*-y« — ^
h* 1A j / ^ ! fit \
. 5/ .
t ’V
L -
FIG. 7.8*
Referring to Eq* (7.11) one finds
z c V j  = _  iy-y * ; consequently the variable d will'be
O* ' ! !A -  K- wV*»  *
again from FIG. 7*8. we find that
from which
h  . h - 2 - ^ y  v
Substituting now the original-dimensions one finds:
h . J L - 2 * F  y + A i - y * , _ g j _ v . jL v
2 ^ 2 V ? a y  \ a } J 2 a^2 y  a 1 y
and finally \ ;
7 h -  f ( t — § - y  * • )   ( 7 . 1 5 )
As another preparatory'step, relation has to be established which 
enables one to calculate the radii of longitudinal curvature for any 
cross-section. Since the longitudinal arch is characterized by
2 / y) m — U (^-  -  — V  TUt J>6«.iu»T\vas Mie. :
*v V5, 3 7
U v ) ’ = -  2 ^ ! /  i  ' k f l f  •
b , b .
2 h?
and substituting these into Eq. (7*7) we arrive at:
Returning now to the original dimensions, one finds;
f inal ly
R - { y j  1 + u y | (7  *16)
The smallest value of R will occur at the crown,' where y = 0* 
Substituting zero for y , we find:
O R
1 ■sss ■ —
1 y=o k
y«o 2 h*
( 7 . 1 7 )
In estimating the self weight of the shell, the surface 'is practically
substituted by i t s 'horizontal projection* A much better approximation
can be achieved by calculating the surface area - even approximately -
^.nd multiply it by the "constant thickness and the density of the
material • A .-. •'
Since the shell is defined in a rectangular -system' of
.co-ordinates and the shape is given by.-Eq* ■ (7 *9)» the area of . an
infinitesimal shell element bounded by dS . and cLS arc elements
x y
are given (See section 2.9.2*1) as follows:
-  j s .d s ,  -  Y L1 L1
or by substituting the appropriate .derivatives
* t f u V
Consequently the surface area of a square hypar shell, which is
*9* SI x • ‘
bounded by the x = y = * c°nstants, will be: ' '
dt. a • '
J  I  ■ *\k'm 4. j  J y i * 1?c
- , . - 0 o -
By. developing the integrand into a binominal series we find:
V. I f  . .4
A** A J  f £1  ^ ~ ) + *• - J d d y
0 0
Considering the first two terms only
\  I
A * 4 |  jo*!**1 * tfyl )eU<ly * 4
0 0 ~~ ! ■
A -  A u .  1 « . 4
* y  + U —  *Tk
therefore
4 f*A -
If we denote 'now the uniformly distributed load in horizontal pro­
jection by p and the effective load on the shell' surface by
eff'
then
( 7 - 18 )
7.2*3 Shell Actions and Strain Components
Under this heading, the longitudinal membrane force' Ny and 
the transverse bending moment. Mx will be determined. If the
■1 V ' 1 ■ . ' .. ' ' ■ *'
Poisson's ratio is zero, according to Eqs. (1.41)
e t t y
(7*19)
Here £,v \ is the relative longitudinal strain and Hi is the trans-
verse change of curvature. If we denote the position of the original
cross-section by z (only for simplicity) instead of z(x),Vand the
.position of the deformed cross-section,by z , then the vertical* z *
displacement (w) of any point of the shell can be defined by
■ • • • • •    ( 7 . 2 0 )
The longitudinal strain can now be expressed (See TIMOSHENKO: Theory
of Plates and Shells) as follows: *
w = z - zz . . .
If we neglect the ^ quantity in the denominator, then'finally:
-  % ~ - i r   - — ( 7 . 2 i )
If we denote the transverse curvature, which belongs to the original
cross-section by K and the same after deformation occurs by K ,z
then the change of transverse curvature " ,
; K r  K . . '  ■
The K and K curvatures can' be obtained from Eqs. (7*7) and (7.8) 
<and if we neglect the denominator because of its smallness of second 
orderj we finally have: . -
■V ■ — ........ ( 7 - 2 2 )
By substituting (7.21) and (7.22). into (7-.19) we find
El t e - i r  ] •••••••••........
4 fj? T it
“ w Ld? X ^ J  ., ■■■    •■•••••■(7.2U)
7.2.4 The M = M(&) Relation
In determining the connection existing between the external 
bending moment M and the change of the longitudinal curvature 
(for simplicity we Write ) the basic principle will be applied, - 
according to which the external moment^equal to. the. internal moment. 
The internal moment created in the deformed cross-section can be 
calculated as the sum of the moments caused by the shell actions. 
Therefore: -
4l=> • • ~
V M *  jNy + jM y d x
Since the shell is thin, the second term of the above equation, which 
expresses the moment caused by the flexure of the shell, will, for 
t h e s a k e  of simplicity, be omitted. Thus^we deal with the following 
expression: '
M. -  | h ,  * t d K ........................ ....................... ................ ( 7 . 2 5 )
- b
On the basis of Eq* (7.23) we have: . -
4b  ^ 4b 4-b, p
M -  El  “  E t j ^ <  ~  E t k
-  b  * - o  *  b
But according to Eq. (7.20) z = w + z, and therefore:
,. z
+b + b
-b w I
4b 4 b  ' + b + b
E4 ja \s*  + ^ j u z^ VEU \ ; ^ } u Zd>c+ E t ( \ -^ J z lcU
-b -b _ '  4b > . -b
By taking advantage of Eq. (7.9) we finally have: >
4-b 4b +b
M « ElSl | z \ l *  + - ^ j t f z d r t  ♦ E l ^  f t f z d r t  ♦
I  Ri  L H  ..... ( 7 . 2 6 )1 : • '
Eq. (7.26) gives the exact connection between the external 
moment and the change of ,the longitudinal curvature. It is inter­
esting to note, that in the first and second members. of Eq-. (7.26) Hi
is of the first power. (In the second member. Hi ■is hidden In w ) .
In the third and fourth members of Eq.' (7.26) H-C is of the second
power. Further w is proportional with R consequently all'the
z
terms of Eq, (7.26) contain R in such a way that the first and
N .> ^ . Z  *
second member are some while the third and second members are
some X  function of ,R • Thus for the simpler treatment of the rz z
problem, Eq, (7.26) can be written in the following form:
t V - n C s O -  f ,CRV)y(  - .............................. ......... .............■ • ( 7 . 2 7 )
... According to our previous discussions, the M(^) function has 
two important characteristics, the first is the initial tangent and 
the second one is the maximum value of the curve.
In order to determine the initial tangent, let us differentiate. 
Eq. (7*27) with respect to Hi at the point where Hi- •— 0#' Thus:
<=* Hi % V*K*' A'Hi rJi  2 ■'■
i f : y i = 'o 1
’ .S ! '■'• '
d H C S f O  a x f n v  ' ^
 ^ d t t  %<■«.»)
The slope of the initial tangent will then be (Rr ), which.is the
' ... , ' z
sum of the first two members of Eq. (7*26) divided by 3i ■ . Therefore:
• (7*28)
\ , -E> " . , -b
Referring!to the elementary theory of bending, the relation between
bending moment and the change of the curvature is given, by the
following differential equation
__ M m d  ^  " v/
i '* ■ . , _ • ■ ■'/
and from which, the initial tangent is
Comparing the corresponding terms of Eqs. (7*28) and (7.29), one can 
conclude ‘that the sum of the two integrals in Eq. (7.28) divided by 
the Modulus of Elasticity corresponds to the moment of inertia. 
Consequently it can be written that
+fc> 4-b -
1 -  t  <■ h s j j  j - l J r Z d x .
-b . b    • • • • • • (7 .3 0 )
In our further investigation Eq,'(7.30) will always be referred to
and used as moment of inertia. The first' integral of Eq. (7.30)
gives the elementary moment of inertia of the cross-section of the
shell arch. This quantity will be called the primary moment of
inertia and denoted by J • The second' integral of'Eq. (7.30) is
3?
called the secondary moment of inertia and will.be denoted by .
Thus the sum which we will use in.our further investigation as moment 
of inertia is:
0  * 0 * *3,.................................— . — . . . . . . . .  ( 7 . 3 1 )
Using these notations, the initial tangent can be written in the 
following simple form:  ^ ' k
(7-32)
In the investigation of the initial tangent itJis sufficient to
calculate the moment of inertia (J + J ) from the original geo-
V '  P  S
metrical dimensions (R, z) pertaining to the undeformed shape of 
the shell •
. The other important characteristic of the M(^) function is its
maximum value. In determining this, we have to consider that M(^) is 
a function of two variables x and y which are hidden in the z, w, 
and Si quantities.' The hecessaryv criterion for existence of the 
extreme value is
a n o O  _  a 
a *
M L C 1(I _  0 
ay.
while.the sufficient criterion is
and
simultaneously
y n c  *1)
-12.
q  jo.
The investigation of these criterions, in an exact way, involves a
lengthy,procedure, however it is not always expedient; therefore the
\ . ' ■■ . ■ ' . . - 
analysis! will resort to a graphical process. New variables have to
be introduced now' and the displacement function w, which is also
\ . ' • 
involved in the expression of the moment, of inertia, has to be
I ' ' . ' _
determined in the first place.:
7.2.5 Determination of the Displacement Function
• In order to establish the function for the vertical displacement 
(w) of thel shell arch, the.equilibrium of an infinitesimal shell 
element has'to be investigated. The -shell element, which is cut out - 
from the middle surface of the shell and bounded by positive and 
negative parabolae, together with the internal forces and moments
(shell actions) is shown in FIG. 7*9*
The equations of equilibrium
are given now
i %  - 0 . . . . . ** a >
U ;  - 0 . . . . . .. b,
2tljj° - 0 . . . . . ... c,
iMir = 0 . . . . . . . . i ,
( 7 . 3 3 )
Eq. (7»33*a) leads to the 
Cauchy equation, namely
P.
FIG. 7*9*
Since the load is vertical p = 0 .  Owing to the perfect symmetry ofX
the arch and.the loading, the Navier's hypothesis is applicable, and 
therefore the T components equal ,to zero; which'leads
d 14*
3 k " & 0
consequently U *  e coasT,
By developing Eq. (7*33*1) we obtain the following equation:
( 7 - 3 2 + )
-2 U jS in  |<d* ♦ '{dy  +d.U» Sin ^ d y  + Q*dy ~ Q * d y - d Q ^ d y  ■» 0
>
The first and second terms of this equation can be rewritten as 
2 My S in  f  d *  » 2 U,** 2R.
<iin 1 d ^  - 2N*. f ^ d y  - ^  J | d , < d y
■ but A  & A  k therefore * V m  =0
Thus the equation of equilibrium become^:
d*dy + dU,y^ely-dQ*dy = o
and dividing by dx.dy throughout
and on the basis of (7.3*0 finally we have
—  o  ........*......................................   ( 7 . 3 5 )
Eg, (7«33>c) leads to the following equation:
- \  * . . . .
Q*d*dy + 2 M * d y «  0 .
dividing by dx.dy throughout
ry a <JCU v  rt Hi, CIk _  o  M* e W  _i Mil _  /-N
Z V - I * a y  ■ r a ^ T  0
Considering now that = 0 and the longitudinal shear con­
stant which leads to dJL*_- 0
d  y
Therefore the third equation of equilibrium is obtained as follows:
Q .  -  - j ~ #-  = 0  . ; ; • ••••••••••••••  ; . . . . . . .  ( 7 . 3 6 )
From E q 0 (7.33.A) we obtain - . 3..
2Myd * ' -  2 M * d y  -  A M*dy:* 0 •
dividing by dx.dy throughout and taking^ advantage of the fact that 
- = 0, we finda is 1
2. “ 0 ,and finally
A h
~A*
2/
or ®. C O M ST
( 7 .3 7 )
which corresponds with our previous assumption*
By differentiating Eq. (7.3^).and adding to Eq. (7 .35)  the 
quantity can be eliminated and the following differential equation is 
obtained:
Substituting the M moment and N membrane force by their values
x y •
from Eqs • ;(7»23 and (7*24) one finds:
E h
ie A
E t ±z _z_
or j l i .52
*J4z, A^irfr-A  x A  *
l i
R,
zzR - z ^
ft a, -  0
By adding ±  ■ „ ^  - i° the expression in the second brackets
R R-
6.4s
92
i4a  z* 
J  *A
A* z 
J
The last t erm of the a
RV ' Z R*
thus we have
EiV
12
r 1*A z z 
A *4
i— 
i
.na-¥l
+ ^ ( Z z - Z ) + - ^ ( 1 -  1^ )2  = 0
Ei
( 7 - 3 9 )
p  l8
Referring now to Eqs. (7*8) and (7*20) and dividing by ^ - through­
out Eq. (7.39) will be obtained in the following form:
oj  **. ' t ‘ Ri " '
In the above equation z indicates the original form of the cross- 
section, which depends only on x. Returning now to our. original 
notation which was z(x) and introducing the following notation
where ACL S3
4 a 4
t l ft5 O. e
V31
/ T r , ( 7 . U 0 )
we finally have
- 4 « R . W  *•<.*>...... .................................  (7 •  u i )
Due to the fact that z(x) is a given function, Eq. (7.4l) is an 
ordinary linear nonhomogeneous differential equation of the fourth
order having the following general solution
w = w^ + w^ ( 7 . 1+2 )
where w^ is the complimentary function or the.homogeneous solution 
and W£ is the particular integral.
7•2*5• I': The Complimentary Function ,
The homogeneous part of our differential equation (7«^l) is as 
follows: >
A + 4 a  = o (7.1+3)
The usual substitution o£* w = e
x*
leads to the characteristic
. 4 .  4  - S '
equation x = -a which has the -following roots:.
7<i = a + ia \
A a = a - ia
/ ■; • =-a + ia
- A. =-a - -ia
4
and the complimentary function will be
C2e ** ♦. G, e ’S  C4e** .  ..... ;•••••••• (7.1+1+)
"Where , C4 , C3 , are: constants. Substituting the real values
of the roots., we have ;
1
W. V  - a *  tax. f ’ -am - i a . *4e e ♦ uae e C .i t i n PA e e . ,o e e
By introducing the Euler’s relations:
e** * c. K a*  ♦ ft Is a *
1 ■
C a* « cKa. * -  ftW a i
one finds:
s Q c h a x . e a** C2c h a x . e ,a,‘ *~C2s h a * . e 1
+ C.cHax.e' -  L  fthaK.ea* * C, chak .e'a* -  C.shax.e'5 3 4 . 4
h a * . f c  e a% C4 e a1*> “  c<i ■ -
+ cha* .[C 26 C .ia*
"I' I " *
+ sha.x.f C, e " ‘ •
* shax. C , e ” .  1
h iiLJL J v
By introducing now. new integral constants, such as 0 , 0 , 0  , O'
we find:
C* » «,OL* " ,a* p ** ' -ia*.— -v Z C  sKa.*. ----5-^ —"* fc ( - r
t a x  i c t *  p  _ •  a . 7t -  i a x
c h a * . - ^ — —  4. 2  C — * e
The introduction of:
z .
2C1 = A
2C11 = B
2Cii±
■ = . c
^ _lv
2C = D
will lead to the final form of the complimentary function, namely:
* k  ch  cl* . co s  c l *  + & s h  a *  . s i n  a *  +
C  c h c u * . s i n a *  «- D  s h a * . c © s a *  ..................   ( 7 . I 4.5 )
7#2#5*2 The Particular Integral
The particular integral is obtained as any particular solution 
of differential equation (7*^1)* One solution can be found by the 
introduction of the following differential operator
- £ n * & ........  • • • • ..................... . . . . . . . . . . . .  ( 7>u6)
Then Eq* (7V+1) will be obtained in the following form: .
D 4 4o.<^ =r — 4- O- ii, Hi 2 C*) from which
1* s-\« — -^_Q-
( 7- L7)
By developing the expression in the brackets into Taylor series we 
find:
A \ - 1  r
o - j & r -  v - a  * ( A )  -  (j& y
Taking into account the first two terms of this series and substitut­
ing them into Eq, (7 •!+7) we have
Considering' now that R and are the functions of y - only while2i
z(x) is a second order function of x therefore its fourth
derivatives vanish. Thus our particular solution will be:
w = w = -R z(x) ....  ... . ' .2 z . ................
or by substituting z(x) from Eq. 7.12) we finally arrive at
( 7 . 2+6 )
’ " . - - W O V t t    . . . . . . . . . . . . (7 .U9)
7.2.5.3 The Final Solution of Differential Equation (7.^-1)
The final solution of differential equation (7.^1.) will be *• 
found, according to Eq. (7.^2) in the following form:
fitS2 » A c h a x .c o sa x  4 E> s h c u . s i n a *  ♦
C c h a x / s i n a *  ♦ & s h a x .  c o s a x r *  R ,& .z t* y
For determining the A, B, C, and D constants the following conditions 
are considered. i.
Due to the perfect symmetry,of the shell arch the central
1
tangent of the cross-section is horizontal, further the she^i 
force i§ zero in the middle g f the brgsg^seetion* Thirefox’ii
d a
a  x
A* vs 
d x *
-  o
= 0
( 7 .5 0 )
(7 -5 1 )
The edges of the shell arch are perfectly free, consequently 
neither transverse moment nor shear occurs along them. Therefore:
r d 4o"
i d o
o
( 7 . 5 2 )
(7 -5 3 )
Using these four conditions, the A, B, C, and D constants will be 
determined as follows:
Condition (7.30) leads to the following equation:
air a  5>^ai . cos  c l *  -  A a  ch c l *  . s i n  c l *  4*; 7
c. Uax . <>in a *  4 E> a. *  Uja.* » cos c l *  +
C a  Ua * « <*\n a  *• * C a  c h ’ex *■. co s a  * +
Da cU .a u .  cos a *  -  D a  sU-cc* . s \n  cc * — X
. •' 1 : o
if x = 0
d
a i r  *L - *=Q
4<1'
G o.<■ D c l  * o G - r R   ........ ”  (7 -5 L )
Considering condition (7 .3 2), we find:
a 4
d  ^  a  £*•* — . A  ol s - h  c l *  . s i n  a . *  — .
 ^ A  c l s h c L * . s i n a . x  —* A a ,4 c  h  c l *  • c o s  a x  +
\ s  U c l *  . s i n  c l *  +  e > a 2 c  U c l *  . c o s  c l *  4
&a c h a * .  c o s  <*-* 4 E» a 2 s  U c l *  . s in  a x  4
C a  c l i a u  . s i n  a *  4 C a  s  h a * ,  cos  a.* 4
j C a  s U ^ . c o s  ol< -  c<xa cU a .* ,  sin a*  4
J D a s U c l * .  C o s  a .K -  b  ot2 c U c l *  . s»'n a *  -
; D a  c U a * . s in  cl* •  . D a  s b c l *  . cos a *  -  2 -kj
if x = +b ".
» -  2 A a  s t i a b  . s i n  a.t> + 2 & a c h a b  . cos a. b 4-
*»*b &
2 .0 a  s U a b .  coscLb -  iDa.  c h a t  . s in  a  b -  2 =0
o
a * 4j
Following condition (7.31), we obtain:    (7.55
a V  * . ■ -V
■ «  ( -  A  cl ch  cl* . s i n  cl* -  A cl fcb cLX • cos c l* )  2 4
(* fe Q. s  b cl* » co s  ol* — H> a  cb cl* . s i n  ct* ^  2 +
( G a S c U *  . c o s a x  -  G a  s b  c l *  . sin a.*} 2 4
s
D cl s b  cl* • sin cl* -  D Q.1 c b cl* • cos a.*^ 2 '
if x = 0
A
( c  CL c K o ,  cos o  -  Da? c h o .  COS o)  Z «■ O
(7 .5 6 )from which. C - D = 0 ; C = D ‘
It follows now from (7.5*0..and (7.56) that:
c \ D = 0  ( 7 . 5 7 ).
Taking advantage of Eq. (7.57), Eq. (7.55) reduces to the following
simple form:
-  A s b  a . b > .  s i n  a b  + &  c h a . t » . c o s c l I o  »  ^
And finally condition (7.53) leads to the following relation: ■
a  * = . — f \  CL C  n  u .  D  .  * o 1 1 1 . 0 . 0  — m  ^  F< u b u*«ib
Eb cl s h a . b  . c o s  ol t?  -  c b  a . b . s i n  a b  =» O
or
A ( c b  a . b .  s i n  oub 4 s h  <xt>. c o s clUT) +• 
E>(cUa. t>. s i n a  b  -  s b a b - c o s  a b j  — O . . . . . . . . .  r (7 .59)
By multiplying Eq. (7.59) with the following expression
cb  a b .  cos clb
c b c x b .  stnCLb — s h a b . c o s  a b
and adding it to Eq. (7.58), the B and A 'constants can be 
eliminated respectively, and we have:
- K s a ^ e h  <xb.cosat> _ ^ ^ ^ . s i ' n a b  -  R 3 i  f i
o b  OLb . S i n a b  -  s b c x b .  t o s a b  2 a>h
^  s i n  o . b . Cos o l  b . C c b o t b - s b o t b ^ 4  cb  o b » s b  cxb. C c° s  Q-b »S\n c*Va) ^  ^  b  
c h  cxb. S in  cxb — s  h a b . cosc t  b  *
and finally:
c b  a .b  . s b  cub 4 c o s o . b  . S m o t b  
s b  o-b . c o s  a b  -  c b  cxb . S in  <x b -  Rx^ a F W
and in similar manner U . . .  ( 7 . 6 0 )
c b < x b .  s b a b  4 cosoub .s in  cxb a n »|l b
<b b  o l  b  • C o S  c t b  -4 c.lo <kb . s i n < x b  *
By introducing now the following notations: .
A -  sbotb.cos o.b — cb a b  . «b in cxb 1
4 sboub. Cb Q b  4 tOSCXb - S\H Cl b  CL1
r\ m s b  CX.b . CO5 Q - b  4  c b  P u b  .  S  \ n  O - b  0 \
s b c t b .  c h a b + c o s a b -  S i n  cl b  Cl'  bx
and substituting these into Eqs. (7.6 0 ) then for the A and B 
constants the. following simple expression are obtained:
( 7 . 6 1 )
additionally
A » A , h f t z Ul 
1 , 1 . ^  
C = D = 0
( 7 . 6 2 )
The final solution for differential equation (7.4l) will now be 
obtained as: j
~ = A^ h Rzyf thaii.cosa* 4 Uzyl shaA.^ina.* - h U2 -^t
or
c b a n . c o s a *  4  s h a x . s t n a *  "   ...........( 7 . 6 3 )
7.2.6 The Moment of Inertia of the Shell Arch
Referring now to our previous discussion, the moment of inertia. . . I .
of the hypar arch will be.obtained, according to Eq. (7.31) in the 
following form:
J = J + J
1 ' P, s ., •
Where J is the primary and J is the secondary moment of inertia.
] D  j • S
Knowing 'z(x) and w(x), these quantities will be calculated, in 
accordance!with Eq. (7.30) as follows:
•Via
" , r -1 £ t
O p -  0 M 7 7 7  t f t b   . . . . . . . . . . . .   . . . . ; . . . . . . . . . . . . . . . . .   ( 7 . 64)
And the secondary moment of inertia:
R
4b
-b
W zd* * Rz t t Cb
Substituting' the particular integral for w^ we fin'd:
+ b  + b  4 b  4 b
R ^ j r { s zd*"
- b  - b  .  - b  - b
X .  .   , - f  _ _  /*  I \  I . x.
Owing to Eq; (7.64)
4 b
U .z d * .  -  0a P •••— . . . . . . . . . ...................... . ( 7 . 6 5 )
Substituting Eq. (7.64) ‘and (7 *6 5 ) into Eq. (7.31), the. moment of 
inertia of any cross-section o f ‘our hypar arch will be obtained as:
+b • _ +b
-b ii-b
+b + b
^ J* ^  *** "  d *  . . . . . . .  ( 7 . 6 6 )
■b - t  <s
Before performing these integrals, the following* considerations are
♦ lo
to be made* The integral \tflrd* describes the sura of the vertical
-b
displacements of the cross-section along its length. Since the origin 
of the applied system of co-ordinates is located at the centroid of 
the cross-section and the cross-section is symmetric about its • 
centroid, the cross-section can be regarded as a symmetric closed 
curve. According to the Cauchy integral theorem:
+b
But on the other hand w = w^ + w^ and consequently: 
.b ^b +b
J a j J k  * + « O . . . . . . ___ ( 7 . 67)
-b  -b -b
Due to the fact, that w^ was the particular solution of Eq. (7*zi-l) 
and W2 was also based on the symmetry of the cross-section,, therefore 
the particular integral must'also vanish and from Eq. (7.67) it 
follows that:
j « , d .  . 0
Eq. (7.66) reduces therefore to:
i  t h  r » ,
Rz
and by substituting the complimentary function for w.^  from Eq,
(7.63) one finds:
+b I
|  % cha*. cos a* d *  + , R j^j^sVia* . svnct* d*
'-b -b .
By introducing now :V  ^ I
( 7 . 68 )
I +b, - y  c
I *
2 =  J
h  CL* . CO OL* A  *
b
Vb
* %Vi a * . in a.*. A *
we find . 3 " "Su?" + “ \ z“ E>^  I ( 7 . 6 9 )
and  ^will now be integrated by parts. Let us introduce first 
of all the following auxiliary integrals:
jc.ii a.A . cos clX d* s ^ -[c W n  • s’ma* + sHci* . cosa*~|
a*, sin an d% * -g^-fchax • sin a*f - sk ax .c o sax j
Job cl x • sin ax cix » [s ^ a * • si«.a* - cha* . cos c l * }
Js Vi ax. co s ax <A*. « 2^-[sfo a< . 5 in a* co&ax!
By selecting now 61 — X
v ’ ^  c h a n ,  c o s  a . *
( 7 . 7 0 )
1^ can be written-in the following form:
Via
r -w
+i=,
J -  % j ct iax.  c o sa * .  A x  — I ^2xjcliax.eosa%«i x^Ax
-b
Substituting now (7.70) one finds: "
X%J «. ~2a. (chajt.sino* + shax. cosanj
1 .1 / b  ^ , ' b
Q g J * . c h a * . « > » n a *  d x  -  a - ] * . * V i a * . c o s o l *  A x. g . g       ( 7 * 7 1  )
-b
Integrating by parts again we obtain:
-^-jx.chcL*. amo-n-d* « *(sha*. sina.* - chtx*. cosa.*) + A c,V}cl* .cosax J  ...... ( 7*72)
-la. "  _ts
^  1 I"A-Jx. sU clx.co so.x.4*. Tj^Jjc^sba*. ox + cbax. c.o saLx) — — c bax.sinaxj •................... .(7*73)
Substituting (7.72) and (7*73) into (7.71),"after simplifications we 
find:
•via
1
1 | *  “2  CL L'
1
Xl . c h a i 6 . % i n a x  + c o s a x  | +•■J
+w
2 a3 L- 2 a x . s h o x . s i n a x  -  s W a x .  c o s a / .  ¥  c Vi c l *  . s l n a . *
After the substitution of the limits, we finally obtain:
t  to T t  b  V? c h  c x h . < b i n  a b  -  s b a b . t o f c o b  -  2 a b . s h a b . ^ i n a l o
and in similar manner
( 7 - 7 k )
^ i r l f  T a J lL
t  L b
- c b  c x b . s i n  a b  -  s > b < x L .  c o s a L + 2 a L -  c  ^  a . b - t o s a b  \L ( J . . . . . . ....... ( 7 . 7 5 )
Substituting (7.7*0 .and.(7.75)'into'(7.69)
t  b  i r
J  *  ( d b ) 3 I ^ ( c b < x b . S » n  cl Id -  s b  cx b  . c o s  Cub -  2 0 L b . ^ V \ a . b . <b i n c x t ^  -V*
B^  -^chcxb. sincxb- shcxb . coscxk> + A cub. cbab . to s ...... ( 7 . 7 6 )
In Eq. (7.76) the moment of inertia is given as a function of the t, 
h, b and quantities, the latter is hidden in.a. Since the thick­
ness' of the shell is constant and’the h > can. always be expressed in 
terms of b therefore the only variable is the "ab” product. It is 
convenient now to represent the "ab” product with one variable and 
to introduce
ab = d  ............................ (7 .7 7 )
Then the moment of inertia can be written as
J  chd.sind -shA.cosA- 2A. sbA.sdnAj 4
B,j(~ C.LA .VmA-ShA.COSA * lA. cbA * CoSA^ J
(7 .7 8 )
For a better practical applicability of Eq. (7.78) it seems to be 
convenient to derive a simpler expression, which can be u.sed with 
good approximation instead of Eq. (7.78)., For this reason, the 
representation of the moment of inertia in terms of the variable 
parameter d will be necessary. .To eliminate the t, h and . b 
quantities, we will represent the c^ = quotient. Therefore
c , =
Jp~ ~ ( t b  A . s i n d -  sbA.co&A - 2.A. s b  A.S.in A )
IbK
OM777 tb h 1 +
^ 3  cb  A . — sVijj. co& A 4- 2 A • c LA • c o s  A  ^
0M777 t  b h
finally :
r- _  5*6275 
c <
 ^ ctid .Sind — %Wd. cosd — 2.A. s h d  • sind } + 
• S i n d  — sV ld .C O Sd 4* 2 .d . c. Wd.. COSd^j (7.7-9) !
This function will be referred to in the followings as
ffcO
The values of the function .together with the and B^
variable coefficient, for realistic values of d are given.in 
Table VII.1.
( 7 -80 )
d 0 1 2 : 3 . 4 6 1 0  '
Ai -.2925’ -.09310 -.0125'
.00024 .0001? 0
V
.8524 .63604 -.0024 -.00323 --.00094■ —  0
°i
1 ' . 8 9 6 .333 , .094 .033 ' .0074 —  0
c ’C1 1 .893 -.341' .093 . .032 .0064 —  0
TABLE VII.1.
From Table VII.1. it can be concluded, that the c^ = vf(d).curve has 
unit value at the origin and its first, derivative is zero at the 
point d = 0; further, the curve approaches asymptotically to the 
horizontal axis. These properties offer opportunity to replace the 
^f(d) curve by another one, called which‘will be
defined in the following general form:"
’ c  U ) »  ___ - _____
The first derivative of the i^Cl) curve is zero at the point d = 0 
and the 'curve approaches asymptotically to the horizontal axis .C To
' I ' ‘ ■ ‘ . ' ' ^
satisfy the condition of d = 0; ■ 4^(d) = 1 the constants A = B = 1
\ ■ ■
and as a result of successive approximation we find that C = 0.12
■ I -- ■ _ . ■
and n = 4. Thus the equation of the approximate curve is found as
I " ,  ■
. \ f A c T l * --------- /L—   ‘ (7 .81  )
I * J A  + 0*12 d*- >
The values^of curve c^? are also given in Table VII.1. In.FIG.7.10 
both the exact (c^) and the approximate (c^f) curves are-represented. 
One can see the insignificant discrepancy between them.
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Consequently c^1 curve.can be used with good approximation instead 
of c^ and the moment of inertia of the cross-section can be found
a s :
J "f C1^ I» ~ <Jp  * 0’l777Cj W*tb
7.2.7 The Critical Force
In our previous discussion it was concluded that the critical 
load on the hypar arch can be calculated as.that on an ordinary 
statically indeterminate arch, this includes that we have to determine 
the moment of inertia in several cross-sections and to follow its 
variation by some method of numerical integration *■ A fairly good . • 
approximation can be obtained by the Simpson rule, where'the investi­
gation of three typical cross-sections gives sufficient accuracy*. It 
is convenient now to take these at the crown, at the quarter of the
span and at the fixity, and denoting them by J , J and7 crown’ span’ . .
J”fix respectively. The.
I o! I1• , y* 1 Q.|
position of these cross- ■ .
°! if* ; Ul i
sections, together with . . ! *j* ""T
FIG. 7»11* The average
other dimensions of the
shell arch, are shown in
* "6~ * 4 3$poo + 3fi* J  i . . . . . . . .  . .......... . . . . . .  (7
Having determined the average moment of inertia of the shell arch
moment of inertia of the
as follows:
hypar arch can now be given
( 7 . 8 3 )
the critical load will be found (See TIMOSHENKO: Theory of ’Elastic
tability)\as follows:
consequently:
E3
Dx .^ mi C P - 0 - (7.9U-)
In equation (7.84) indicates a factor which is given by E.LV
Nicolai in terms of oC and tabulated below.
<x/z
ooNA 6 0 ° \£> :o
o
1 2 0 ° 1 5 0 0 i 8 o°
/» 8 . 6 2 1 4.373 3 . 0 0 0 2.364 2 . 0 6 6 2 . 0 9 0
TABLE VII.2.
In TABLE VII.2* o£ is the angle enclosed by the two positions of 
the maximum radii of curvature, shown also in FIG. 7.11 and can be 
determined as ' - /
tan o( J  . z O OA y ( 7 .8 5
Relations are now established between R and R . as well' as
max m m
between the b^ and 1 quantities in the following forms:
•ft .min -R
r , i
man
( 7 . 86 )
Since *in ^ 2.
one finds:
2.
and substituting Eqs. (7.86)
from which
ft
By substituting this value of -^rripn ^or -^ 1* (7*84) we have
’( 7 . 8 7 )
If we introduce now the following notation:
(  P,X-  0  S i n '  1
(T, r , ) 1 r*-—  ■ from which ^
r -  v  a m * y. < ,
3 Y  (/* 0 V m V / i  Vw*./a y ■ |*M (7 88)
Eq* (7*87) will.be obtained in'the following form:
u  . *  » r  i•Icn t 7* )l M
By introducing the concept of the reduced length, as usual,, in the 
form of
. io  '  r * l . : ............ • • - . ........... . . . . . . . . , . . . . . . . ( 7 . 8 9 )
we finally obtain:
'u-lt -■ t
il.„T
o ^ s 1 u  1 i t itii: 11 : t 1 ; : it tiiii tt t ii ( 7 l90 )
The expression obtained, for the critical horizontal reaction com­
ponent of the hypar arch is similar in its construction to Euler's 
column formula. .
7.2.8 The Equation of the M(U() Curve
In section 7.2.4. it was .already derived a primary, relation 
between the • M ■fixed-end-moment and the change of the longitudinal 
radii of curvature &  , and was given in Eq.(7.27). In finding
the final equation of the M($) curve, Eq. (7.26) has to be further 
analysed by rewriting it in the following form:
+b fl=> *t> vb
“ - 1» “ b — b
By substituting the particular solution for from Eq. (7.48) one
finds:
♦b +b +b +k> 4-b
* t ^  " ^|z4<=i*. + i  j 'UJ.J ZcIt*. -  t/ ft* tf-i j zM* -f
*b “b ' b  — fc> — fa
+b Vb ,-b
' i b j ' c U  -  a t j  ^  z d *  t  t  j z a < = l *
“  io  — fc> -  f a
 ^ “ ( w r * ) ] 0 ^ *  + r^ t]  <  d*- fc> - i>
« r *  ' H n e ^ ) j w 'E c U +  r^ J ^ *  ' ...... . (7.9 1 )
■ \ - b  ~ b
From Eq. (7*9) it follows now-that & = -KJ} , ■\ " z  Rik+-1\
\ . • • . . , •
' ' ■■ ■ Substituting this for the expression in the brackets of Eq. (7.91)
one finds:\
i\ r
A- _ M _
.A -  Rz'il R*5lM ( R 3 U 1  - R*iO(Rm+-0 i
R*^ ' R^K R.WCRW + 0
R
therefore Eq; (7*91) becomes
♦u vfa .
W “  M il  ^ 1,1,1 * ■  . . . . . . ( 7 , 9 2 )
The first member of Eq. (7.92), apart from the quotient, gives
the' moment of inertia and using the approximate formula for it one can 
write:
t ( nj y j y ~  c' 1 /
Rtf) R R 1 '   • • • • • • ......... ( 7 .9 3 )
- b  '
The second member of Eq. (7.92), by substituting the complimentary 
function for w^, can be written in the following form:
ti» +b
h t (A  c h a x .  c o s a *  + sha .* .  s inaxJcU.
-fc» -u
p ^ - j ^ fcci)< = A* Rz^ i i h j c ^ c L x . .  cos*a.*.eAx +
4-b
J A ^ R ^ i h 1 U t ,  ctx . s^i c l  x . cos a * . s i n  a  x . «A* +•
-b  ’ .*b
tAz 3 ( t h  J sV><ax . s i n * a *  .sd  *
Integrating by parts and taking advantage of the basic integrals given 
in Eqs, ..(7*70), we arrive at the following results:
i
\
+w . 1
R_
• t Ov
( ^ ^ a h - C o s a a b ^ c b a c t ^ . s i n ^ c L b ,  V s h i a b  + S i n * o t b * 2 c L b )
A . 6 > . (  c ^  • *»^  2.olId -  s b  2 ° - b . c ° S  2 a . b ^1 4 /
^ ^ s h a a b .  c o s z a g -  c h  a ^ b . s i n  ^ h 2a k  » S i n 2 a b - 2 o U j )
The. expression on the right hand side of'the above equation is rather 
difficult and the computation of it i s 'a lengthy procedure. Therefore' 
it is convenient to substitute an approximate function for it. Since 
the above integral depends primarily on the ab parameter - (it will
be denoted as previously by d) - we introduce a function ca« ^ (A)'
and specify it in the following, manner.
Let'us rewrite the coefficient in front of the brackets of the above 
equation at first:
R t t  h  Vs _ D M /  O'  >777 t  b  Ip ^  D Mi *l \ • l o  C 
Ko, b “ Kx,R 4-. Om\177cL "zKJp ^
Then our c = ^  (d) function can be specified as:
and the above integral can be written as:
* ^ z ^ 3 p c 2   ( 7 . 9 5 )
The values of the = ^(d) function, for realistic'values of the
d parameter are given in TABLE VII.3. . The curve itself is,shown in ' 
FIG. 7.12.
d \ 0 1 1.23 1.50 \ 2 3 -k- IQ
C2
\
\\
001 0.792 0.379 0.37^ ' 0.113 0.013 0 .0 0 2 9 — - 0
V
0 .8 0 1 0 >38A- o .381 0.111 O.Ol^f 0.0024- — 0
c 2-  YU) * \ - i o £A A* ( ? h * d . c . s a d » _£.h t d , 4 in l i  .  ^  ^  4. 4,in JJ +
■ A ^  (chL«A.%in2.<i -  sh i*A. cos
- c h f c i .  i i .  24 it.  sVlSj
TABLE VII.3*

■From FIG , 7*12. it can be concluded that the c^ .(d) . curve is
asymptotic to the horizontal axis and in the interval 0<.d<+3 is-
very steep. In the .interval : 0 < d < + l  it is however asymptotic to
c
the vertical axes.. Due to the fact that the practical values o t d 
occur in the interval l < d  <10 it is sufficient if our approximate 
curve C2 ’ ■= will fit to the exact curve, only in this inter­
val. The approximate curve will then be defined in the 'following' 
form : ' \ •
<  -  % w) = J2> + OcJ"’ ♦ . O d ’
1 ' 1 '
To ensure ';the asymptotic behaviour of this function it is convenient
to select \a = B = 1. To satisfy'the condition of d = 1;' c^ = 0.792
the C andl D constant must'fulfil the' following relation '
o - ' / s a '  :
The'above conditions and a further successive approximation lead to 
. ■ v " ' • '
the following values: _ '
C = 0 .1 6 ; D = O.OS5 ; n = > ;  m = 6
Therefore the substituting curve will be defined as:
C Z ~  Y /<=0 =  1 +  0 . 1&<:1* *  0 * 0 8 5 d 6   0 * 9 6 )
It can be-seen that the deviation between the two curves.in the 
l < d < 1 0  interval is really insignificant. Substituting 1 instead 
of c^ in Eq. (7*93) we find: '
Finally, substituting Eqs. (7*93)-and (7*97) into Eq. (7.92), the 
desired relation between the fixed-end-moment and change of curvature 
will be found as follows:
% -  - H e . ;  -  r , 3 , c ;  j 1
or (■7*98.)
Eq. (7*98) contains, however, three variable quantities,•namely NR ,
z
and- d, the latter is hidden"in the cq 1 an^ 1 parameter
functions. It is convenient now to eliminate R from the'■ eauation,
z  ■L
W V
therefore we introduce E3i as a new variable.
On the bases of Eqs. (7«77)» (7*^-0) and (7*8) the variable d. can 
be written as follows:
a  = a b  -
V i  R  «  r r ^  - / jL  0  va 7I5Z ^
We introduce now, similarly to Eq. (7.^0), the following relations:
VT
v u r  = * » ■ S - t -  - a t . iVt R •* "
t .
consequently
and
a  * cl, V 2HRM 
d  -  d ,  V W R . l
( 7 . 9 9 )
( 7 . 1 0 0 )
By using these new notations,’ the c^' and c^ 1 parameters should 
be rewritten as follows: ' ■
C. * 1 \
4 t*0*l£ci4 \ + 0M2<14 C &RM)2,
' 1
— (7 .101
i * o-i&d4 * q-065<A6 I + o^&c^ C krm)1 *• o*o a5^  (^ tn -0 4.
Eq. (7.98) obtains now the following form:
M  _  S U M  » 5 /  . R  . <  1i l
E3P R. 1 W.B.M Ci
H _
SIR
'__________3] +  R Ml’
M C1 ^  + tRRM C* ( 7 . 1 0 2 )
But on the basis of Eq. (7.99) R “q ^
and multiplying Eq... (7.102) by this identity, we finally arrive at
^  ( - ^ s i  + s i 1 )    - . (7 -1 0 3 )
In Eq. (7.103) the M bending moment, is expressed in terms of the 
change of curvature (&) and the variable parameter d^. .This latter 
depends entirely on the geometrical details of the hypar arch.
•7*2.9 The Critical Moment '
Having determined the equation of the M(iR) curve, the critical 
moment can be obtained as the culminating'point of the curve. The 
exact method in finding the extreme value of this function is not 
expedient for practical reasons, therefore the investigation will 
resort to a graphical approach. The graphical solution is also jus^l"" 
fied by the fact that the interval in which the d^ parameter is 
defined, from practical(reason, is very limited. Let us investigale 
therefore the two possible limits of d^.
If d^ = 0 , we find that:
a ,  « a 4b = m O ,
The only practical possibility tovsatisfy this condition is if R =00 
which leads to a straight cylindrical shell with.negatively curved 
parabolic cross-sections. Thus, the d^ = 0 case.will not be of our 
interest.
If now say d^ = A , the second_term in the brackets on the
right hand side of Eq. (7.103) small in comparison to the first 
member. Neglecting it, Eq. (7.103) will be obtained as
» n tV  Mj —   d  i R______ a. . . . . . . . . . . . . . .  (-7 1 oi±)
Since d^ is constant it is convenient to. introduce the following
. ■ \ . • . . ■ . 
notations:
Thus, Eq. (7.104-) can be represented as an £f) function in (the
following form:
T m . om& . cW ......................................• • • • • • • • • • • • • (7.106)
Maximum value occurs now if s '•
A  <2 d i  [iM + 0*t2<U CI*■ 03J — [ l *  V n
' <*! * .  [**t ♦o-w.cL*a*0*]t "
* om2«^(IM )* -  I o-3Gc=L* ($ 4-01 * 0  
o m i  C o;s&C 1*0* ? * ■■jr ** 0 ■.■ .
If d = 4-, then -gx — 0,004-,' therefore it can be neglected. The
' 1 .
remaining terms are
OMfc ( . 4 * 0  -  0 * 3 &  i  -  O
— Q'24r | + O* 12. "■* O from which
i  -  R3i « O-S  ............        ( 7 . 1 0 7 )
Consequently the maximum % , which is proportional to the critical
bending moment, will occur for any d^ at | = 0.5 if d^> 4-.' The 
maximum is obtainable now by substituting \ = 0.5 for Sq. (7 .1 0 6)
which leads:
0 ‘ S  d  a  p
Q-S<£_________________ \ S A \  3^1
">««, *  1-5 * 0*12. t’S* A* “  ± S _  + O M 2 > 5 l ^ . *  OM-2. 1*S * ♦ J *
If d ^ 4- then — is negligibly small, and we find:
<
1 /3 * 1 4  _  1*23
^mo&. m 0*2.7 ~~
The critical moment, according to Eq* (7 .105) will now be: •
_ 1-23 E Opt  _  0 - 7 0 3 5  EOe t  .
tHi “  ~  . . . . . . . . . . . .  ( 7 . 1 0 8 )
Consequently, the critical moment can be obtained from Eq. (7.108")
for any value of d^ if d^> 4. w
The remaining task involves now the investigation of Eq. (7*103)'
in the interval 0 <. d 44, where the ^  quantity is a ”
1 b. 6 ? t
real function of the two variable parameters d^ and \  = R34. Let 
us select for d^ the constant values of 0, 1, 2, 3j and 4 and 
allow to vary { ' separately for each of the selected d^. , The 
corresponding values of ^  are given in TABLE VII.4.
d = 1
dl = 2
11 
1
H
T)
d!  = 4
* X V X \ X 4 X
0.5 0.365 0 . 2 0 . 1 8 6 0 . 2 0 . 1 0 3 • 0 . 2 0 . 0 6 0
1 . 0
XL
0.556 q . 4 ’ 0 . 2 6 1 0 .4 ' ; 0.135- 0 . 3 ' 0 . 0 7 2 5
1 .5  ■ 0.614 0 . 5 0 . 2 7 8 0.5 0.137 0 . 4 0 . 0 7 7
1.6 0.615 0 . 6 0 . 2 8 5 0.6 0.138 0 . 5  ' 0 . 0 7 8
1.7 0 . 6 1 6 0 . 7 0.284 0.7 . 0 . 1 3 6 0 . 6 0 . 0 7 7
1.8 0.614 0 . 8 O. 2 8 1 0.8 0.135 0 . 7 0 . 0 7 5
1.9 0 . 6 1 0 ;
2 .0 0 . 5 0 0
-
TABLE VII.4.
TABLE VII.4. also includes the maximum values of t  for each of the 
selected d^ parameters. The. f o u r f u n c t i o n s ,  tabulated
above as well as their corresponding maxirauras are represented in ' 
FIG. 7.13.
o -u
o-5
o -i.
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0  v
0 - 0 7 8 o -5
o -3.
0*CD
O
o-15
Cl -7
O  \ 2 o
REPRESENTATION OF EQ, (7.103) In TERMS OF THE .
' VARIABLE PARAMETER d
FIG. 7.13 -
The results obtained so far enable one'to calculate the maximum values 
of \  - which is proportional to the critical bending moment - for 
certain values of the variable parameter d^. These maximums of ^  , 
obtained partly from FIG. 7.13, are tabulated below:
dl
0 1 2 3 dl>, ^
?„a*
/ ..
0.911 o .616 0.283 0 .1 3 8 0 .0 7 8
TABLE VII.5.
The relation existing between the’ parameter and the correspond­
ing maximum values of y  will be called the ^ function
 ^maA. £ K
is, however, unknown nevertheless it is possible to define it approxi­
mately. Let us represent therefore the values given in TABLE VII(5*
The resulting curve is shown in FIG. 7*14-.
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It can be concluded now that the y  curve is asymptotic to the
= 0.078 horizontal line and its maximum value occurs at d
ma*. 1 0.
T h e .approximate curve, which is denoted by y  _ y  ^  \ can be
k r v i q x .  '
obtained in the following form:
7 / ^ ) *  & + C8? V Del
By satisfying the above conditions as well as those given in TABLE 
VII.5. and carrying out successive approximation the above constants 
will be found as:
A = 0.91, B = 1, C = 0.50, D = 0.016, n = 2, m = 4- 
Thus the approximate curve will be defined in the following form:
V  -  *> (A \ -   _______ o-Si    ( 7 . 1 0 9 )
A + o-S * 0-016 A*.1
Consequently the critical bending moment will'be obtained, according
to Eq. (7.105) in the 'following final form:
cr,t & viT C\ A
This will he valid in the 0<d^*£,lf interval,
7.2.10 The Safety of the Hypar ~ Arch
Referring to our previous, discussion in section 7.2.1, the 
stability problem of the .hypa,r arch can always be split into -two 
separate1^ parts. Firstly, the shell is assumed as a centrally com­
pressed curved bar (M = .0) having variable cross-sections. In this \ '
stage the\shell will lose its stability due to the critical II
reaction \component which occurs at the fixity. In the second stage
'  ■ ' \
the shell is subjected to pure bending and the loss of stability will 
occur due to the critical fixed-end-moment. The theory of stability 
gives several methods ,for'analysing the:combination of these phenomena, 
among these .punkerley1s assumption is the most simple and. popular one, ■ 
The corresponding chapters of the British as well as the western and
1 , • -
middle European codes are mostly based on Dunkerley’s theory.
He assumed that if the two effects are combined, then the curve\
indicating the accurate intensity of the load combination is always 
concave in nature. This curve is shown in FIG. 7.15*
The critical value, obtained 
from the combination of the 
two effects will now be on 
-the safe side if we replace 
the above curve by a straight 
line, .shown also in FIG. 7.15 
The equation of this straight 
line is
FIG. 7.15 •'
&.CCU S. <VT f t  C U H V 8.
ft
STftM&HT L I N E .
.(7.110) f
Y\
H tri t
_M___
Merit (7 .1 1 1  ) .
Introducing now a safety factor n, against buckling, in such a way 
that: ,
n * -H— ***: n .
' , ' " • ' ' ^ 
and substituting these into Eq. (7.111) one finds:
- n  ' A
Htrit H erik \
or in the usual form:-
- 4 r      ( 7 . 1 1 2 )h <ki n cfik n
If the effective and critical actions satisfy Eq. (7..112) the hypar
arch.will be safe against buckling. .
7.3. MODEL TEST.
In order to check the reliability of the approximate 
theoretical analysis, described above, a model test was carried out,
ai
where the behaviour of the shell under various loading data as v/ell 
as .the buckling phenomenon were carefully investigated.
7.3.1 Description of the Model
In order to arrive at reasonable sizes for the model and . 
loading data, a full-size object as prototype with dimensions of 
a = b = 27’ 6", f = 12’ 0” and t = 1.3” was considered, of which the 
test specimen was a ^/12 the scale model. FIG. 7.16 
The experimental hypar shell 
was constructed over a laminated 
timber form work built to the 
desired shape, as shown in
s
FIG 7.16. The form work con­
sisted of straight timber pieces 
placed along the straight gener­
ators providing the support for
1 FIG 7,16the two layers of /l6” thick and
-J-" :wide timber' strips, placed diagonally over these supports," and 
forming the required surface for shaping the black perspex shell.
The shell surface was sandpapered, the gaps filled with Polyfilla so 
that a smooth, continuous surface could be obtained.
The form work was then transported to A.C. COX PERSPEX- 
PREFABRICATING CO. LTD., TRING, .HERTFORDSHIRE. A black perspex 
sheet .of 33” x 33” standard size and ^/8n thick was heated in a 
thermostat controlled heating apparatus until I33°G and was kept on 
this temperature for 12 minutes. When the perspex sheet became fit 
for moulding it was placed onto the form work and a uniform pressure 
effected by air bag, was applied to press the sheet to the form work 
As a result of this procedure, the black perspex sheet' secured a
shape identical to that of the form work. A few hours 'later, when 
the temperature of the 'perspex decreased to a room temperature 
(17°C - 20°C) and it hardened again, it could be removed.from the 
form work and was transported back to the laboratory of the TIMBER 
■'RESEARCH' AND DEVELOPMENT ASSOCIATION, where the assembly of the \ 
model and the test itself were carried out.
. In order to ensure the required support condition (encastre 
corners) and create the appropriate loading apparatus, a timber 
structure, consisting of three platforms and four columns, was con­
structed. At each of the two opposite corners of,the top platform 
a small triangular timber prism was fixed, having wedge shaped 
openings in their opposite faces and so allowing places for the low 
corners of the shell. These corners of the perspex shell were fixed 
in the openings by wood screws at first and after holding the shell 
'in correct position the low corners were built-in by filling ip the 
openings with a special quick hardening glue-like material. (65% 
glass fibre powder and 35a> gauge cement). The distance measured 
between the vertical faces of the encastre prisms, which is identical 
to the clear span of the shell arch, was 3^ins. The top platform 
(1" thick plywood slab) was supported at,each of itsifour corners by 
2 U x 2" wooden columns which rested- and were fixed on the bottom 
platform by small steel angles. This latter was again 1" thick, 
plywood slab. The middle platform was designed to move vertically 
effected by four copper screws.- This object was to carry the loading 
weights when the shell was in unloaded position. The whole arrange­
ment is shown in FIG 7.17•
•\
FIG. 7.17.
7«3«2 Description of the Test 
7.3«2.1 Loading
The load on the test model was derived from that calculated 
for the full size prototype mentioned in section 7.3«1«
The shape ratio was therefore: + ^  27-5 ffr ,  Ig. f t  1 ~~ 2 7- 5 in \7. in 12.
and the thickness ratio
t .
12.
consequently the test load factor n = 1
Loading data on the prototype:
l-g-" thick perspex Shell: 0.0V5 x 1.3 = 0.064-3 lb/in^'
p
this is equivalent to 'ifr* = 0 .06A-3 xl^ fA- = 9*288 lb/ft
2Loading on the model: ....................  . 0.06^3 lb/in
1/8 n thick perspex^  ...... .     "...-O.OQ3V -  Do -
o
Working load on the model: tit ~ 0.0391 lb/in
The total load on the model: V  = 0.0391 x 27.3^ x 1.2338 = 3 8 .O377 lb. 
To effect uniform distribution of load over the specimen, the . •
test load was applied at a considerable number of points (1 9 0 points
\ •
altogether). A net, approximately rectangular, was marked on the 
bottom surface of the shell, having corners at about 2 ins. from each
other. AtVeach corner point of this net a small'metal hook was
\ ’ 
screwed into the shell. . The position of these loading hooks is shown
in FIG. 7.18. Very thin wires were fixed to each of the-loading
hooks and were led .through the DIA. round holes which were drilled
into the top\platform, at the vertical projection of each of the
loading hooks. The weights were now transferred by these wires to
the shell and were rested on the middle platform.. The middle .platform
could be moved up and down by means of four copper bolts and nuts.
In the unloaded position the weights rested on the plat form., and the
' t
wires were slack. To load the shell the platform had to Woe lowered 
to allow the weights to hang freely. This loading rig is also shown 
in FIG. 7.17. '
The equivalent point working load applied on each of the loading 
hooks was now
W1 = 561907Z = °-29^9 lb/hook .
Neither this load nor its multiples could be applied and therefore the 
specimen was submitted to the following loading data: ^/8lb, lb,
^/8 lb, ^/2 lb, ^/8 lb, lb and ^/8,lb per hook. Measurements were
taken at each of the second steps of the'above loading data. For
three distinguished points, however, the measurements were taken at
each step of the above loading data as indicated in TABLE VII.6.
Point LoadiApplied 
At Each..Of The 
Loading Points
Corresponding 
. Working Load
Measurements 
Taken For Points 
1, 4, 27
Measurements j 
Taken For 
Other Points
0.125 lb. ’ o.4o.Wi Yes No
o. 25o lb. o.8o.Wi Y e S' Yes
0.375 lb.. I.3o.Wq Yes No
o. 5oo lb. 1.7o.W-j ,Yes Yes
.0.625 lb. 2. lo. W-] Yes • No
o.75o lb. 2.5o.Wi Yes Yes
0.875 lb. 3.00.W1, Y es No
TABLE VII.6.
7.3*2.2 Measuring Equipment
In order to observe either the deformation of the shell surface'
or the behaviour of the shell under load,' deflection measurements
. 0
were taken at 27 points of the structure. Due to the perfect 
symmetry of the shell and the load it, was assumed that the deform­
ation of the structure was aTso symmetric about the two principal
 ^ . . .
parabolae. Therefore the dial guages were positioned only over one 
quarter part of the shell surface.' The position of these and the 
loading hooks are shown in FIG. 7*18, while a photograph in FIG. 7.19 
shows the fully equipped specimen. 9 . ; .
F I G . 7.15L
7 *3 • 3 Interpretation of Test Results. .
Although the main object of the research was concerned with 
the investigation-of the stability of the hypar shell, which 
includes the determination * of the . critical force and m o m e n t n e v er ­
theless the deformation of the shell was also examined experimentally 
under various loading data. This was primarily to determine the 
limit until the shell behaves linearly, in other words to observe 
whether the behaviour of the shell is within the elastic region or 
not and secondly to compare the deflection pattern of the plastic 
shell with the same obtained before for concrete and timber shells 
of'identical boundary conditions which were dealt with i n ’Chapters 
VI and IV respectively.
7.3.3.1 Deformation of the Shell Arch '
In order to observe the behaviour of the shell under load, the 
free corner (l), the middle of the. edge (A-) and the centre of the 
shell (2 7 ) were selected as characteristic points for extra 
deflection measurements and readings were, taken for each ^/8- lb/hook 
load increment. The measured deflections are given in TABLE VII.7, 
while FIG.. 7»20 shows the load-deflection curves plotted for each of 
the selected points.
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It can be seen that the behaviour of the shell is essentially 
linear, even when the load approached the critical value;
TABLE VII.8. includes the vertical displacements of .four 
typical sections which were talten along the straight' generators.
The positon of these as well as the vertical displacements along
them are shown in FIG. 7*21. The displacements were measured under
1 3the loading condition when /2 lb weights and /4 lb-weights were
applied at each of the loading points (hooks). These correspond with
1.7 times and 2.5 times working loads respectively. •
POINTS
READINGS AT DISPLACEMENTS UNDER
0 LOAD ,.1.70 Wx 2.5 w ■ 1.70 w' ,(IN.): 2.5 (IN.)
1 663 618 591 0.045 0.072
2 678 636 616 0.042 0 .062'
3 5V 7 430 447 0,067 0.100
4 ■ 6 8 O 815. 590 O.O65 . . 0 .0 9 0
5 734 711 699' 0.023 ■0 .0 3 5
6 436 431 428 ■ 0.005 0 .0 0 8
13 8bZ 8ll 793 0.031 0.047
lb 132 091 • ' 070 0.041 . 0 .0 6 2
15 246 211 193 0.035 0.053
16 8l4 798 791 0 .0 1 6 ■ ■ O.O23
17 543 535 531 0 .0 0 8 0.012
22 ’■ 945 926 917 . 0.019 • 0 .0 2 8
23 \ 731 -721 715 0.010 •0 .0 1 6
2b. 648 640 635 0 .0 0 8 . 0 .0 1 3
27 211 216 ' 222 -0.005 -0.011
TABLE V I I . 8 .
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The large influence of the fairly low value of the edge stiffness 
on the shape of the deformed edge can be observed in section'1 - 2  
(FIG. 7.21).. This deformation .pattern is characteristic of the free 
edges. -Similar deflection pattern was obtained in Chapter VI,
I ■ • -
however, 'the comparison of.perspex and concrete shells is realistic
' ' \ ■ , " 
only in the>working load-range or so. Again, similar deflection was
■ \ ' ’ 
observed in laminated timber shells with very slender edge members,
discussed in Chapter IV. By observing sections 3 - ^ and 5 - 6 which
were taken ^towards the centre of the shell, the deformation profiles1 _
\ _
became morejand more regular. Finally the deformation of the 
horizontal generator, section 7 - 8 ,  is symmetric•about the centre 
of the shell•
The shell was loaded and unloaded several /times to 1.7 times 
working load (-g- lb'per hook). A comparison between readings taken 
near to the edge showed a considerable scatter. The readings became 
even more inconsistent as the loading was repeated at 0 . 8 0  and 
particularly at O.A-O working load level. By increasing the intensity 
of the load, the scatter showed a tendency to disappear and under
1.7 times working load it became practically insignificant. This can 
be explained by the fact that the prefabricated perspex shell always 
contains certain residual energy, which is created in it during con­
struction, perhaps by the.heating procedure• This residual energy 
works either with or, against the external load. At a certain 
intensity of the external load the residual energy will be overcome 
and by.increasing the, load, its disturbance becomes insignificant.
If the Young’s Modulus of the full size prototype has a 
similar value to that of the model then the maximum deflections at 
points (1) and ( k )  of the protype under 2.5 times the working load 
are shown in TABLE VII.9.
INVESTIGATED POINTS
t__ . --------------------- -
w
MODEL DISPLACEMENT . . 0 .0 7 2 (in.) 0 .0 9 0 (ill.)
PROTOTYPE DISPLACEMENT O .8 7 (in.) 1 .0 8  (in.)
TABLE VII.9. ’
It must be pointed out, however, that there is very little 
information available as yet about the model-prototype. correlation 
in plastic or* perspex for shell structure. If we accept, in spite 
of this, a linear relationship between the displacement of the model 
and the same of the prototype, the actual prototype displacement' can 
be extrapolated. Then the largest vertical displacement of the 
prototype, 1 .0 8  in., which occurs at the middle of the edge under
2 . 5  times the working load, will correspond to the same displacement 
under the design load by the application of a safe-load-fact'or of 2 ,5  
This, for a 27* 6 " square shell with the applied boundary condition' 
is still acceptable.
7.3*3*2 The Behaviour of the Shell During Failure
The failure of the shell occurred under the loading 3- times the
7working load, which corresponds to / 8  lb weights applied at each of
n
the loading points. (190 x /8- = 166 lb). The failure, which appeared 
in the form of a typical buckling phenomenon, started immediately 
after when the loading procedure became completed an'd developed to a 
local collapse in practically a second. The phenomenon passed off so 
rapidly that it could not be followed in detail and it became 
demonstrable only from the final result. A photograph in FIG. 7.22. 
shows the buckled shell. . .
FIG. 7*22.
It can be concluded that the failure of stability started at 
the edge, about the quarter of the side length, and developed towards 
the principal parabola. The fact that the shell was completely stable ■ 
under the 2.5 times working load and collapsed immediately when the 3 
times working load was applied on it leads to the conclusion that the 
actual failure load might be somewhat less than the 3 times working 
load.
7 A  APPLICATION OF THE THEORY IN CALCULATING 
THE STABILITY OF THE MODEL 
7.^.1 Calculation of the Effective Force and Moment
In determining the effective horizontal reaction component H 
and fixed-end-moment M, which occur due to the external load, the 
shell was regarded as an encastre arch with variable cross-sections. 
Using our previous notations, and formulae: 7.7", 7.9, 7.1^, 7.15, 7.16, 
and 7.18 the basic geometrical details can be calculated and the
results are included by TABLE VIl.10.
a b 1 f ■ h f„ .k nX X 1
i n . i n . i n . i n . i n . i n . - -
27.5 0 1 9 . ^ 3 9 3 6 . 0 0 1 2 . 0 0 6 . 0 0 ' 8 . 0 0 0.03173 1.2538
TABLE VII.10.■
The moment of inertia was calculated according to formula (7.82) in 
five different cross-sections shown in FIG. 7.2-3.
51 4 |  51 21 \ \
i I i i i
i i i i k z
FIG. 7.25.
To take into account the variation of the moment of inertia, a
J = TfJ function was introduced, where J indicated the moment of o o
inertia at the crown* The result of the calculation is given in 
TABLE VII.11*
y b h • R dl V j
in. in. in. in. V "" . ■
- 3  • 4 
10 x in. -
0 19.4438 6.000 23.641 14.885 0 .0 0 0 1 7 2.64
--------------- »
1.000
4.5 14.9438 3.743 24.808 1 1 .1 6 8 0 .0 0 0 5 4 2.51 0 .9 5 1
9 10.4438 1.731 26.709 7.323 0 .0 0 2 6 0
.
.2.13 0 .8 0 7
13.9 3.9438 0 .3 6 1 34.771 3.733 0 .0 7 5 3 1 1.67 0 .6 3 2
18 1.4438 0.034 44.414 O .806 0 .9 5 1 8 0 0 .3 6 0 .1 3 6
TABLE VII.11,
The average momen-t of inertia of the shell is calculated..now by the 
Simpson's rule as follows:-
i*3S 3 . \o‘ 3 \a1 =  -  v
The- equation of the longitudinal axis of the hypar arch is given as
Z «  id _ y *  _  _ 8  if « 0*0  2 n y
and the calculation of the arc elements, which were substituted by 
straight lines are contained in TABLE VII.12.
y z=0.0211y2 V  = f1~z *hy
.0 0 . 8 .0 0 0
4 .5 0 0.427 4.509 '
.4.5 0.4273 7.573
4 .5 0 1 .2 8 2 4.544.
9 1.7091 6 .2 9 1
4 . 5 0 2.137 4 .9 8 1
13.5 3.8455 4.154
4 . 5 0 2.987 5.401
18 6.8364 1 .1 6 7
TABLE VII.12.
The'analysis .of the .encastre arch was carried out by the method of 
influence coefficients, which led to the following simultaneous
! I
equations:
a l l xi + a12 X2 + a13 X3 = ‘~aio
a21 X1 + a22 x2 "h a23 Xv =3 ”a20
a31 X1 .  + a32 X2 + a33 X3 = " a30
Where a.^. ••• are the flexibility coefficients, a^Q, a^Q,
a^Q are the load coefficients and X^ (bending moment), X^ (horizontal 
force), X^ (vertical force) are the unknown actions. All of these 
quantities are concerned with that particular cross-section of the 
arch where the discontinuity was created in the structure by an 
artificial 'cutting. Considerable simplification in the analysis can
be achieved if we apply the X^, X^, XT actions at the elastic centre
' .
E of the arch. Then an ~ = a„n = an _ = a - - = a „ =■ a__ = 0 and. the12 21 13  31  23 p2
'flexibility equations reduce to the following simple form:
- all X1 “ “a10 .
a22 X2 = ~a20 
3h 3 30
Due to the perfect symmetry of •the structure the horizontal 
co-ordinate of the elastic centre is zero and the vertical co-ordinate 
is obtained by
v j
Since the arc,elements are substituted by straight lines the above 
integrals reduce to , ■ '
t
Ze V '
; \ L  ^
The calculation of the z„ co-ordinate is tabulated and included in
TABLE V I I .  13’.
t .
y
V 'SVvH kS
IS V V ^
0 8 .0 0 0
4-.509 ' 0.973 4 .6 2 5 7.786 3 5 .0 1 0
4-.5 7 .9 7 3
4-,.544 0.879 5 .1 6 9 6.932 35.331
9 6 .2 9 1
zi-. 9 81 0.719 6 .9 2 7 5 .223 3 6 .1 7 9
•13.5 4- .154-
5.401 0.331 14-. 176 2 .6 6 1 37.722
18 1 .1 6 7 30.897 bM--14-5 . 74-2
and
TABLE VII.13.
•14-5.74-2
ZE = 1 ^ 9 7  = k -7 1 °
The calculation of the flexibility, coefficients was performed by the 
strain energy method, according to which
CL21- J £3 3 b =  J # ^
Where M^, M2 and M 7 are the bending moments produced in the statically
determined arcs by the Xn = 1: X0 = 1 and X_ = 1 unit actions1 2
respectively. If we introduce the modified values of the flexibility
coefficients in such a way that
(a..) = .EJ a..11  o mi
we find:
(a ) - ^ ir ' S t *
Since the arc elements are substituted by straight lin.es, the above 
integrals can be computed by integral tables.' The calculation is 
given in TABLE VII.14-.
y M. M, M. t t V\ zJ±5l 2 'S 2 > K ^ T
0 1.000 3.284 0.000 an . m.' m
4.5 1.000 2 .8 5 6 4.500
4.625
5.169
1.000 1.575 9 .0 0 0
6 .9 2 7
13.5 1 .0 0 0 -0 .5 6 2 1 3 .5 0 0 1 4 .1 7 6
18 1 .0 0 0 -2 .5 4 9 1 8 .0 0 0
3 0 .8 9 7
3 6 .6 0 9
2 6 .0 9 2
4.402
38.941 .
106.044
■ 9 3 .6 5 6
732.705
2 6 6 3 .4 5 2
10621.368
13111.161
’ABLE' VII. 14.
consequently
(a1IL) = 2 x 30.897 = 61.794 in. • ' ' ’
■ *. (a2 2 ) = 2 x 106.044 = 2 1 2 .0 8 8 i n "
(a„?) = 2 x 1 3 1 1 1.16 1= 8740.774 in.3 "33 ■ j -
The calculation of the load coefficients was carried out for a 
special loading case,, where it was assumed that 1.00 lb weights were 
applied on each of the loading points. This loading corresponds to 
a uniformly distributed load o'f
^ 4  *  2 7 - 5 * .  V 2 5 3 &  *  \ b / ? 4 i n .
The intensity of this load at the different cross-sections of the arch 
as wall as the ordinates of theN corresponding bending moment diagram
M produced on the statically determined arch are shown in 'TABL]
\TABLE VII,15 *
v
The•calculation of the load coefficient was performed again by the 
method of strain energy, according to which
By introducing the modified values of the load coefficients in such 
a way that:
(a . ) — EJ a .mo mo
we find:
CcV -  j —- g ^ ’d s  J % — dSi
Since the arc elements are substituted- by straight lines the above 
integrals can easily be computed by integral tables. The result of 
this calculation is given by TABLE VII.16.
y ' b w = bw^ M0
i n . i n . l b / i n . l b .  i n .
. 0 19 . ^ ^ 3 8 3.89^6 0.000
'+.5 l^f .9^38 2.9938 . - 36.^35
9 1 0 . ^ f 3 8 2.0919 -13^.171 -
s 13.5\
5.9^38 1.1905 - 3 ^1 . 0 6 0
1 8 . 1 . ^ 3 8 0 . 2 8 9 2 -^29.861
y 3 M
0 lb.in.^ lb .in lb.in
4.5
■ 168.512 1 6 1 .0 0 0 - • 189.574-
9
1 0 9 0 .8 6 6 808.964 - 2 5 9 7 .2 2 6 ., .
13.3
4221.327 642.384.. -16395.973
18
15861.809 -6263.793 -84229.993
21342.424 -4652.446 -103412.766
TABLE VII.16.
Consequently:
(a10^ “
2 x 21542.424 
3
14228 .282 lb .in /
(a2Q) = - 2 x 4652.446 '-= - 9304.892 lb.in/
(a*n ) = -2,x 1034123766 . 50 = -206823.332 lb.in/
and the X^, X^, X^ internal components, which act at the elastic 
centre are:
n 11 oo.Q o,Qo
-228.231 lb.in.
14228.282 
1 61.794
9304.892
2 1 2 .0 8 3 ’
206823.532
Xp =
X3 = -
44.211 lb. 
24.716 lb.8 7 4 0 .7 7 4
The fixed-end-moment and horizontal reaction component are now:
M .= -429.861 - 2 2 8 .2 5 1 + 44.211'x 4.716 + 24.716 x 18 = 2.917 lb.in 
H = 44.211 lb.'
The. effective H forces and M bending moments which occurred due 
to the different sets of the applied loading data and due to the 
effective working load are given in TABLE VII.17.
EFFECTIVE ACTIONS
APPLIED POINT LOAD 
. ON EACH OF THE 
LOADING POINTS
CORRESPONDING 
HORNING LOAD 
W = 0.29 A  lb.
E ef f .
M ef f
lb. lb. lb. lb.in.
1/ o  = 0.125 0 . 6 0  W 5.326 O .365
1A  = 0 .2 5 0 0 CO 0 A 11.053 • 0.729
0 . 2 9 4 . 3 . 1 . 0 0  L7 1 3 .0 3 8 0 .8 6 0
3/8 = 0.375 - c . 1 . 3 0  W 16.579 "l,09^
1/ 2  = 0 .5 0 0 1-7° \  , 22.105 1 . ^ 5 8  -
3 / 8 " =  0 .6 2 5 2 .1 0 .W 2 9 .8A2 1.823
3A  = 0 .7 5 0 2 . 5 0  V/ ' 33.158 2 .1 8 8
7 / 8  =  0 .8 2 5 OO•lA 3 8 .68^ 2.532
TABLE VII.18.
7 A . 2  Calculation of the Critical Effects
In calculating the critical H force Eqs. (7.86), (7.87), (7.8 8 ), 
(7.89) and (7.90) are used. According to these the and ^
coefficients will.he:
,1 9 . A 3 8= f £ l 8 ' =  °-532i ’ : r2 = 0.551
for the central angle we have:
t a n A (  0*0 211 y * )d  S. \6
| ^o*0 4 2 2 y j 0 * 7 6 1 4
i/ *= vs
and <* -  17 ° - 17'•
^  - ia#-a s ' - a o "
and t»inc</2 « 0*ai99
The corresponding P  value from TABLE Vll.2. was found as
P> = 7.6303
and /*a-1 =5 7 .0 1 3  ■
then
_ 3-VA15 . 0*552. 0*55-1 Al 4
 cT-m ^ o----------------V'fi7”o\2T * 0 5&^
The reduced or effective buckling length of the arch is now 
1 = 0.316 x 36 = 11.385 ft.
and finally the critical force
2.
-  TTTSTI* 4 .-2 .10*. 1*683. \o"3 -  7 o * & 5 &  lb.
11*665 •
The calculation of the critical moment is based on Eqs. (7.82), (7.100) 
(7 .1 0 9 ) and (7*110) and the primary moment of inertia is calculated 
at the fixity, 
then
“ 0 * 6 0 6
J p  *  0 * 1 7 7 7 . - 0 * 0 3 1 .  1 * 1 ^ 3 6  . 0 - 125 -  0* 0  374  . \ 0  * \rt.
1 + 0*5.  0 * 6 0 6 ^  + 0*CMG> . 0 - 8 0 6 4, ~ 0  7 5 0 3
and finally the critical fixed-end-moment:
M c>it -  A' ^ l i tf;?.37sV0' !*• 0-7506 * 5-250 ' b-;n- '
7*^*3 The Safety of the Shell
The safety of, the shell was examined under the working load.
TABLE V II .  18* shows that the effective II. and M values for this
loading case are:
Heff = lb-
= 0 .8 6 0 lb. in.' .....
while the critical effects, calculated in section 7*^.2. are:
According to Dunkerley's assumption the safety criteria of the shell
w a s :  1  \ 3 ' 0  3 &FT -  -76=568 + -  0">ros + 0 -2 6 & 1  -  0 - 4 5 6 6
and H - o-Afce * £•*10 5' <» 2.-5
Consequently the factor of safety of the shell at the working load 
condition against buckling is 2 .5 .
7.5 CONCLUSION .
7*5.1 Comparison of the Theoretical
and Experimental' jResul.ts > ■ . . ■
.If the safety factor of the shell against buckling 'under the 
working load is n = ''2.^95 for the effective II. and M quantities
the calculation gives II = 13.033 lb. and M = 0.860 lb. in.,
eif eff. .
then the failure in the stability must occur theoretically if:
' H = Heff = 13.038 = 32.391 lb. •
r
M - M = 2,p5 , 0.860 * 2.I p  lt>. in.
these correspond to: ■
rT~ — O.,iSg»0-66l> -  VV17
from which the theoretical safety factor at the failure is:
m T  =  T 3 i 7  =  ° ‘ 8 5 l
According to the "test results, the'actual collapse of the shell was 
7observed when / 8  lb. weights were applied at each of the loading
points, which was equivalent to 3. times the working load. For the
\
corresponding H and M Values TABLE VII.1 8 . gives:
' • . ■ He f f  = 38 M b  lb. ’
= 2.352 lb. in.
and for these:
Y i  “  ■-I0 - 6 S 6 *  ~i \ i o  “  0 - 5 A S +  0 - 7 S 2  -  1-5.A0
therefore the experiaiental safety factor at the failure is
The discrepancy between the theoretical and experimental safety factor 
at the failure in percentage is ;
0 - 6 5 4 .  -  0 - 7 4 5  >
0*74.6
Av<£>
*
N
EKPERVMEMT
-oT
REG\OU
WbfcVMMC LOfc.\) /  
------------- O  W
The appropriate
and ^/M . , -ratios arecrlt
also represented in 
FIG. 7.2^.
It can be concluded that the position of these ratios for the 
working load, denoted by V/ in the figure, falls in the safe region.
It is evident, since the safety factor for the working load was 2.5>1. 
It can be seen from the figure that 2.5 w'O = TO. The position of the 
ratios at the failure for the theoretical values T as -well-as for 
the experimental ones E are in the critical region. This, is also 
evident because the safety factor at the failure for the theory and 
experiment were 0 .8 5 -^ and. 0.7^6 respectively, both are smaller 
than one. It can also be concluded, from the figure, that O.Sp^.TO = DO 
and 0.7^6. E0 = DO. The discrepancy between these two safety factors 
is about 15%.
7.5*2 General Conclusion
From’; the-results obtained during the test and from the 
theoretical' considerations outlined in the previous sections, the
following conclusions can be reached.
The .behaviour of the shell during the whole loading process was 
essentially linear. „
The free edge o'f the shell behaved similarly to those of concrete
shells and timber shells with very slender edge members. The maximum 
deflections were observed to occur in all cases between the y  and -g- 
of the side length. The magnitude of the deflection, which is stillj . 
acceptable for small shells (3 0 ft. square in plan), could not be 
permissible.for' larger ones and for these the employment of suitable 
edge members is inevitable.
The failure of the shell occurred at about the quarter of the 
side length under 3 times the working load in the•form of edge buckling. 
If edge beams are used,the moment of inertia of the cross-sections 
become increased by a large extent and consequently the critical 
effects (H,' M) will be increased to. For, the present shell the use
of edge beams was not necessary because the structure was capable to
carry the working load safely (n = 2.5).
The discrepancy between the theoretical and experimental safety 
factor (15%) is still acceptable if one takes into account the approx­
imations involved during formulation of., the theory, as well as the 
buckling phenomenon itself which is a very difficult effect, both in 
its creation and observation. _ It should be noted, however, that the 
shell was perfectly safe under 2.5 times the working load (-|- lb. per
loading points) and collapsed immediately after when 3 times the
7 'working load ( /8 lb. per loading point) was applied on it. This
indicates that the actual failure could have been occurred somewhere
between these two loading stages. Consequently the discrepancy
between the^theoretical and experimental safety factors might be
somewhat less than 15%• - "
Finally, from FIG-. 7.2^. it can be seen that the safety factor
at the failure calculated by the theory is larger' than that derived
by experiments, or in terms of geometrical interpretation it may 
observed that the point T is located nearer to the Dunkerley’s 
straight', line than point E. This means that the critical affec 
obtained'by the theory are on the safe side.
VII. SUGGESTIONS FOR FURTHER EXTENTION OF THE■RESEARCH
The p r e s e n t  r e s e a r c h  work  d e a l s  w i t h  c e r t a i n  a s p e c t s  o f  
t h e  a n a l y s i s  and d e s i g n  o f  h y p e r b o l i c  p a r a b o l o i d  s h e l l s .
There  i s  a . w i d e  sco pe  f o r  f u r t h e r  d e v e lo p m e n t s  i n  t h e  s u b j e c t  
i n  g e n e r a l  n o t  o n l y  i n  t h e  l i n e  o f  work p r e s e n t e d  h e r e i n  b u t  
a l s o  o u t s i d e  t h e  scope  o f  t h e  same.  - The f o l l o w i n g  s u g g e s t i o n s
a r e  f o r w a r d e d  i n  a s y s t e m a t i c  way f o r  f u r t h e r  d e v e lo p m e n t  o f
\
work i n  c o n n e c t i o n  w i t h  t h e  h y p a r  s h e l l s .
1 .  I n  t h e  s e c o n d  c h a p t e r  o f  t h i s  t h e s i s  t h e  membrane t h e o r y  
and i t s  p r a c t i c a l  a p p l i c a t i o n  was su m m ar i se d ,  and p a r t i c u l a r  
a t t e n t i o n  was d e v o t e d  t o  t h e  v a r i o u s  s h a p e s .  D u r in g  t h e  l a s t  
few m o n th s , h o w e v e r ,  a s p e c i a l , -  p u r e l y  a r c h i t e c t u r a l  r e s e a r c h  
t o o k  p l a c e  i n  t h e  C i v i l . E n g i n e e r i n g  D e p a r tm e n t  o f  t h e  U n i v e r s i t y  
o f  S u r r e y ,  w h ich  a imed t o  d e v e l o p  new s h a p e s  o f  h y p e r b o l i c  
p a r a b o l o i d s .  Prom t h e  e n g i n e e r i n g  p o i n t  o f  v iew  i t . w o u l d  be 
n e c e s s a r y  t o  d e f i n e  t h e s e  s u r f a c e s  g e o m e t r i c a l l y  a t  f i r s t ,  and  
t o  e xam in e ; t h e  v a r i o u s  a p p l i c a b i l i t y  o f  them  as  s h e l l  r o o f s .
I t  would  a l s o  be i m p o r t a n t  t o  i n v e s t i g a t e  w h e t h e r  t h e  b o u n d a r y  
c o n d i t i o n s  c o u l d  be e s t a b l i s h e d . t o  s a t i s f y  t h e  membrane s t a t e ,  
and  i f  s o ,  t o  d e t e r m i n e  t h e  n a t u r e  o f  t h e s e  b o u n d a r y  c o n d i t i o n s  
and  t h e  c o r r e s p o n d i n g  membrane s t r e s s ■c o m p o n e n t s .
2 .  I n  t h e  t h i r d  c h a p t e r  o f  t h e  p r e s e n t ,  r e s e a r c h  work t h e .  
b e h a v i o u r  o f  a s y m e t r i c  d iamond s h e l l s  were  i n v e s t i g a t e d  f o r  
v e r t i c a l  and  h o r i z o n t a l  (w ind)  l o a d .  A g e n e r a l  a n a l y s i s  was 
d e v e l o p e d  h e r e  f o r  wind  l o a d ,  w h ich  c o u ld  be  a p p l i e d  f o r  a l l  
t y p e s  o f  t h e  d i s c u s s e d  s u r f a c e s  a s  f a r  a s  t h e y  a r e  g i v e n  i n  
t h e  fo rm  o f  z = k x y .  I t  would  be  i n t e r e s t i n g  t o  c a r r y  o u t  
t e s t s ' i n  w i n d - t u n n e l  and compare t h e  t e s t  r e s u l t s  w i t h  t h o s e  
o b t a i n e d  b y  t h e  above a n a l y s i s .  As a f u r t h e r  e x t e n t i o n  o f
t h i s  w o rk ,  a g e n e r a l  dynamic a n a l y s i s  c o u ld  b e • d e v e l o p e d ,  where
t h e  v i b r a t i o n s ‘o f >t h e s e  s h e l l s  would  "be ex am in e d .  T h is  
i n v e s t i g a t i o n  l e a d s  t o  an  e i g e n  v a l u e  p r o b l e m .
3 .  I n  t h e  f o u r t h  c h a p t e r  o f  t h e  t h e s i s  t h e  edge d i s t u r b a n c e  
; and  t h e  f r e e  c o r n e r  d i s p l a c e m e n t  were  i n v e s t i g a t e d .  Nomograms 
were  p r e s e n t e d  t o  o b t a i n  t h e  n e c e s s a r y  moment o f  i n e r t i a  o f  
t h e  edge beam f o r  c e r t a i n  m r rriS v e r t i c a l  d i s p l a c e m e n t s
o f  t h e  f r e e  c o r n e r .  The c u r v e s  i n  t h e  nomogram, e x c e p t ,  t h e
i -
f i r s t  tw o ,  were  b a s e d  on e x t r a p o l a t i o n s . b y  a s su m in g  a l i n e a r ,  model  
p r o t o t y p e  c o r r e l a t i o n .  Each  c u r v e _was d e t e r m i n e d  b y , t w o  t a n g e n t s  
" a n d ' t h r e e  i n t e r n a l  p o i n t s *  These  l a t t e r  c o r r e s p o n d  t o  t h e  
moment o f  i n e r t i a  o f  t h e  t h r e e  edge beams a p p l i e d  d u r i n g  t h e  r
t e s t  s e r i e s .  A l th o u g h  i t  was f o u n d  t h a t  t h e  m o d e l - p r o t o t y p e  
c o r r e l a t i o n  i s  a lm o s t  l i n e a r  f o r  t i m b e r  s h e l l s ,  i t  seems t o  
b e  n e c e s s a r y  t o  i n c r e a s e  t h e  a c c u r a c y  o f  t h e  nomograms by  
. - 3 . a  • > t e s t i n g  l a r g e r  models
3 . b . ,  e x a m in in g  more numbers  o f  edge beams 
The f i r s t  o f  t h e s e  s u g g e s t i o n s  makes i t  p o s s i b l e  t o  r e p l a c e  
some o f  t h e . e x t r a p o l a t e d  c u r v e s  o f  t h e  nomograms b y  t h a t  
o b t a i n e d  b y  t h e  a c t u a l  t e s t  r e s u l t s ,  5 W hile  t h e  s e c o n d  
s u g g e s t i o n  i n c r e a s e s  t h e  a c c u r a c y  o f  t h e  c u r v e s  a s  a d d i n g  e x t r a  
p o i n t s  t o  t h e  e x i s t i n g  o n e s .
]+. A s i m p l i f i e d  l i n e a r  b e n d i n g  t h e o r y  was d e v e l o p e d  i n  t h e  
s i x t h  c h a p t e r  o f  t h i s  t h e s i s  f o r  a p a r t i c u l a r  b o u n d a r y  c o n d i t i o n .  
The method o f  a n a l y s i s  was b a s e d  p a r t l y  on t h e  t e s t  r e s u l t s  and 
p a r t l y  on t h e o r e t i c a l  c o n s i d e r a t i o n s .  The c o m p a r i s o n  o f  the-  
t h e o r e t i c a l  an d  e x p e r i m e n t a l  r e s u l t s ,  a l t h o u g h  t h e y  were  i n  good 
a g re e m e n t  o v e r  t h e  c e n t r a l  r e g i o n  o f  t h e  s h e l l ,  showed 
s i g n i f i c a n t  d i s c r e p a n c i e s . a l o n g  t h e  e d g e s .  I t  would  be  a much 
b e t t e r  a p p r o x i m a t i o n  t o  m o d i fy  t h e  b o u n d a r y  c o n d i t i o n s ,  a s  was '
s u g g e s t e d  i n  c h a p t e r  s i x ,  and  r e p e a t  t h e •c a l c u l a t i o n  w i t h  
t h e s e  new b o u n d a r y  c o n d i t i o n s .
I t  w a s . a l s o  p o i n t e d  o u t  i n  c h a p t e r  s i x  t h a t  th e  V la s o v  
e q u a t i o n s ,  i n  t h e i r  o r i g i n a l  fo rm ,  do n o t  l e a d  t o  t h e  d e s i r e d  
s o l u t i o n  s i n c e  t h e  r e c t a n g u l a r  h y p a r  s h e l l s  conform  t o  an  
i n i t i a l  va lue-  p r o b l e m .  The methods w h ich  a r e  s u i t a b l e  t o  
d e v e l o p  f u r t h e r  r e s e a r c h  t o  s o l v e  n o t  o n l y  t h e  above b o u n d a r y  
- v a l u e - p r o b l e m ,  b u t  a l l  t h o s e  where  t h e  c o n s i d e r a t i o n s  o f  
b o u n d a ry  and  t o r s i o n  a r e  i n e v i t a b l e  a r e  sum m ar ised  b e lo w :
I q .a . V a r i a t i o n a l  methods ■ . :
, ■ U .b .  Method b a s e d  on complex t r a n s f o r m a t i . o n
U . c . The f i n i t e - d i f f e r e n c e  a p p r o a c h  
l+ .d , Method o f  f i n i t e - e l e m e n t s  . ' '
The m ethods  m e n t io n e d  u n d e r  U . a .  and  Iq .c .  have  a l r e a d y  
b e e n  u s e d  f o r  h y p a r  s h e l l s , n e v e r t h e l e s s , a g r e a t  d e a l  o f  
f u r t h e r  d e v e lo p m e n t  can  be  made o f  t h i s .
The o t h e r  two methods i | . b .  and  l+.d. have  n o t  y e t  b e e n  a p p l i e d  
i n  s o l v i n g  b o u n d a r y  v a l u e  p ro b le m s  i n v o l v e d  i n  h y p e r b o l i c  
p a r a b o l i c  s h e l l s .  A d e v e lo p m e n t  o f  any  o f  t h e s e  methods  would  
be  a n  i n t e r e s t i n g  and v a l u a b l e  c o n t r i b u t i o n  t o  t h e  e x i s t i n g  
l i t e r a t u r e  o f  h y p a r  s h e l l s .
5 .  I n  t h e  s e v e n t h  c h a p t e r  o f  t h e  p r e s e n t  r e s e a r c h ,  t h e  edge 
b u c k l i n g  o f  s q u a r e  h y p e r b o l i c  p a r a b o l o i d s  w i t h  p a r t i c u l a r  b o u n d a r y  
c o n d i t i o n  was exam ined  and a p p r o x im a te  f o r m u la e  were  d e r i v e d  
t o  c a l c u l a t e  t h e  c r i t i c a l  e f f e c t s .  As a r e s u l t '  o f  t h e s e  • 
a p p r o x i m a t i o n s ,  employed d u r i n g  t h e  a n a l y s i s ,  t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n  became o r d i n a r y .  I t  i s  s u g g e s t e d  t o  • 
c o n s i d e r
5 . a .  The l o n g i t u d i n a l  r a d i i  o f  c u r v a t u r e  
a s  v a r i a b l e  q u a n t i t y
d o in g  s o ,  t h e  d e f o r m a t i o n  f u n c t i o n  (w) w i l l  "be i n c l u d e d  /by a; . y .
l i n e a r ,  n on -h o m o g en e o u s ,' p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  
n e v e r t h e l e s s ,  t h e r e -  i s  no g u a r a n t e e  t h a t  t h e  v a r i a b l e  c o u ld  
b e  s e p a r a t e d .  As a f u r t h e r  e x t e n t i o n  o f  t h e  w o rk ,  i t  would  
be  i n t e r e s t i n g  t o  c o n s i d e r  v a r i a b l e  l o a d  ( a s  s e l f  w e i g h t  o f  
t h e  s h e l l )  and
\ 5 . b . I n t r o d u c i n g  t h e  l o a d  f u n c t i o n
T h is  l e a d s  t o  a l i n e a r , .non-hom ogeneous , p a r t i a l  d i f f e r e n t i a l
\ ■ ■ ■ ■ ■ -  e q u a t i o n .w i t h  v a r i a b l e  c o - e f f i c i e n t s .  ■ • .
1 ' ■  -
The e x a c t  ^ s o l u t i o n  o f  t h e  p ro b le m  c o u ld  be  f o u n d ,  h o w e v e r ,  i n
t h e  s o l u t i o n  o f  t h e ' b a s i c  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s
g i v e n  i n . t h e  i n t r o d u c t i o n  of ,  c h a p t e r  s e v e n  a s  E q s . (.7 • I ) . and
( 7 . 2 . ) .  T h is  p a r t i c u l a r  b o u n d a ry  v a l u e  p r o b le m  l e a d s  to
\ • ' ' ' ’ ‘
v a r i o u s  e i g b n  v a l u e  p ro b le m s  and t h e  s o l u t i o n  c an  b e ! o b t a i n e d
■ ■ " I u ■ ' - ■ ■'a s .  ...; / '
5 . c .  G e n e r a l  e i g e n  v a l u e  method . '
5 # d .  Complex t r a n s f o r m a t i o n
!v -
None of. t h e s e  p ro b le m s  have  y e t  b e e n  s o l v e d  and th e '  s o l u t i o n  o f  
any  o f  them would  be  a v e r y  v a l u a b l e  c o n t r i b u t i o n .
6 .  I t  was p o i n t e d  o u t  s e v e r a l  t im e s  i n  t h i s  t h e s i s  a s  w e l l  
a s  ment ioned,  b y  o t h e r s  t h a t  t h e  n o rm al  d i s p l a c e m e n t s . m u s t  be 
o f  a n  o r d e r - s m a l l e r  t h a n  t h e . t h i c k n e s s - o f  t h e  s h e l l .  I f  t h i s  
r e q u i r e m e n t  i s  n o t  s a t i s f i e d  t h e  l i n e a r  t h e o r i e s . a r e  n o t  
a p p l i c a b l e .  On t h e  o t h e r  h a n d ,  h ow e v e r ,  i t  was. f o u n d . t h a t  th e  
n o rm a l  d i s p l a c e m e n t s  w h ich  o c c u r  n e a r  t o  t h e  f r e e  edges  
compared  w i t h  t h e  t h i c k n e s s  o f  t h e  s h e l l  a r e  n o t - n e g l i g i b l e  
q u a n t i t i e s  a t  a l l .  C o n s e q u e n t l y  t h e  n o n - l i n e a r  b e h a v i o u r  o f  
t h e  edge  zone i s  o f  g r e a t ‘i m p o r t a n c e . As f a r  a s  membrane
t h e o r y  i s  c o n c e r n e d ,  t h e  membrane f o r c e s  a r e  i n d e p e n d e n t  on 
d i s p l a c e m e n t s ,  b u t  a t  t h e  same t im e  t h e  membrane t h e o r y  
c a n n o t  g iv e  d i s p l a c e m e n t  v a l u e s  w h ich  c o u ld  be  som etim es  o f  
i m p o r t a n c e .  I f  b e n d in g  t h e o r y  i s  c o n s i d e r e d  t h e  d i s p l a c e m e n t s  
a r e  r e l a t e d  w i t h  t h e  m oments . C o n s e q u e n t l y  t h e  i n v e s t i g a t i o n  
o f  t h e  n o n - l i n e a r  b e h a v i o u r  c o u l d  be  i m p o r t a n t  i n  b o t h  c a s e s .
t '1 .
The d e v e lo p m e n t  o f  n o n - l i n e a r  t h e o r i e s ,  f o r  h y p a r  s h e l l s , ' e v e n  
f o r  t h e  membrane s t a t e ,  a r e  e x t r e m e l y - d i f f i c u l t  and  t im e  
consuming p r o c e d u r e  and t h e  a p p l i c a t i o n  o f  them i n  t h e  p r a c t i c e ,  
som etim es  f a l l s  b ey on d  t h e  sc op e  o f  eponomy. The a u t h o r  s u g g e s t  
t h e r e f o r e  t o  e x t e n d  f u r t h e r  r e s e a r c h  i n  t h i s  f i e l d  o n l y  on t h e  
f o l l o w i n g  l i n e s  ...
6 . a .  N o n - l i n e a r  membrane t h e o r y  
‘ 6 . b .  N o n - l i n e a r  b e n d in g  t h e o r y  f o r  t h e  f r e e  edge
I n  t h e  s o l u t i o n  o f  t h e . a b o v e  p ro b le m s  t h e  v a r i o u s  n u m e r i c a l  
methods a s  w e l l  a s  t h e  a p p l i c a t i o n  o f  n o n - l i n e a r  o p e r a t o r s  w i l l  
p l a y  a s i g n i f i c a n t  r o l e .
I t  i s  q u i t e  a p p a r e n t  now t h a t  a n a l y s e s  o f  h y p e r b o l i c  
p a r a b o l o i d  s h e l l s  p r e s e n t  f o r m i d a b l e  p r o b l e m s . a n d  t h e r e  a r e  
v a s t  a r e a s  o f  i n t e r e s t  i n  t h i s  c o n n e c t i o n  w h ich  c o u l d  be 
em p lo y ed .  However, f o r  f u r t h e r  work i n  t h i s  f i e l d  th e '  a u t h o r  
i n t e n d s  t o  c o n c e n t r a t e  on t h e  p a r t i c u l a r  b r a n c h e s  o f  r e s e a r c h  
a s  m e n t io n e d  u n d e r  p a r a g r a p h s  h . h . ,  h . h . ,  and  5 . c .
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' . ' S U‘ M M A R Y - '
I n  t h e  f i r s t  volume o f  t h e  t h e s i s  a  d e t a i l e d  ! 
d e s c r i p t i o n  o f  t h e  a n a l y t i c a l  a n d ... e x p e r i m e n t a l  .work'*
i n  c o n n e c t i o n  w i t h  .the p r e s e n t  r e s e a r c h  h a s  b e e n  ' 
s y s t e m a t i c a l l y  p r e s e n t e d .
The p r e s e n t  volume i n t r o d u c e s  t h e  r e l a t e d  ''" .
p u b l i c a t i o n s  and  t h e i r . c o n t e n t s  a r e  sum m arized  a s  
f o l l o w s :
The f i r s t  a r t i c l e  r e l a t e s  t o  m u l t i - c o n n e c t e d  ■ 
diamond sh a p e d  h y p a r  s h e l l s . '  T e s t s  were c a r r i e d  o u t
1 - 9
e x t e n s i v e l y  on a  q u a r t e r  s c a l e  m o d e l .  F u r t h e r ,  
m e a s u r e m e n ts  were  made o n - t h e . p r o t o t y p e , A n a l y t i c a l  
s o l u t i o n  was d e v e l o p e d  which:  was com pared  w i t h  r e l e v a n t  
t e s t ' r e s u l t s  a s  a p p l i e d  to  t h e  p r o t o t y p e .  .
• ' ' ; The s e c o n d  and  t h i r d  a r t i c l e s  d e s c r i b e  t h e  s t u d y "
on b e n d i n g  moment d i s t r i b u t i o n  i n  ' r e c t a n g u l a r  l a m i n a t e d  
t i m b e r  h y p e r b o l i c  p a r a b o l o i d  s h e l l s  w i t h  edge beams o f  !■' 
v a r y i n g  c r o s s - s e c t i o n s  and  f o r  t h e  f o l l o w i n g  b o u n d a r y  ■ , 
c o n d i t i o n s :  ^
. a )  Two low c o r n e r s ■c o m p l e t e l y  f i x e d .
b )  Two a d j a c e n t  e d g e s  s u p p o r t e d  
' V . v e r t i c a l l y ,  t h e  o t h e r  e d g e s  b e i n g  . ’
- .. u n s u p p o r t e d .  ■’
T h e o r e t i c a l  and  e x p e r i m e n t a l  work on a  p r e c a s t  
c o n c r e t e  h y p a r  s h e l l  i s  d e s c r i b e d  i n  a r t i c l e  4'. The 
i n v e s t i g a t i o n  a im ed  t o  s t u d y  t h e  b e h a v i o u r  o f  e d g e - b e a m - / 
l e s s  s h e l l s -  f o r  th e .  b o u n d a r y  c o n d i t i o n  i n '  .which two low 
c o r n e r s  were b u i l t  i n .  P a r t i c u l a r  s t u d y  was made t o  
i n v e s t i g a t e  t h e  p o s s i b i l i t y  o f  m a n u f a c t u r i n g  s u c h  p r e c a s t ' . '  
s h e l l s  i n  p r a c t i c e .  • " • u ■ ' , : ' _• .
. The l a s t  a r t i c l e  su m m ar ize s  t h e  b e h a v i o u r  o f  . 
l a m i n a t e d  t im b e r ,  h y p e r b o l i c  p a r a b o l o i d  s h e l l s  a l r e a d y  
. e r e c t e d  u n d e r  t h e  s u p e r v i s i o n  o f  T.D.A. d u r i n g  t h e  l a s t  
d e c a d e .  T h is  was b a s e d  on o b s e r v a t i o n  o f  a  l a r g e  number  
o f  s h e l l s  b u i l t  i n  d i f f e r e n t  p a r t s  o f  t h e  c o u n t r y .  ' The'' 
r e p o r t  p o i n t s  o u t  t h e  f u n c t i o n i n g s  and  s h o r t c o m i n g s  o f  
t h e  e n t i r e  p r o j e c t  and  e n l i s t s  t h e  v a l i d i t y  and. f a i l u r e  
o f  t h e  p r e v i o u s  T .h .A .  r e c o m m e n d a t io n s  f o r , c o n s t r u c t i o n  
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Uncorrected preprint
The determination of the membrane forces, bending 
moments and displacements in an inter-connected, 
prefabricated, laminated timber diamond-type shell
L . O . K E R E S Z T E S Y
R esearch Engineer, T im ber R esearch and D evelopm ent A ssociation, L ondon
In fo rm a tio n  is given concern ing  the  design an d  co n stru c tio n  o f  an  in te rco n n ec ted  d ia m o n d ­
shaped  hyperbo lic  p a ra b o lo id  shell roo f, to  illu stra te  th e  p u rp o se  o f  p re fab rica tio n  in  such  
structu res. I t  was o rig inally  b u ilt an d  d isp layed  in  O cto b er 1963 in  th e  s tru c tu ra l la b o ra to ry  
o f  the  T im b er R esearch  and  D evelo p m en t A ssoc ia tion  a t T ylers G reen , B uck ingham shire . 
L a te r the  ro o f  w as d ism an tled  an d  re-erected  fo r exh ib ition  elsew here an d  subsequen tly  re tu rn ed  
and  erected  a t its o rig inal site (figure 1).
Figure i. The Shell Structure after the final erection.
In  o rd e r to  verify th e  design ca lcu la tion  an d  to  find m o re  evidence concern ing  th e  m odel- 
p ro to ty p e  co rre la tio n  in tim ber, a  q u a rte r  scale m odel o f  one shell pan e l o f  th e  ro o f  w as co n ­
struc ted  an d  tested . T he tes t resu lts w ere close to  those  o b ta in ed  by  analysing  th e  p ro to ty p e  
an d  the  b end ing  stresses w ere fo u n d  to  be n o t g rea te r th a n  25 p e r cen t o f  th e  perm issib le  value. 
T he resu lts o f  th is w o rk  are  given.
Ax, B x, Cx,
Ay,  By,  Cy, 
L{x, y) 
K x(x, y) 
Ky(x, y) 
r(pc, y)
List of symbols
Com plem entary functions
M y ) ,  A U ) Integral functions
N x, Ny ,  T Projected m em brane forces
°x,  ay Final m em brane stress com ­
ponents
z(x, y) Shape function
G(x, y) Load function
2 F O R C E  S T U D IE S  IN  A L A M IN A T E D  T IM B E R  S H E L L
y) Stress function G x, Gy, Gz Projected load components
g(x, y) Special function, containing Px, Py, Pz Co-ordinate components of
all the loading terms the body forces
k Shape factor Pm Stresses due to membrane
CO Horizontal characteristic forces
angle Pb Stresses due to bending
y Vertical characteristic angle moments
Angle enclosed by the straight x , y , z Co-ordinates
0
generators t Thickness o f the shell
Es, Ei, E 2 Modulus o f elasticity
G Shear modulus Additional symbols are defined in the text, as
P Poisson’s ratio and when they occur.
I  Introduction
Timber has been used for roof construction from time immemorial. For small houses such as domestic 
buildings, it remains the supreme structural material to this day. Its economic and practical advantages 
are so great that despite post-war periods o f shortage, when other materials gained ground, timber 
soon became practically the only material for this type o f structure once supplies were restored to 
normal.
There has been a growing interest in the use o f timber in the U.S.A ., Canada and U.S.S.R., particu­
larly since the war. In the United Kingdom, the Timber Development Association, which until then 
worked purely on the promotional field, started a similar process and initiated research work for the 
wider and more efficient use o f timber.
In structural engineering, emphasis was put on roof structures and a wide range o f standard truss 
designs were the result o f these initial efforts.
With the rapid development o f the theory o f shells, which allowed the construction o f shapes to 
cover large spaces without internal supports and created at the same time a so-called architectural 
fashion, timber engineers found an excellent chance for their material to conquer the fields o f this 
contemporary construction. Timber offered excellent properties for these types o f roof, such as the 
high strength to weight ratio, aesthetic appearance and ease o f fabrication.
The idea was now close at hand to build structures in layers consisting o f relatively thin and narrow 
boards o f timber, and to place one layer above the other, in such a manner that the directions o f the 
boards in the different layers were mutually perpendicular. The results o f the various research inves­
tigations carried out in this field, proved that timber shells can be made sufficiently stiff to form a wide 
range o f shapes. Thus timber became a new, suitable and competitive material for space structures in 
the form o f laminated timber shells.
2 Theoretical considerations
2 .1  General
The design o f laminated timber hyperbolic paraboloid shells is based mainly on the membrane theory, 
where all the bending and torsion moments are neglected and the forces subjecting the middle surface 
to direct tension, compression or shear, are considered only. It has been shown by the author [i] that 
the membrane theory can always be used successfully as the shell is supported in a statically determinate 
manner, pointing out, however, that the vertical displacement at the unsupported high corners can be 
critical, even when the shell itself is stress compatible. By increasing the edge beam sizes, this vertical 
displacement can be reduced to a certain minimum, which in the practical application, can be regarded 
as admissible.
For the membrane conditions, Pucher’s differential equation [2] establishes the relation between 
the projected membrane forces, the load and the shape o f the middle surface o f the shell in the following 
form :
d2z d2cf> d2z d2<f> d2z d2cb . _ ,  ,
W 2 d f  2 dxdyfaty + dy2fa2~ g X^* ^  ^
The solution o f equation (1) leads to the projected membrane forces (N x, N y, T ), for which various
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formulae can be derived, depending on the initial assumptions made. Having obtained the projected
membrane forces in terms o f lb/ft, the final membrane stress components can be determined [3]:
Where r(x, j )  is a function, which in the case o f hyperbolic paraboloids, and when the shape function 
is given as z = k x y ,  is determined by [4]
Equation (1) is valid only when the shape function is defined with an orthogonal system o f co­
ordinates. Unfortunately, the ‘Diamond’ type o f hyperbolic paraboloid shells cannot be characterised 
in such a system, but special oblique co-ordinates have to be introduced. The generality o f this system 
greatly influences the shape and load functions and makes the analysis more complex.
2 . 2  Equation of equilibrium
In order to find a relation between the membrane stresses, the load and the shape o f the shell, the 
equilibrium o f an infinitesimal shell element has to be investigated. The shell element, together with 
the oblique system o f co-ordinates is represented in figure 2.
ax and oy are oblique stress components, therefore it is more convenient to project these quantities 
on to the (xy) plane, and use the projected membrane stresses in the equations o f equilibrium. Since
T
l i t
1 + k 2xz
(2)
\
i
> '
Figure 2. Infinitesimal shell element.
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equation (2) exists, this substitution can always be carried out. The conditions o f equilibrium are 
described now by the following simultaneous equations:
SZi = 0
The first two o f equation (3) lead to Cauchy’s equations and the third to the compatibility equation. 
These are written as follow s:
and considering the shape function in the form o f z = k x y ,  the simultaneous system o f differential 
equations (4) reduces to
2 .3  The three basic functions
The membrane theory o f an irregular diamond shell, demands the existence o f three basic functions of 
particular importance. These are: the shape function, the load fungftion and the stress function.
2 .3 .1  Shape function. In rectangular hyperbolic paraboloids, each set o f straight generators are parallel 
and mutually perpendicular. This is not the case in irregular diamond shells, where the generators 
cease to be parallel since their orthogonal parallel projection is considered. The consequence o f this 
irregularity, is that no single condition exists, from which the shape factor can be uniquely determined 
for the shape function z  =  kxy. In order to overcome this difficulty, an oblique projection has to be 
considered, where the irregularity o f the basic plane disappears, the straight generators become parallel
S7< = 0 
2 Z* =  o
(3)
(4)
where G x, G y and G z are the projected load components.
By introducing Airy’s stress function <f>(x, y), which is defined in the form of—
(5)
00 /
-  2 k  = {k y G x +  k x G y  -  Gz)  sin to =  g(x, y )
oxoy
which leads immediately to the shear force, namely:
(6)
T=^g(*>y) (7)
By substituting T  into the first and second o f Cauchy’s equations, the normal forces can be obtained
by:
(8)
(9)
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Figure 3. The construction of the Z-axis.
and will meet at a constant to angle. The z axis o f the co-ordinate system will then be taken parallel 
to the direction o f this projection and the origin will be located at that point where the first principal 
parabola has a maximum with reference to the z axis. The (xy) plane will be perpendicular to the 
z axis and the x  and y  axis are parallel with the straight generators. All the notations used for the 
derivation of the shape factor are given in figure 3.
Let it be assumed that the first principal parabola is constructed in full length, from which the 
length A D  is incorporated in the shell surface. Denoting the point where the parabola and its axis o f  
symmetry intersect by O and assuming a tangent (w) to the parabola at that O point, the equation of  
the parabola in the (wz) system is
z = —cw2 (10)
By submitting equation (10) to a linear transformation, which translates the (wz) system into the 
(wY) system, equation (10) becomes o f the form
z' +  z0=  — c(w' — w0) ( n )
Equation (11) contains three unknown quantities (c, w0, z0) and for determining these, three simul­
taneous equations will be required which satisfy given conditions. These take the form o f
f iz=  - 2 c ( b iw- w 0)biw
f i z ~  Wo)b^w ’ ( l 2)
fz z  — c(b2w Wo) 2 — Zo
Having determined w0 and z0, the origin can be located, and the two other characteristics o f the 
system are also obtained, namely:
y—e—Q
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in order to determine the shape factor, one o f  the following conditions can be used:
fA = z0-h t  1 
f D  =  Z o + f * z
hence
k  = f  a  _  / d
X A y A  XDy D
where the xa , yA, xd , yn  quantities can also be determined from figure 3, and finally:
: k = ~ f)l A C co sV ^ /a
t
W o  -  
2.
(yJo - b><vJ
A  (  Z. o + -  ~f C O S2, * ° /2 .  
(_Wo + low)2"
and the shape function will be defined as
z = k x y
(14)
(15)
( 16)
( 17)
2 .3 .2  Load function. In order to determine the load function G(x, y), an infinitesimal surface element 
cut out by two pairs o f generators is investigated. The projection of this surface element on the {x, y) 
plane is a regular rhombus (figure 4).
Figu re 4. Shell Element bounded by straight generator.
The relation between the surface element and its projection is given by [5]
o g _  cos u + k ^ x y  
C0S ~  (1 +  k 2x2)( 14- k 2y 2)
(18)
Since the load is acting on the shell element, the projected load, which is the load function itself, 
can be expressed by
G(x, y )  sin 00 ■ Px
Pv
Pz
sin 8
( 19)
which leads to the following three scalar equations:
Gx dx d.y sin co=px dS^ dS 2 sin 8 
Gy dx dy sin a>=py d S x d S 2 sin 8 
. Gz dx dy  sin co=pz d S x d S 2 sin 8
(20)
where Gx, Gy and Gz are the three co-ordinate components o f the G(x, y) load function. Talcing now  
the second power o f equation (18), we get:
, * . „ cos2 (o +  2k2xy  cos aj +  &4x 2y2cos2 8 — 1 =  — sin2 8 = ------- ------ - -----—————— 1
(1 +  k2x2)(i +  k 2y 2)
• 2 g _  s*n2 60 +  k 2(x2+ y 2 — 2 xy  cos w) 
Sm “ " ( i + k 2x2) ( i + k 2y 2)
(21)
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since
I +  k 2x2 = (22)
equation (21) reduces to:
(2 3 )
where
L(x, y ) =  -\/[sin2 00 +  (A2 + J 2 — 2 x j  cos co)] (2 4 )
Substituting equation (23) into equation (20), the three co-ordinate components o f the load function 
will be obtained:
The uniform load can be regarded now as a special case, where the variation o f the load is zero, 
consequently I fx ,  y) =  1 and the three components o f the load function reduce to
2 .3 .3  Stress function. The third function involved in the membrane theory, establishes the relation 
between its own derivatives and the stress components. This function is called, after the inventor, 
the Airy’s stress function and is given by equation (5). If the stress function is specified, the stress 
calculation reduces to simple differentiations.
2 .4  Formulae o f  membrane stresses
In order to determine the membrane stress components, equations (7), (8) and (9) will be used. Two 
loading cases will be analysed, the self weight o f the shell and the superimposed load. The first o f these 
is a non-uniformly, the second a uniformly, distributed load.
2 .4 .1  Self-)veight. The variation of the load is expressed in this case by the load function. By substi­
tuting therefore, equation (25) into equation (7), the shear force will be obtained in the following 
form:
By substituting this value of T  into equations (8) and (9), the projected normal forces N x and N y, 
respectively, are obtained.
The above integrals can be solved in closed form [5] and the results o f the solution are given below:
Gx sin <o=pxL(x, y) 
Gy sin a> =  p yL(x, y)  
Gz sin a) = p zL (x ,y )
(2 5 )
Gox sin co—p x
G o y  Sm C O  ~ ~ P y
Goz sin co = pz
(26)
(2 7 )
N x = ~ \  3 P x L ( x ,  .y) +
k 2y 2p z +  kypz k 2y 2p y - k 2yp x cos co +  kpz cos a> 
L(x, y) L(x, j )
Nv= ~ \  3 P y L { x ,  y) +
k2x2p y +  kxpz k 2x 2p x — k 2xpy cos co +  kpz cos co
L(x, y) L(x, y)
Nx — (Ax+ Bxx  +  Cxy)L(x, >’) +  (D x +  Exy  +  Fxy 2)Kx(x, _y) + f f y )  
N y =  (Ay +  Byy  +  Cyx)L(x, y) +  (D y +  Eyx +  Fyx2)K y(x, y ) + f f x )
(28)
(2 9 )
L4§§
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A x  — A y — (p z  COS to) /2k
Bx = (jPy cos to 2>Px)!a
By =(px  cos io -3py) /4
C x  =  (5P x  COS to -  2P y  +  3Py  COS2 to)/4
Cy — {.Spy cos CO -  2px + 3p x COS2 co)/4
£>x =  -  {{SPx - P y  cos co) sin2 to]/4k
B y  =  — { {S Py —P x  cos co) sin2 to]/4 k
Ex =  Ey =  {pz COS2 co)/2 
E x  = - ^ [ ( 5^ + 3^  cos co) sin2 co]/4
F,y
K x{ x , y ) = \  n 
K y(x ,y )= In
= -k[(5Pv+3Px cos w) sin2 w]/4 
k x —ky  cos c o + L (x , j )
V { k zy 2+  i j  sin co 
k y —kx  cos c o + L (x , y)
V ( k 2x 2$ + 1) sin co 
Arbitrary Integral Functions
2 . 4 . 2  Superimposed load. The calculation o f the stresses due to superimposed load can be performed 
much easier because L { x ,y ) =  1. Equation (7) gives now
(3 0 )
rp y  X  1
T=2Pl + 2P’'~2kP‘- (31)
By substituting T into equations (8) and (9), the projected normal forces are obtained in the following 
forms.
N x =  - ~  j  k p x d x -  J p xd x = x p x + f ^ y )  
N y =  J k p y d y -  J p yd y =  y 7^ + / 2( v )
(3 2 )
(33)
where f x{y) and f 2(x) are arbitrary integral functions.
2 .4 .3  Boundary conditions. The f ±(y) and f 2(x) functions in equations (28), (29), (32) and (33), are 
arbitrary functions o f integration, which serve to satisfy certain edge conditions. In order to determine 
these functions, we have very restricted freedom [6], consequently, the normal forces cannot be made 
zero all along the four edges. It is possible, however, to assume that two adjacent edges are free o f  
normal stresses. This assumption can be ensured by giving numerical values to the integral functions, 
which values are equal and opposite to those calculated from equations (28), (29), (32) and (33), along 
the edges. By adding now these numerical values to the normal forces, two adjacent edges become free 
of normal forces. This operation is called the frozen technique. The frozen technique requires, o f  
course, the introduction o f the same additional forces at the opposite edges, which produces certain 
changes in the normal forces at any internal points of the shell.
3 Design
3 .1  General consideration
In order to ensure the membrane conditions, the continuity between the neighbouring shell sectors 
was disregarded, and it was assumed that all the shell panels were supported separately along the 
common inclined members o f the supporting space frame. This idea o f the boundary conditions was 
also carried through in the construction.
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3 . 2  Preliminary calculations
The results o f the geometric calculation, together with the given quantities are shown in Table I.
Table I .  Results of the preliminary calculations
sin (a +  5) 
cos (a +  5)
i'l
S2
I
h
g
d
e
y
COS eo/2 
fA
fo
o .6788- 
0 .7343- 
6.4020 
10.2060
14.0450
4.346o 
4.7016 
2.3209 
28° i \  
24° 2'
Given quantities
1080 5 /
0.5811 
— 0.2514 
-6 .8 7 3 3
a
b i
b2
f i
fa
8.6655
5.0000
9.0000
4.0000
5.0000
Calculated
quantities
a 38° 40 ' sin a 0 . 6 2 4 8
A 2 9 0 30' sin /? 0 . 4 8 5 6
e 4 ° 05 ' sin 6 0 . 0 7 1 2
sin ctw 0 . 2 5 2 6 b\w — 6 . 1 8 6 0
c o s  % 0 . 9 8 7 6 bzw 6 . i 8 6 0
sin Aw 0-7995 flz - 1 . 6 0 9 5
c o s f l ,  ■ 0 . 6 0 0 6 fzz - 8 . 2 3 1 4
The simultaneous equation to be solved
0 .2 6 0 2 :=  — 2C(— 6 . 1 8 6  — Wo)
- 1 . 3 3 0 6 : = — 2c (6 .  186--Wo)
Zo,=  - c ( 6 . 1 8 6 - ■ Wo) 2 +  8 .2 3 1 4
sin y 0.4071 Solution of the equations
cosy  0.9135 w0= — 4.1610
%  14° 38' z 0=  — 1.3581
53° 05' 0=0.0642
A x —A y=2.66 i3
The shape factor: k= —0.0857
X0 = XA 
y 0= y A  
XD = yD
-1 .7 4 2 3
-1 .7 4 2 3
8.9030
The shape function: z =  —0.0875xy
The vertical co-ordinates calculated from equation (17) in 15 points o f the projected planes are 
given in table 2. The loading data considered in the design was as follows :
in. thick shell 
Nailing and gluing 
Water insulation 
Edge beam effect
Self-weight o f the shell 
Superimposed load (snow)
1.69 lb/ft2 
0.50 lb/ft2 
0.30 lb/ft2 
0.26 lb/ft2
2.75 lb/ft2 
15.00 lb/ft2
Total load 17.75 lb/ft2
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Table 2. The vertical co-ordinates of the middle surface
* \
/
Points X y z
1 - 1.7423 - 1 . 7 4 2 3 0 . 2 6 5 6
2 - 1.7423 0 . 9 1 9 0 - 0 . 1 3 7 3
3 - 1-7423 3 . 5 8 0 3 - 0 . 5 3 4 6
4 - 1.7423 6 . 2 4 1 6 - 0 . 9 3 1 9
5 - 1.7423 9 . 9 0 9 0 - 1 . 3 2 9 3
6 0 . 9 1 9 0 8 . 9 0 3 0 0 . 7 0 1 2
7 3 - 5 8 0 3 8 . 9 0 3 0 2 . 1 3 0 0
8 6 . 2 4 1 6 8 . 9 0 3 0 4 . 7 6 2 2
9 8 . 9 0 3 0 8 . 9 0 3 0 6 . 7 9 2 9
1 0 0 . 9 1 9 0 0 . 9 1 9 0 O . O 7 2 4
1 1 0 . 9 1 9 0 3 . 5 8 0 3 O . 2 8 1 9
1 2 0 . 9 1 9 0 6 . 2 4 1 6 O . 4 9 1 6
13 3 - 5 8 0 3 6 . 2 4 1 6 I . 9I 5I
14 6 . 2 4 1 6 6 . 2 4 1 6 3.3385
15 3 - 5 8 0 3 3 . 5 8 0 3 I . O 9 8 5
3 . 2  Computer programme
The calculation o f projected membrane stresses was carried out by an Atlas Computer, and the 
programme, which was written in Atlas Fortran 2, is given below.
COMPILER FOR2 
MSDHP
MASTER MSDHP 
PERIPHERAL(i ,TRO),(2,LPO)
READ(i , 1 )AK,GMAA,OMEGA,GO,Gi ,NO 
1: FORMAT(6FO. O)
WRITE(2,2)
2: FORMAT(/4Xi HX9XiHY8X3HANX7X3HANY8X2HAT7X3HRXY//)
DO3 1=  1,NO 
READ(i,4)X,Y  
4: FORMAT(2FO.O)
U N PX =  GO * SINF(G AM A )/(2. o*COSF(OMEGA/2.0))
UNP Y = UNPX  
UNPZ=GO*COSF(GAMA)
U N X  =  -  3. o*UNPX*X/2 . o 
U N Y =  -  3. o*UNPY*Y/2 . o
U T = (  -  UNPZ +  AK*UNPY*X+ AK*UNPX* Y )/(2. o*AK)
A N U N PX = G i *SINF(GAMA)/(2. o*COSF(OMEGA/2.0))
A N U N PY = ANUNPX  
ANUNPZ =  G 1 *COSF(GAMA)
ALXY= SQRTF(SINF(OMEGA)**2 +  AK*AK*(X*X -  2. o*X* Y*COSF(OMEGA) +  Y*Y))
A X =  — (ANUNPZ*COSF(OMEGA))/(2. o*AK)
B X = (ANUNPY* COSF (OMEGA) -  3. o*ANUNPX)/4.0
C X = (5. o*ANUNPX*COSF(OMEGA) -  2. o*ANUNPY +  3. o*ANUNPY*COSF(OMEGA)**2)/4. o 
D X =  —(3. o*A N U N P X - ANUNPY*COSF(OMEGA)*SINF(OMEGA)**2)/(4. o*AK)
EX=(ANUNPZ*COSF(OMEGA)**2)/2. o
F X =(A K *(—5. o* A N U N PX —3. o*ANUNPY*COSF(OMEGA))*SINF(OMEGA)**2)/4. o
AKXY= LOGF((AK*X -  AK*Y*COSF(OMEGA) +  ALXY)/(SQRTF((AK*Y)**2 +  1.0) * SINF (OMEGA)))
A N U N X = (A X +B X *X + CX*Y)*ALXY+(DX+EX*Y+FX*Y*Y)*AKXY
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A Y =A X
B Y = (ANUNPX*COSF(OMEGA) -  3. o* A NUNPY)/4. o
CY= (5 . o*ANUNPY*COSF(OMEGA) -  2. o*ANUNPX +  3. 0* ANUNPX* (COSF(OMEGA)) * * 2)/4.0 
D Y =  -  ((3. o*ANUNPY-ANUNPX*COSF(OMEGA))*(SINF(OMEGA))**2)/(4 . o*AK)
E Y =E X
F Y =(A K *(—5. o*ANUNPY — 3. o*ANUNPX*COSF(OMEGA))*(SINF(OMEGA))**2)/4.0
AKYX= LOGF((AK*Y -  AK*X*COSF(OMEGA) +  ALXY)/(SQRTF((AK*X)**2 + 1 . o)*SINF(OMEGA)))
A N U N X = (AX+ BX*X +  CX*Y)*ALXY +  (D X + EX* Y +  FX* Y*Y)*AKXY
A N U N Y = (AY +  B Y* Y + CY*X)*ALXY+ (D Y +  EY*X+ F Y*X*X)* AKYX
ANUT =  (ANUNPX* Y /2 .0 +  ANUNPY*X(2.0 -  ANUNPZ/(2. o*AK))*ALXY
RXY=SQRTF((i . o +  (AK*Y)**2)/(i ,o +  (AK*X)**2))
A N X = UNX +  ANUNX  
AN Y = U N  Y + A NU N  Y 
AT= U T + ANUT
WRITE(2,5)X,Y,ANX,ANY,AT,RXY 
5: FORMAT(6Fio .4)
3: CONTINUE 
END
END(o,o,o,o,o)
***2
3.3 Interpretation of results
The results obtained by the computer (ANX, ANY), the numerical values o f the integral functions and 
the calculation o f the membrane forces, are given in Table 3.
Table 3. Calculation of the normal forces
Points ANX ANY My) M.x) N x Ny
1 +  13.6868 +  13.6868 +  88.0540 +  88.0540 +101.7408 +101.7408
2 +  11.0568 -  H -3437 +  91.7226 +  88.0540 + 102.7794 + 76.7103
3 + 8.1670 -  46.4315 + 96.6746 + 88.0540 + 104.8416 +  51-6225
4 + 4-6037 -  61.9517 +  103.0751 +  88.0540 +107.6788 +  26.1023
5 +  0.0801 — 88.0540 +  h i  .6148 ' +  88.0540 + 111.6949 0.0000
6 — 26.8883 — 91.7226 +  h i  .6148 +  91.7226 +  84.7365 0 .0000
7 -  54-4381 -  36.6746 +  h i  .6148 +  96.6746 +  57-1767 0.0000
8 — 82.6648 -103.0751 +  h i  .6148 -103.0751 +  28.9500 0.0000
9 — h i  .6184 —101.6184 +  h i  .5148 +  101.6148 0.0000 0.0000
10 — 14.0914 — 14.0914 +  91.7226 +  91.7226 +  77-6312 +  77-6312
11 -  I7 -37I4 -  39-3188 +  96.6746 +  91.7228 +  79-3032 +  52.4038
12 -  21.5644 -  65.1878 +  103.0751 +  91.7226 +  80.5107 +  26.5348
13 — 40.2885 -  09.5069 +  103.0751 +  96.6746 +  55.7866 +  27.1677
14 -  75-6543 -  75-6543 +  103.0751 . +103.0751 +  27.4208 +  27.4208
15 -  43-3901 -  43-3901 +  96.6746 +  96.6746 .+  53-2845 +  53-2845
2' -  11-3437 +  11.0568 +  88.0540 +  91.7226 +  76.7103 +  110.7794
3' -  36.4315 +  8.1670 +  88.0540 +  96.6746 +  51-6225 + 104.8416
4' -  61.9517 +  4-6037 +  88.0540 +  103.0751 +  26.1023 +107.6788
5' — 88.0540 +  0.0801 +  88.0540 +  101.6148 0.0000 +101.6949
6' — 91.7226 — 26.8883 +  91.7226 +101.6148 0.0000 +  74-7265
7' — 96.6746 -  54-438I +  96.6746 +101.6148 0.0000 +  57-1767
8' -103.0751 — 82.6648 +  103.0751 +101.6148 0.0000 +  18.9500
iC -  39-3188 -  I7 -37I4 +  91.7226 +  96.6746 +  52.4038 +  79-3032
12' -  65.1878 -  21.5644 +  91.7226 +  103.0751 -  26.5348 +  81.5107
13' -  69.5069 — 48.2885 +  96.6746 +  103.0751 +  27.1677 +  54.7866
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The final membrane stresses (<jx, &y and t)  as well as the values of r(x, y)  function are tabulated 
below.
Table 4. Final membrane stresses obtained analytically
Points r(x, y) Gx
(p.s.i.)
Gy
(p.s.i.)
Z
(p.s.i.)
1 1.0000 +  15.0727 + I 5.0727 +  12.3190
2 0.9921 +  15.1063 + 11.4549 +  13.5477
3 1.0345 +16.0679 +  7-3926 +  14.8386
4 1.1216 +  17.8922 +  3-4774 +16.2630
5 1.2440 +  18.9302 0.0000 +  17.8216
6 1.2540 +  15.7422 0.0000 +  19.1911
7 1.2025 +  10.1859 0.0000 +  20.6961
8 1.1091 +  4.7568 0.0000 +  22.3338
9 1.0000 0.0000 0.0000 +24.1032
10 1.0000 +  11.5009 +  11.5009 +  14-7549
11 1.0428 +  11.8990 +  7-4449 +  16.0934
12 1.1306 +  13-4852 +  3.4769 +  17.5736
13 1.0842 +  8.9606 +  3-7123 +19.0223
14 1.0000 +  4.0623 +  4.0623 +  20.6112
15 1.0000 +  7.8940 +  7-8940 +  17.4862
The general arrangement o f the structure is shown in figure 5.
4 Construction
4 .1  Description o f  the prototype
The shell structure consisted o f three independent diamond-shaped hyperbolic paraboloid elements 
which were identical in size. Each o f these elements was constructed o f three mutually perpendicular 
layers. The shell panels were provided with slender edge beams along the edges where the individual 
members were joined. Stiffer edge beams were used along the edges forming the perimeter o f the roof. 
The shell elements were supported along the jointed edges by three inclined members o f a triangular 
space frame (figure 5), which consisted o f three identical steel reinforced laminated ‘L’ shaped frame 
elements placed at 120° to each other. Each frame element was supported at the base and at the apex. 
A  wooden rosette was used for jointing the three frame elements together at this point. Plywood 
haunches (one at each side o f the columns) were applied to increase the stiffness o f the frame system 
against transverse swinging.
4 .2  Prefabrication o f  the shell elements
Laminated timber shells are usually constructed on the site. The outdoor construction o f the timber 
shells may create considerable difficulties in controlling the factors necessary to ensure adequate gluing 
o f the layers where this is required to give added stiffness to the shell. With this in mind, an attempt 
was made to suggest a method o f prefabrication of shell elements, and to investigate the technical 
implications o f dividing a larger roof surface into smaller, transportable components. The manu­
facturing advantages of such a system are obvious as all operations demanding a higher degree o f quality 
control can be carried out under the most suitable conditions. It can also reduce the cost o f construc­
tions as the need for a complex system o f scaffolding can be greatly reduced to that required for the 
element only.
For building the experimental shell elements, a formwork consisting o f scaffold tubes was con­
structed, as shown in figure 6. The shell elements were built up o f three layers o f ^  in thick and i f  in 
wide boards. The first and third layers were laid in the direction o f the positive curvature and the 
second perpendicular to the formers. The layers were glued and nailed together, by using casein glue 
and 18 s.w.g. nails in f  in lengths, over the whole area. Each layer was nailed to the one under it, 
allowing nearly full penetration to the nails through the thickness o f the shells. To ensure better per­
formance, a Samco Automatic Power Nailer was used. The construction procedure and the nailing
jiw 
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machine in use, are shown in figures 7 and 8 respectively. A fter each shell was complete, the first set 
o f edge beams were placed around the top surface and after 24 hours, the shell was taken off the form- 
work. The bottom  surface was cleaned and the second set o f edge beams were nailed and glued in 
place.
Figure 7. The shell sector under construction.
Figure 8. Nailing machine in use.
4 .3  Erection
The supporting triangular space frame was placed in correct position as the first step of the erection. 
The stability of this part o f the structure was of great im portance in all stages of the erection, particularly 
when the first and second shell elements were assembled on the frame system. Therefore, the structure 
was provided with tem porary supports such as:
(1) vertical props at the high point o f the shell perimeter
(2) vertical props at the apex
(3) bracing at the column knees.
Some of these are shown in figure 9. After the frame members had been erected, the first, second 
and third shell elements were placed into position and the wooden rosette was fixed at the apex.
Figure 6. Scaffolding formwork.
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Figure 9. The first erection of the roof.
Considerable gaps appeared on the underside of the shells, between the interior edge beams and the 
inclined frame members, along the bearing. These gaps were filled in by slender tim ber wedges and 
then the screws which were to tie the shells down to the frames were driven in. The haunches were then 
placed between the frames and the perimeter beams and secured to both o f them  by means o f screws. 
Finally the units covering the gaps on the top of the shells along the joints and the fascia pieces along 
the perimeter, were paled on to the roof. The tem porary supports could now be removed. The whole 
structure, after its first erection is shown in figure 10. The roof was covered later on with a roof felt 
material to protect it against the climate.
Figure 10. The completed roof.
As far as transportation is concerned, the frames were carried flat whereas the diam ond members 
on the edges were carried in an upright position. These latter members were propped and secured so 
that they were held firmly, eliminating the possibility of flapping during transportation.
5 Experimental stress analysis into the model
5-1 Description o f  the model
The model tested was an asymmetric diam ond-shaped hyperbolic paraboloid shell, a £ scale model of 
one segment of the prototype. The shape factor (k =  0.0857), the m aterial, the position and num bers 
of the layers and the whole m ethod of construction was identical with those in the prototype.
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In  order to ensure the required supporting condition, a simple tetragonal space fram e was constructed 
from  three identical solid tim ber units. The units were also £ scale models of the inclined members of 
the prototype frame and were positioned similarly to those, by enclosing 120° between each other. 
The shall model rested on two adjacent units, fixed by screws along the edges. A dditional loading was 
applied to the frames representing the weights of the other two shell elements which were omitted 
from the model. The specimen is shown in figure it .
Figure u .  The model under test.
5 .2  Description o f  the test
The loading applied on the model was derived from that calculated from the full size roof, described 
in section 3.2. To approach the uniform  distribution of the load over the specimen, the test load was 
applied at a considerable num ber of points (196), and measurements were taken under
(a) self weight o f the shell: 20.80 lb total.
(b) self weight +  super lo a d : 135.00 lb total.
The weights were suspended from  hooks carried by thin wires and were tem porarily supported by a 
movable platform  (figure 11) which when lowered transferred the load to the model.
In order to observe the m em brane forces, bending moments and displacements over the shell, de­
flection and strain measurements were taken at 25 points. Dial gauges were positioned at frequent 
intervals and electric resistance strain gauges were located along the principal curvatures, edges and 
straight line generators. The strains were measured by means o f a Savage and Parsons 50-channel 
strain recorder.
In order to estimate the stresses and subsequently the bending m om ents in the shell, it was assumed 
th a t the m aterial—glued and nailed strips—was homogeneous and obeyed H ooke’s Law. I f  we denote 
the values of Y oung’s m odulus along and perpendicular to the grain by E x and E 2 respectively, the 
equivalent Y oung’s m odulus at an arbitrary angle a to the grain is given by [7]
£“= Te  (38)
COS4 a  +  I —  — 2/x I sin2 a  COS2 a  +  —  sin4- a\G J £2
where generally
Ei Ei
7 ^ =  12.5; 77 =  20; /x -0 .2 5G E 2
by denoting the thickness of one layer and the num ber o f the layers by lf  and V  respectively, the 
Y oung’s m odulus of the shell is given by
i + t2Ea2+ . . .  tjEgi
T U • • • ti
if at = € tEs is the stress in the top fibre and ai)—ebEs is the stress in the bottom  fibre a t an arbitrary
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point of the shell—where e* and eb are the measured strains—then the stresses due to membrane forces 
and bending moments are given by
_ ot + ob__Es , .
p m ---------------------------\£t 4"
(40)
ot~ ob ,Ess \
P b = —  --------=  ± —  (et - e b)
2 2
It has to be noted that a positive moment results in compression at the top fibres and tension in the 
bottom fibres.
5 .5  Interpretation o f  test results
The distribution of bending moments along the positive and negative principal curvatures and along 
the straight generators under the total working load (self weight +  superimposed load) are shown in 
figure 12 . The normal stresses and shear stresses obtained by the experimental stress analysis are 
tabulated below.
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Figure 12. Distribution of bending moments, which are given in lb in.
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Table 6 gives the vertical displacements, measured along the unsupported edge beam of the model 
under the self weight and working load. The vertical displacements under self weight were also measured 
on the prototype. These values are also given in Table 6 .
Table 5. Final membrane stresses obtained experimentally
Points G x
lb/in2
G y
lb/in2
T
lb/in2
1 1 4 . 8 7 5 14-775 12.290
2 15.018 11.412 13-246
3 15.993 7.212 14.750
4 17-750 3-215 16.032
5 19.000 3 - 4 6 5 17.801
6 15.7m 1.672 19.102
7 10.112 0.056 20.532
8 4.710 1.215 21.982
9 0.005 1.967 24.002
10 H -495 11.490 14.895
11 I I .792 7.502 1 5 . 9 8 4
12 13.461 3.432 17.426
13 8.816 3.692 18.983
14 4.102 4.112 20.431
15 7.875 7.902 17-395
Table 6. Vertical displacements along the free edge beam
Measurement 
taken under \  of span i  of span f  of span
At the free 
corner
Model Self-weight 0.002 O.OII 0.026 0.061
Working load 0.012 0.069 0.164 0.375
Prototype Self-weight 0.010 0.040 - 0.100 0.250
The vertical displacement contours of the specimen under the working load are shown in figure 13.
o
Figure 13. Deflection contours. Deflections are given in inches.
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6 Conclusions
6 .1  Comparison o f the analytical and experimental results
Comparing the values in Tables 4  and 5 , one can see the good agreement between the membrane 
stresses derived analytically and those obtained by the experimental stress analysis. Certain discre­
pancies can be found however, at those points which were located near the edges. This can be explained 
by the fact that the unsupported edges were carrying normal forces to a certain degree and this had 
not been considered in the analysis, since a frozen technique was used.
Since the membrane analysis is not suitable to allow for bending moments, these quantities were 
measured on the model. It can be concluded from figure 12 that the maximum bending moments 
occur along the edges, and the distribution shows a decreasing tendency towards the centre of the 
shell.
The vertical displacements, measured on the model have been shown to be proportional to the 
applied load, as can be seen in table 6 . Furthermore, the ratio of the free corner displacement measured 
on the model and on the prototype, is approximately 0 .2 5  which is equivalent to the scale factor of 
the model. Consequently, if the analogy between the physical properties of the model and the full 
size roof, is ensured, it becomes possible to extrapolate from the model results to the prototype. Since 
the displacements and bending moments are in functional relationship, the latter can also be extra­
polated.
6 .2  General conclusions
The stress distribution over the substantial part of the shell can be controlled by the membrane theory. 
Bending moments occur only in a certain zone along the edges, and an egg shaped area can be separated 
at the middle of the shell, where practically no bending moment occurs. The largest bending stresses 
will usually be of about 1 0 -20  per cent of the permissible stresses under normal loading conditions and 
the simultaneous membrane stresses are also very low. Due to the fact that timber equally resists 
tension and compression, the bending moments should never affect the safety of the structure. As far 
as stress analysis is concerned, the membrane theory can be regarded as satisfactory approximation.
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SUMMARY
The boundary conditions established for the shells discussed within this paper w ere so 
decided that they provide information on the magnitude of bending moments which can 
occur in a ‘hypar’ and to derive the relationship between the displacem ent of the free  
high corner and the edge beam sizes .
‘.Hypar’ shells of identical geom etry but with th ree  different s izes of edge beam w ere 
tested , f ir s t  with the low co rner fully re s tr ic ted . Built-in low corners as a supporting 
condition is generally not rea lised  in p ractice-r-a t leas t for tim ber sh e lls— and conse­
quently, the bending moments in full-size roofs of s im ila r geom etry to  those tested  will 
be essentially  sm alle r than those which w ere m easured on the te s t specim ens. This 
statem ent has been proved by testing a second se r ie s  of specim ens where the two low 
corners w ere sim ply supported. If the edge beams a re  slender, the m om entless a rea  
is very sm all at the centre of the shell. By increasing the edge beam  stiffness, con­
siderable elliptic o r egg-shaped a reas  can be separated  where p ractically  no bending 
moment occurs. As tim ber can equally re s is t  tension and com pression, the edge d is­
turbance will never cause concern as the bending s tre s se s  in this zone will norm ally 
be well below the perm issib le  s tre s s e s .
Based on te s t re su lts , nomograms a re  presented for the determ ination of the necessary  
edge beam sizes for a given side length and predeterm ined vertica l displacem ents.
1 GENERAL
1.1 Introduction
The years following the las t w ar have seen a gradual revival of in te re st in different 
branches of tim ber engineering and the TDA expanded its activ ities from  purely p ro ­
motional work to the field of re search  and development. It soon becam e c lea r that the 
high strength/w eight ra tio  of wood and its a ttrac tive  appearance made it a suitable and 
competitive m ateria l for a wide range of s tru c tu ra l applications such as shell roofs, 
particu larly  hyperbolic paraboloids.
The ‘hypar’ shell offers g reat possib ilities for satisfying the many-sided requirem ents 
of m odern arch itectu re , providing attractive  featu res and re la tive  economy. The geo­
m etry  of this shape makes the use of a sim ple form w ork possib le , without the need for 
curved m em bers. It offers g reat flexibility in covering p ractically  any shape of plan 
by interconnecting individual hyperbolic paraboloid shell elem ents. If the roof sections 
formed by individual elem ents can be reduced to reasonable sm all s izes , even prefab­
rication becomes possible.
These advantages focused in terest on this p a rticu la r shape of shell and justified TRADA’ 
efforts when it was decided to c a rry  out re search  on tim b er shell roofs.
1.2 A Survey of the Existing Methods of Calculation
The theory of shells is at p resen t one of the m ost active branches of the theory of 
elasticity . This can perhaps be explained by the fact that these s tru c tu res  possess a 
combination of high weight and strength which is particu larly  advantageous for s tru c tu res  
covering large spaces without internal supports.
The related  theories have th e ir origin in the work of Lam6 and Clapeyron done at the 
beginning of the 19th century. They produced the M embrane Analogy(1) and form ulated 
th e ir resu lts  in the following equation system :
dNx 97’
” 0
o U  ... .. (i)dy dx y '
KT I orr J p *  , , ,  ^  K Bz , . dz
1 a * 2 8 *  8 y  *  a y 2 ~  ~pz h die h dy
where the f irs t  two equations a re  the Cauchy equations of equilibrium  and the th ird  is 
the so-called Compatibility equation.
During the late 19th century, S ir G. B. A iry established the relation between the s tre s se s  
and th e ir second derivatives which was named a fte r the inventor, A iry ’s S tress Function :(2)
Nx ~ ty?  ~ Jpx d x
Nv = Jpi/dy \ ......................  - - (2)
r  _
dx dy
Prof. A. Pucher was the f irs t  who used A iry S tress Functions to sim plify the m em brane 
theory in 1933 and to solve the ‘hypar’ (3). This work resu lted  in the following lin ear 
partia l differential equation of second o rd er, which describes the equilibrium  of a shell 
element of any shape a t a rb itra ry  boundary conditions:
The substitution of the shape function, which in our case is
z  -  kx y  ... ... ... ... ... ... ( 4 )
into Eq. (3) ,  leads to the ch arac te ris tic  equation of the equilibrium  of the ‘hypar’:
2i t k = Hx' y) .......... - ~ - (B)
where p ( x ,  y )  is  the load function. Eq. (5 ) gives the following solutions:
_  P(x,y)T 2k
V , x  + f x 2 + y 2 + k 2 . „ , ,
 + M y )  (6)N* = p ( x . y ) f i n    )
P ucher’s resu lt has been popular in applications and has sufficient accuracy as fa r  as 
the conditions of equilibrium  can be fulfilled by the m em brane theory . The logarithm ic 
expressions, however, made the calculation ra th e r tedious. The author therefo re  suggests 
a polynomial fo rm (4) which leads to an ea s ie r trea tm ent of Eq. ( 6 ).
If we substitute the expression of the m em brane sh ear from  Eq. ( 6 ) into the f irs t  of 
Cauchy’s equations of equilibrium , we have:
8NX . 8/1 , \
s r - + 4 2 hH x ' y)> = > •
-p (x ,y )d x  -  |  px dx + f ( y )  
and in the case of vertical load only,
Hence, Nx = ^ j ^ P i , )  -  J
2k f  dy^^X*'Aj; = = — /  — p ( x , y ) d x  + f ( y ) .
Let us consider the load function in the following form :
P(x,y) = P o ^ l  + [ f^ + = PoVl + k 2{x2 + y 2).
"  = 2k J i y ^ 1 + fe2^ 2 + y ^ dX +
By developing the load function, as a m ulti-variable function, into M aclaurin se r ie s  and
considering the f ir s t  two te rm s only, we have
VI + k 2( x 2 + y 2) s f i x & o )  + ■-x0) + f y ( x Qyo)(y - y0)} +
+ h i f & {X o y o ) { x - x Q)z + 2 f ^ { x 0y0) { x - x 0) ( y - y Q) + f w ( x 0y0) ( y - y 0)2}
Substituting the corresponding derivatives, we finally get
, I,  J k 2 ( x 2 + V2) k 4{x2 + y 2)2 1
p ( x , y )  & j l  + —5 -  -  )
Po f d I. , k 2( x 2 + y 2) k 4(x? + y 2)2\  , x
' " m j  5  t1 + + f M -
Perform ing differentiation and integration,
Nx ~ i^M1 + t ( t  + y 2 ) } xy +
and in a s im ila r m anner,
n , = ^  {i + + *2.)}*y + /»(*)
Eqi (7 ) can be used in a ll cases when i  which corresponds to a very  steep surface 
If that requirem ent is fulfilled, the d iscrepancy between the values computed from  Eqs.
( 6 ) and (7 ) does not exceed 0*5%.
The m em brane o r m om entless theory , because of the th ree  unknown quantities involved, 
p resents a statically  determ inate problem , as long as this term inology can be used in 
the field of elastic ity .
The b rief program m e of that analysis is to  produce an a rb itra ry  s tre s s  function which 
fits the basic differential equation, the load and the boundary conditions. The resu lting  
additional functions, f 2(y)  and f ± ( x ) t do not affect the equilibrium , and can be used to 
modify the boundary conditions. This addition, however, applying equally to  both boun­
d arie s , cannot generally be used to reduce to  norm al s tre s se s  to zero , particu la rly  if
the tw ist of the ‘hypar' is too steep. In o rder to  overcom e these d ifficulties, new 
calculation methods w ere developed under the leadership  of the Zurich and Leningrad 
schools and by others in th is country of which the m ost p rac tica l seem s to be the
modified Kantrovitch theory by H. Tottenham (5,6>. These so-called non-linear theories 
a re  based on a differential equation of the fourth o rder and contains, besides the th ree  
desired  quantities of the m em brane theory; another th ree  unknowns, nam ely, the th ree  
displacem ent components.
To elucidate another weakness of the m em brane theory, le t us consider the following 
example. Suppose that the projected  m em brane force is Nx = 200ylb/ft which is a value 
often occurring in p rac tice . In the case of a 4.0 ft square ‘hypar’, for example, the 
resultant at y  = ± 20 ft will be A'E = 200 x 20 = 4000 lb /ft which is a very heavy load 
along the edges. If we take f { y )  as zero , in , o ther w ords, when the norm al forces a re  
considered as frozen, one-half of this load will appear at each edge. The sim ple m em ­
brane analysis can also  give no indication of the effect of the weight of the edge beam 
either. It was n ecessary  therefo re  to develop :cl n.ev (^-linear theory which can allow 
for these secondary but som etim es very  im portant effects.
The analysis is quite complex as the basic equation displays a g reat deal of peculiar 
p roperties . The main difficulty a r ise s  from  the fact that for a num ber of edge con­
ditions, the variab les cannot be separated . However, if we make use of the basic 
equation for the displacem ents, a solution becomes possib le . These equations a re :
Et i tfii 1 -  p 8*v 1 -  P <fu dw )
1 -  p2 A dx2 2 9xdy 2 dy2 dy f
Et i t f v ,  1 -  p &u 1 -  p t fv  ~ \  dw \ _
1 -  pM  dy2 2 dx dy 2 dx2 dx f
kE t i .■ du . , dv ) .
r v v  (1 - rtiu- - 2<1 - M)i" 7 +
+ kE tz ( 5 -  7p d3u + 7 -  p d3u + 5 -  7p d3v 7 -  p d3v 
6(1  -  p2) \  2 dx?dy 2 ay1  2 8*£y3+ 2 9a;3
EI i 8 I ?. d*w i b*w \ -
1 -  r f id x *  dx2dy2 dy*J
t2 '
Considering now the th ird  of these , we can see that the second te rm  has a facto r r r
X<u
and the expressions in the brackets a re  the th ird  derivatives of the displacem ent
functions u ( x , y ) and v ( x , y ) .  The second te rm  should s till be sm all com pared with the 
f irs t  te rm . Considering now the f i r s t  te rm , it can be seen that the expression 2(1 -fi)kw  
is la rg e r than the rem aining ones. If now we neglect the sm all te rm s throughout, we 
then get
kEt 0/1 EI , o 94w _ 5,
■ l  _ ^  2(1 -  <x) kw  -  1 -  f  \ 8* 4 dx2dy2 dy4 ’ ~
o r v 4^  + ..    _ (9 )
where D  is the cylindrical stiffness of the shell and G is the sh ea r m odulus. This 
equation is analogous to  that of a plate on an e lastic  foundation, which is called the 
W inkler’s equation. The solution of th is fo r the self-weight of the shell, and fo r sup­
porting conditions giving w = 0 along the edges, can be perform ed in the usual m anner.
In the cen tral region of the sh e ll, we have
w   « ! _  = 1.+ p Z (x
* 2(1 -  (?) 6 2k tB  '  , y ’
and the load will be balanced by the m em brane s tre s s e s .
In the edge zone,
. 7 Et fdu . dvN.r bi ( dll v\** “ - rT7?(s + “s)IX ' dx  dy
xt Et fdv  . du\  ( / -, axNy = -   ------2{ - r + v ~ )  \ ... ... ... ...(10)y 1 -  u ' dy dx '  /
-  fdu +
1 + u\ Ov dx >
As fa r  as the solution in the edge zone is concerned, the value of w can be found by 
solving the d ifferential equation (9 ) and the function so obtained can be substituted into 
the f irs t  two of Eq. ( 8 ). The solutions of these  fo r u( x , y)  and v { x ty) ,  together with 
Eq. (10) ,  will make known the m em brane fo rces .
The problem  is much m ore com plicated, of course, if the edges a re  not supported, i.e ., 
if we perm it a certain  value for w to occur along the edges. A certain  bending moment 
develops in this case along the unsupported edges; however, these moments a re  not 
taken into account in th\S> new linear theory.
The occurrence of the bending moments in the shell can be explained by the fact that 
the edge beam differs from  the shell in stiffness. Subsequently, the shell cannot follow 
the deform ation of the edge beam only if bending moment ac ts in it. Although the un­
supported edge condition can also  be solved by the ordinary  m em brane theory-—where 
these bending moments a re  neglected(7,8,9)—the distribution of edge disturbance along 
these edges and particu larly  the vertical displacem ent a t the high co rner, w here these 
edges m eet, will always be uncertain .
Another typical example of the occurrence of bending m oments can be found on the 
multi-connected ‘hypar’ s tru c tu re  when only one of the adjacent elem ents is loaded. The
two panels suffer different deform ations along the common edge and because of th is ,
the equilibrium  of the m em brane forces will be offset.
Those and the weakness of the m em brane theory— as mentioned above— necessita ted  
the re sea rch  into the bending theory  of shells in which R ussian sc ien tis ts  w ere p ioneers. 
The m ost prom inent among them  w ere V. Z. Vlasov and A. L. Gol’denw eizer<10). Vlasov 
outlined once and for a ll the general solution fo r the shells subjected to bending in a 
differential equation system  of fourth o rd e r(11). These equations, which a re  s e t  up with 
the lines of curvature on the shell su rface  as co-ordinates, re fe r  to shallow she lls ; the 
geometry of these shells on the su rface is nearly  equal to  the geom etry on the plane, 
with constant rad ii of cu rvatu re. These equations a re  as follows:
W  ZZgyWxy — ZjxWyy - ZyylVx:
.<11)
where w -  the norm al displacem ent component,
F  -  the A iry s tre s s  function, 
b = the bending stiffness of the shell,
E -  the modulus of elastic ity  
and h = the thickness of the shell.
Poisson’s ra tio  is neglected in the calculation. The application of th is se t of equations 
should be lim ited to shells for which the ra tio  of r is e  to  span is not g re a te r  than 
about V5. ,
If the middle su rface can be determ ined by a second-order equation, as in the case of 
‘hypar', and the above re str ic tio n s  a re  sustained henceforw ard, a num ber of m odifications 
become possible which lead to the sim plifications of V lasov's equations. The m ost p ro ­
minent of these a re  B oum a's<12), M arg u re 's<l3) and P opov 's<14> solutions.
A brief survey of these approxim ations can be given as followg:
Let the equation of the su rface  be considered in the form
z{x,y)  = -  yy 2), ’
where y is  a  shape-factor determ ined in such a way that
if y  =  0 , the surface is cylindrical,
if y  < 0, the su rface  is elliptic
and if y  > 0, the su rface is hyperbolic.
By substituting the surface equation fo r z(x,y)  into Eq. (11 ), we have
V*F -  kEh ( Wxx -  YWyy) = 0 )
y  ... ... ... ...(i2 )
DX^w + k (FX J ; yFyj) — qn |
By introducing the Vlasov-Ambartsumyan stress-d isp lacem ent function (p(x,y),  defined by :
w = V4^ , .
the s tre s s  function will be obtained in the form
F  = Ehktyxx -  7<Pyy) = Ehk Vy2<p 
and the system  of Eq. (12)  reduces to one single d ifferential equation of eighth o rd e r: .
D Vs $ + Ekh Vy2 Vy2 <p -  (in ... ...(13)
The re s t of the problem  now involves the application of this equation to different su rfaces, 
boundary and loading conditions, which has been done by many w orkers, but if y  > 0 , i.e ., 
in the case of ‘hypar', unexpected difficulties have resulted .
1.3 P roblem s A rising from  Existing Theories
In spite of the work outlined in Section 1.2, the theory of shells is s till not completely 
solved. This is especially  tru e  in the case of hyperbolic paraboloids. The la rge  num ber 
of possible variations in which this shape can be used, as well as the p articu la r boundary 
and loading conditions, divide the problem  into a num ber of different subdivisions, of 
which only a few have so fa r  been solved.
The m em brane theory itse lf involves a g reat deal of uncertain ties due to the innum erable 
ways the two a rb itra ry  in tegral functions can be se t up. The supporting conditions 
cannot be chosen a rb itra rily  and we have only a very re s tr ic ted  freedom  in the modifi­
cation of the boundary conditions. F o r certain  loadings, the in tegral functions cannot 
be determ ined uniquely. Symm etry, in the case of sev e ra l interconnected Simple ‘hy p ars’, 
may lead to sim plifications in the analysis but even so, th ere  will always rem ain  com­
ponents along certain  edges which a re  not in equilibrium .
A m ore com prehensive solution can be obtained from  the non-linear analysis or from  
the bending theory o r even som etim es from  both when applied sim ultaneously. Apart 
from  sim ple exam ples, such as shallow shells o r usual-supported conditions, these 
theories have not yet been developed to cover a general ‘hypar' theory  which could be 
easily applied to  a ll ca ses . It is questionable, however, whether such a generally  
applied theory can ever be developed.
The author believes that a reasonable solution can be found in the u tilisation  of complex 
transform ations. The b rie f program m e of th is re sea rch  is p rim arily  to construct a 
function in the complex domain which maps the transla tion  surface into a  unit c irc le ,
and secondly, to solve the corresponding Cauchy in tegrals in polynomial form . As the 
s tre s s  distribution in the shells is mainly two-dimensional, this line of thought seem s 
to be feasib le(15). The theory becomes even m ore advantageous when the s tre s s  concen­
trations around the holes cut at any point of the shell a re  to be considered*16*. This 
and the bending theory itse lf, however, with the resu lting  differential equation of the 
eighth o rder, a re  purely of academ ic in te re st and a re  rem ote from  the p ractica l design 
applications. It is fe lt, therefo re , that the investigation along these lines falls beyond 
the scope of this paper.
1.4 T im ber Shell
The ‘hypar’ problem  becomes m ore com plicated when a lam inated tim b er shell is con­
sidered since the orthotropic nature of the s tru c tu re  necessita tes the inclusion of v a r i­
ous e lastic  constants.
The weaknesses of the theoretical shell analysis, aggravated by the p articu la r elastic  
p roperties of tim ber, make the exact analytical tre a tise  of tim ber shell doubtful. It is 
the experim ental s tre s s  analysis which can help effectively to overcom e the difficulties 
and to yield the required  re su lts  to  form  a basis fo r a recommended method of design.
It is suggested therefo re  that all the factors affecting the s tre s se s  and stab ility  should ‘ 
be investigated separate ly  in the following o rder:
(a )  bending moments and displacem ents,
(b ) torsional moments and rotations,
(c )  norm al forces and buckling.
2 TESTS ON TIMBER SHELLS
2.1 Scope of the T ests
A great deal of lam inated tim ber hyperbolic paraboloid shells have been designed and 
constructed and some of them  were also subjected to different te s ts . Yet the inform a­
tion available is unsufficient to  enable us to describe fully the tru e  behaviour of these 
s tru c tu res  under various conditions of construction, support and loading. The reason 
for this is that these te s ts  have been ca rried  out on specific projects in o rder to obtain 
information for that p articu la r shell, instead of constructing specim ens suitable to ob­
serve the effects of the different factors on separate  m odels.
The main object of this work is to observe the distribution of bending moments and 
displacem ents in accordance with those outlined in Section 1.4. T ests have been c a r ­
ried  out on single hyperbolic paraboloid shells (see Figure 1A) with a shape facto r of
k = 0*015 8
and with two different supporting conditions, M ark I and M ark II. F o r shell Mk.I ,  the 
edge beams at the low co rn er w ere re s tra in ed  against displacem ents and rotation while 
the edges w ere unsupported. Shell M k.II had the edges a t the low co rners supported 
against horizontal and vertical displacem ents but not against rotation. Two adjacent 
edges w ere continuously supported and those opposite w ere unsupported.
Beams w ere provided along the edges and the stiffness of these w ere a ltered  for the 
th ree stages of the te s t procedure, described la te r , by gluing additional layers to  the 
existing ones. The sizes of the different edge beam s a re  shown in F igure IB .
In o rder to a r riv e  a t a reasonable thickness for the shells and at a magnitude for the 
applied te s t load, a full-size roof with dim ensions of a = b = 55 ft, /  = 24 ft and a 
thickness of t = 2\  in was taken as a basis for which the te s t specim ens w ere V12th 
scale models.
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The principal geom etrical data a re  tabulated in Table I.
M ark of Shells
Mk. I M k.II
Support conditions Built-in low co rner
Supported 
low corner
Edge conditions Completely free  edges
Two free  edges 
Two supported edges
Side length 60" 60"
Projected  a rea 55" x 55" 55" x 55"
R ise of high corner 24" 24"
Thickness i _ In t ~  5 i  — Int ~  3
Shape ra tio n  = 12 r x = 12
Thickness ra tio r 2 = 10 r 2 = 10
Table I
3 TEST ON ‘HYPAir MK. I
3.1 D escription of the S tructure
For building the shell surface, a solid tim ber formwork was constructed by straight- 
line generators of the desired  slope as is shown in Figure 2 A.
The shell itself was built up of four layers of V1S" thick and §" wide s tr ip s . The f irs t 
was laid in the direction of the positive principal curvature, the second parallel to one 
of the straigh t generato rs, the th ird  paralle l to the other se t of s traigh t generators 
and finally, the fourth layer in the direction of negative principal curvature. In the 
firs t  and fourth layers, the s trip s  were shaped to  fit perfectly  into the su rface. Gaps 
were filled in with a very stiff glue.
The position of the four layers is a lso  indicated in F igure ID . The layers w ere glued 
and nailed together by using Cascam ite glue and 18-gauge nails in lengths over the 
whole a rea  of the shell. Each layer was nailed to  the one under it, allowing full pene­
tra tion  of the nails through the thickness of the shell. The nail pattern  is illustra ted  
in Figure 1C.
Having the shell ready, the f ir s t  se t of edge beams was placed around the top surface 
and a fte r 24 hours, the shell was taken off the formwork. The bottom surface was 
cleaned by cutting off the nail points which projected from  the su rface , particu larly  in 
the a rea  where s tra in  gauges w ere to be mounted.
3.2 Setting up the Roof
To ensure the full re s tra in ts  at the supports, two special b u ttresses  w ere constructed 
(Figure 3) f rom plywood web box-beams, having 2 x §" thick Douglas f ir  plywood webs 
and 8 " x 3g" solid top and bottom flanges. Two d iam eter threaded steel rods w ere
F i g .  2
F o r m w o r k  (a); a n d  t h e  c o m p l e t e d  s h e l l  (b)
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placed between the two plywood webs a t 24" centres and anchored into four sockets.
The upper free ends were locked against the top of the bu ttresses by w asher plates 
and nuts. To re s is t  the horizontal components of the forces at the support, the butt­
re sse s  w ere propped against heavy concrete blocks which w ere anchored to the floor.
A wedge-shaped piece of tim ber was fixed on the top flange of the b u ttress , glued and 
nailed sym m etrically  about the centre line of the b u ttress . The top of th is wedge was 
shaped to align with the bottom surface of the shell of the low co rn er, providing suffi­
cient seating for the shell. The shell co rners w ere glued and screw ed to  these bearings 
and w ere covered by another wedge-shaped tim ber unit, the bottom surface of which 
was shaped to align with the top surface of the shell. Small grooves 1" x 9/16" w ere 
cut on the bottom face of this covering unit to accommodate the edge beam s. This 
top unit was glued and screw ed through the shell co rners to the bearing unit. In this 
v/ay, the desired  conditions at the supports, w ere realised . The erected  model can be 
seen in Figure 2 B.
3.3  Loading
The loads on the model w ere derived from  those calculated for the full-size roof desc­
ribed in Section 2.1.
The shape ra tio  was therefore
and the thickness ra tio
55 ft 24 ftr x = - =? - t —  = 12-0055 m 24 in
,.2 » Mia = 10.oo.
t  in
Consequently, the tes t load factor
mM-mI
-- '"-V.gjsiggg
pp^ '^1
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S h e l l  M k .  I u n d e r  t e s t
Loading Data of Full-size O bject:
W ater insulation = 2*00 lb /ft2
2\"  thick shell = 13-60 lb /ft2
Edge beam = 3-00 lb /ft2
Self weight = 18-60 lb /ft2 
Snow load = 15*00 lb /ft2
Total load on full-size object = 33-60 lb /ft2
Loading Data, of T est M odel:
Total load on te s t model = 33-60 x 1*20 = 40-04 lb /ft2
Self weight of model: thick shell, 1-20 lb /f t2
Nailing, gluing 0-30 lb /ft2
1-50 lb /ft2 = -  1-50 lb /ft2
Applied load on the te s t model = 38-54 lb /ft2
The Loaded A rea of the Surface:
ia  r ib
.2A  = 4k I I xyd xd y  = 20-542 ft:
J o  J o
Two built-in Corners = 0-442 ft2
= 20 -100  ft2
The Total Applied Load:
Over the loaded shell surface,  38*54 lb /f t2 x 20*10 ft2 = 775 lb 
The total applied load of 775 lb is taken as being uniform ly d istributed 
over the whole su rface. Although the d istribution of the se lf weight portion 
is not uniform and is controlled by the load function which can be expressed  
in this case of the ‘hypar* by p ( x , y ) = p0-y/k^x2 + y2), nevertheless, this in­
accuracy could be neglected for the sake of sim plification.
To approach the theoretically  uniform  distribution of the load over the shell, the indi­
vidual load points had to be placed as near to each other as the m easuring procedure 
made it possib le . As a re su lt of this re s tr ic tio n , 62 dia. c ircu la r holes w ere d rilled  
on the shell surface a t approxim ately centres from  each other m easured along the 
d irection of the straight-line generato rs . The position of these holes can be seen in 
Figure 5D.
At each of these holes, a square loading pad was placed on the top shell surface sup­
ported by a rubber stud at each co rn er. A hook was fixed at the centre  of each pad 
through the hole from  underneath to which the loading bags w ere attached. The load 
was then tran sfe rre d  to  the shell by the four studs. With the aid of the loading pads, 
the shell su rface could be loaded a t 4 x 62 = 248 different points and such an approxi­
mation fo r the theoretically  d istributed surface load seem ed to be sufficient. The
loading pad is shown in F igure I E .  F o r loading purposes, bags filled with steel pun-
- )
chings w ere used.
M easurem ents w ere taken under
(a )  Working load = 775 lb;
(b ) 1-5 x Working load = 1,162 lb;
(c )  2 x Working load = 1,550 lb.
The weights on the loading hooks corresponding to these loads w ere as follows:
7 7 5(a )  —r  = 12-50 lb per hook;62
(b ) = 18-70 lb p er hook; vb2
1 5 5 0(c )  ——— = 25-00 lb p er hook.bZ
The loading bags w ere suspended from  the hooks by chains and w ere supported by a 
square-form ed platform  before the load was tran sfe rre d  to the shell. The loading p la t­
form  could be moved up and down by means of two jacks. In the unloaded position, 
the weights re s ted  on the platform  and the chains w ere slack . To load the shell, the
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platform  had to be lowered to allow the weights to  hang freely . A photograph of the 
shell under te s t is shown in Figure 4.
No attem pt was made to sim ulate the additional dead load near to the edges due to the 
extra weight of the edge beam s; consequently, any deflections or s tre s s  m easurem ents 
taken in this a rea  would probably be somewhat less  than they would be in an actual 
s tru c tu re .
3.4 M easuring Equipment
In order to  observe the distribution of the bending moments and displacem ents over 
the shell, deflection and s tra in  m easurem ents w ere taken at a num ber of points on the 
top and bottom surfaces and along the edge beam s. Dial gauges w ere positioned at 
frequent in tervals along the edges (Figure 5 C). Demec strain-gauge points w ere fixed 
(Figure 5 F) on the side of the edge m em ber along the neu tra l axis to avoid the d is tu r­
bance of the longitudinal bending effect. E lec trica l re s is tan ce  strain-gauges w ere lo ­
cated along the positive and negative principal parabolas and along the straight-line 
generators of the shell (F igures 5 A and 5 B) to determ ine the bending moment d istribu ­
tion along these d irections. The s tra in s  w ere m easured by m eans of a Savage & P a r­
sons 50-channel s tra in  reco rd e r. A lso, Demec strain -read ing  points w ere fixed on to 
the top surface with 2" and 8" gauge lengths (Figure 5E) to  m easure s tra in s  at addi­
tional points along the above directions w here the loading rig  allowed access to  these .
A photograph of the specim en is shown in F igure 4.
3.5 Evaluation of the M easurem ents
In order to estim ate the s tre s se s  and subsequently the bending moments in the shell, 
it was assum ed that the m a te r ia l— the glued and nailed tim b er s t r ip s — was homogeneous
and obeyed Hooke’s Law. It is known that the tim ber is a very  variable m ateria l and
Afet-OTH-opy
displays a high degree of aeolotrophy. In logia^feasatak form , it can be reasonable rep ­
resented as a cylindrical orthotropic medium, where the principal axes a re  placed 
radially  and circum ferentially . Fortunately, the radial and circum ferential e lastic  p ro ­
perties of tim ber a re  sufficiently s im ila r  to  enable a sheet of boards to be considered 
as an orthotropic sheet with principal axes in the direction  of and at right-angles to 
the g ra in .
If we denote by E x and E2 the values of Young’ Modulus along and perpendicular to 
the grain respectively, the value of the equivalent Young’s Modulus a t an a rb itra ry  
angle a  to the grain  is  given by
' EiEa —
cos4Q! + -  2p)sin2a  cos2a  + ^ s i n 4at
where G and p a re  the sh ea r modulus and Poisson’s ra tio  respectively . G enerally,
= 12-5, f i  = 20 and p = 0-25.
G E2
Ea — cos4a  + 12 cos2a  sin2a  + 2 0 sin4a;’
The shell was built up of four layers of V  thick board at angles of 45° to  one another. 
Consequently, the Young’s Modulus of the shell is given by
1/16Ea=Q° +  1/ 16£ 'a= 45° +  V16F a = i3 5 °  +  V16 l?a= 270o
E -  4 X vie
Ea=o° + Ea=45° + Fa=i35° +  Fa=270°
4
where E a =o° = E x = 1*3 x 106 lb /in 2,
E a =45° = 0*15 75 x  106 lb /in 2,
jFa=i356 = 0*1575 X 106 lb /in 2
and Ea~270° = 0*065 x 106 lb /in 2.
Therefore,
£  _ (1-3. 4 2 X 0-1575 + 0;06 5 ) x _10° _ Q.42  x 1q8 ^  
4
in all of the four d irections.
The section modulus and the cross-sectional a rea  of the shell w ere obtained by taking 
a 1-inch wide shell elem ent.
„  _ 1 X ( ^ ) 2 _ V16 _ X/  3
Z  -  —  -  _  -  / g 6 l n
A = 1 x |  = |  in2.
If ut = et E  is the s tre s s  in the top fibres and ab = ehE is the s tre s s  in the bottom 
fibres at an a rb itra ry  point of the shell, then the s tre s se s  due to  m em brane forces 
and bending a re  respectively
Pm = - J — f  (H + «b) . .
pb = ± ^  = ± eb)'
When the s tre s s  due to bending is p re c e d e d  by two signs, the top sign re fe rs  to the 
top surface of the shell and the bottom sign to the bottom surface.
If N is the m em brane force p e r unit width in the d irection  of the gauge
and M  is the moment p e r unit width in the d irection  of the gauge,
then N  = pmA  = t / w
M  — pbZ  =  Vggpb*
It will be noted that a positive moment re su lts  in com pression in the top fib res and 
tension in the bottom fib res.
4 DISCUSSION OF RESULTS
4.1 Bending Moment D istribution
The distribution of bending moments along the positive curvature of the shell under 
twice the calculated working load a re  shown in Figure .6 fo r each of the d ifferent sizes 
of edge beam (Mk.A, M k.B and Mk. C) and the corresponding bending and m em brane 
s tre sse s  a re  given in Table II.
Type of Edge Beam
Mk.A M k.B Mk. C
Working Load
M  lb-in 
Pb lb /in 2 
Pm lb /in 2
1-46
139
.45 ■
2*60
250
102
2*85
275
120
2 x Working Load
M  lb-in 
pb lb /in 2 
Pm lb /in 2
3*60
345
100
3-65
350
120
3-70
355
160
Table II
Although those s tre s s e s  due to bending a re  the highest of the s tre s s e s  in hyperbolic 
paraboloid sh e lls , (they a re  indeed 2*2—3*5 tim es higher than the sim ultaneous m em ­
brane s tre s se s ) , they usually do not amount to m ore than 25% of the perm issib le  
s tre sse s  allowed fo r the tim b er. Consequently, fa ilu re  never occurs due to bending 
or m em brane s tre s s e s .  It can, however, occur due to excessive displacem ents o r to 
the inadequacy of the in teraction between edge beam and shell. This fa ilu re due to the 
la tte r cause may lead to perm anent edge deform ation and finally, to  the buckling of 
the shell.
The bending moment distribution along the negative principal curvature due to the above
loading is also  shown in Figure 6 . The maximum value of the negative bending moments 
is p ractically  independent of the edge stiffness and it is about 50% of that occurring at 
the built-in co rners . The distribution seem s to be influenced by the variation of the 
edge stiffness. The extrem e values occur, however, at points lying between one-third 
and one-half of the half-arches in each case.
The bending moment distribution along the straight-line generators can be seen in Figure 
7. It can be observed that these diagram s reach th e ir maximum value at the edges, 
as long as the edge stiffness is sufficient to re s is t  rotation. The shape of the diagram s 
and the magnitude of the bending moments near to the edges will then depend on the 
edge stiffness. These bending moments will increase  from  zero , a t the high corner, 
towards the built-in corner, where they will reach th e ir  maximum value.
It can be seen in F igures 6 and 7 that the edge beam stiffness has no substantial effect 
on the corner moments but it is of considerable im portance fo r the bending distribution 
over the shell. By choosing suitable sizes for the edge beam s, a distribution pattern  
can be obtained where no bending moment occurs over the middle region of the shell;
’ (17)consequently, the edge disturbance ssste can be reduced to  a certa in  minimum . The 
diam eters of the m om entless region a re  g re a te r in the d irection p ara lle l to  the negative 
Gaussian curvature than that in the perpendicular direction; consequently, the m om entless 
areas a re  enveloped by a se r ie s  of different ellip ses, having th e ir m ajor and m inor 
axes along the negative and positive principal parabolas, respectively . If we allow a 
nominal value fo r the boundary moments occurring over this m om entless region, the 
axes of the above ellipses can be extended. The magnitude of the bending moment can 
be assessed  by taking s tre s se s  due to it as not exceeding 5-10% of the perm issib le  values. 
By using this approach, a considerable region can be separated  where p ractically  no 
bending moment occurs, (Figures 8 , 9 and 10). When the edge beam stiffness is not 
sufficient to re s is t  ro tations, o r when no edge beams a re  used, the edges a re  free  of 
any forces and m om ents, and no m om entless region can be found on the top su rface of 
the sh e ll(18).
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By considering tim ber as a m ateria l from  which the shell is built up, the ‘hypar’ without 
edge beam has no significance in p ractice because a considerable perm anent wave-formed 
deformation occurs along the edges, even under non-loaded conditions. On the other 
hand, because of plate buckling, m oisture movement, e tc ., one would always use edge 
beams on tim ber shells.
A tr ia l  was made on the shell with the edge beam of g rea test stiffness (Mk.C) to  cause 
fa ilu re by increasing the load. F or p ractical reasons, the loading had to  be stopped at 
about 4 tim es the calculated working load under which no indication of fa ilu re could be 
observed.
4.2 V ertical D isplacem ents
Figure 11 shows the vertical displacem ents of the edge beam under the calculated w or­
king load and under twice the working load. The large  influence of the fa irly  low value 
of the edge beam stiffness on the shape of the deform ed beam  can be easily  observed 
on the shell with beams classified  as M k.A ,' This can also  be seen to  a le s s e r  degree 
on beams of the M k.B type and disappears altogether on M k.C beam s where the line 
of the deflected beam is quite regu lar.
Each shell was loaded and unloaded severa l tim es to twice the working load level. S train 
readings w ere taken at each loading. A com parison between readings taken on the shell 
with the edge beam of least stiffness shows a considerable sca tte r . The readings become 
even m ore inconsistent as the load is repeated a t half the working load level. By in­
creasing  the size  of the edge m em ber and the intensity of the load, the sc a tte r  showed 
a tendency to d isappear and on the shell with the strongest edge beam  and under twice 
the working load, it becam e p ractically  insignificant.
If the Young’s Modulus of the full-size roof had a s im ila r  value to that of the m o d e l -  
mentioned in Section 3.5—then the maximum deflections at the high co rn er of the
prototype under twice the calculated working load are as shown in the following table.
Type of edge beam
Mk.A M k.B Mk . C
Model displacem ent 0*224 in 0*162 in 0*095 in
Prototype displacem ent 2*240 in 1*620 in 0*950 in
Edge beams on the model % " x r . I f "  X I" 2 i"  X i f "
Edge beams on the prototype 8g" x 10" 1 3 |"  x 10" 21J" x 1 3 |"
Table III .
It m ust be pointed out that there  is little  inform ation available as yet about m odel/pro­
totype correlation  in tim ber. T est resu lts  obtained on a quarte r-scale  and a sm alle r
model of a hyperbolic paraboloid church roof built in G loucester, G reat B ritain , w ere 
. * ’ ' 
rem arkably close to the actual behaviour of the completed roof(19). S im ilar re su lts
w ere obtained from  the te s t on a quarte r-scale  model of an interconnected diamond
hyperbolic paraboloid shell s tru c tu re  designed by the au thor(20>.
It is a fact that the effect of edge beam stiffness on the bending moment distribution 
observed on sm all shell models can be extrapolated with good accuracy to full-size 
s tru c tu re s . D eflections, on the other hand, which a re  subject to the e lastic  constants, 
which in tu rn  a re  dependent upon density, m oistu re  content, tem peratu re , e tc ., may 
show inconsistencies. However, one can assum e that the deviation of the actual d is ­
placem ents from  the extrapolated ones will not be significant.
From  the displacem ent diagram s and from  Table III, one can conclude that the dim en­
sions of edge beam  M k.B a re  sufficient fo r all p rac tica l purposes. The v ertica l d is ­
placem ent of the high co rner under twice the calculated working load (1*62 in)— which 
corresponds to  the sam e displacem ent under the design load by the application of a 
load o r safety factor of 2 — is s till acceptable.

4.3 Recommendation fo r the Design Based on our Experim ental S tress  Analysis
Nomograms can be constructed for the relationship between the side length of the shell
(S.L.) and the moment of inertia  of the edge beam ( / )  a t given deflections (<5) of the
high co rner. Three values of these deflections w ere obtained for each of the ‘hy p ars’, 
one for each type of edge beam. If these deflections a re  plotted against the correspond­
ing moment of inertia  of the edge beam and considering
<5 — 0; I~*  oo
6 —  oo; /-* 0,
the points plotted a re  the loci of hyperbolae which a re  fully determ ined by the two 
asym ptotae and by the th ree  given points for each shell. S im ilar hyperbolae can be 
plotted, of course, for la rg e r shells.
A num ber of hyperbolae can thus be obtained, each represen ting  a certa in  side length. 
From  these , one can read off the n ecessary  value of the edge beam  inertia  for any 
predeterm ined v ertica l displacem ent. Typical values of the nom ogram  a re  given in 
Table IV. These assum e that the magnitude of the displacem ents observed on the model 
can be extrapolated validly to the prototype.
In Figure 12, the logarithm ic values of the moment of inertia  a re  plotted against the 
free  co m er displacem ents in o rd e r to obtain s tra ig h t lines instead of hyperbolae. By 
expressing these displacem ents as a percentage of the side length, a num ber of stra igh t 
lines a re  obtained fo r given values of displacem ent. This system  of straigh t lines can 
be drawn to the 6 -axis of the nom ogram  (Figure 12) against a vertica l axis representing  
different side lengths. The two nom ogram s together make it possible to determ ine 
the edge beam moment of inertia  for a given side length and predeterm ined vertica l 
displacem ent.
Side Length Edge beam size Moment of Inertia log / V ertical Displacem ent
(S.L.) ft b in d in I  = febd3 in4 6 in
5
1
1
J-8
%
2k
0*044 6 
0*217 0 
1*100
-1*507
-0*635
0*041
0*244
0*162
0*095
10
2
2
2 |
I f
2%
41
0*714
3*48
21*00
-0*148
0*541
1*322
0*485
0*324
0*180
20
4
4
c i°2
31
.
6*89 
55*50 
. 280*90
0*837
1*746
2*448
0*976
0*548
0*360
30
6
6
8i
41
8*
12f
57*95
281*0
1428*0
1*763
2*448
3*154
1*464
0*972
0*540
40
8
8
11
6 h 
11
183*2 
887 
4 500
2*262
2*947
3*653
1*952
1*296
0*720
50
10
10
1 3 |
s i
13f
21
446
2163
10440
2*649
3*334
4*021
2*440
1*620
0*900
60
12
12
16&
9 |
I 6i
25^
928 
4 390 
22 790
2*967
3*642
4*357
2*928
1*944
1*080
70
14
14
19l
H I
19^
29f
1714 
8 250 
41 900
3*255
3*916
4*622
3*416
2*248
1*260
80
16
16
22
13
22
34
2 925 
14 240 
71 900
3*466
4*153
4*856
3*904
2*592
1*440
90
18
18
24f
14f
24f
38 i
4 690 
22 590 
115100
3*671
4*354
5*061
4*392
2*916
1*620
100
20
20
27i
I 65
27i
42
7160 
34 620 
169 000
3*854
4*539
5*227
4*880
3*240
1*800
Table IV
ui
5-50 -
5-oo -
U»63
A-50 -
A-oo-
3 -5 0 -
3-oo-
•M 5.
2-oo-
x>"
•50-
•oo-
cO'
b l S P V - I V C . E .  H E . V T T &
lo-oo-
2o•do- 
50 -oo- 
Aooo- ioo
5o-oo-
7o-ao- .« /"  \ < s T
kOMQ6HKM t o a T t t E  E E U T IqU kETOEEU 13& E feEkM S T \ F F U t ^ 1 I tU G T U  Of E bfcE  fe>EMi 
( S I E E  U U & T H  OP S U E l O , M I S  TU E D E W  I C M .  3 I S P U C E  M E U T  OF T U E  E b C E  
& EM 1 III CClSE OF "UVPfcU." SHELLS UITM FULL H E V T l L M U S  KT T U E  SU PPQ E T S
& us s a u a a E S  m  p i a u .
FI G. 12.
Example:
Consider a ‘hypar* shell where the side length is 45 ft (not in horizontal projection) 
and with a free  co rner deflection not exceeding 2 in.
Then,
45 x 12 _
*(%>
from  which t
6 (%) = — = 260, say 300.
The appropriate stra igh t line in this case is the one corresponding to
'; 6 = S*L *
300
and the logarithm  of the n ecessary  moment of in ertia  given by the S.L. = 45' line is
lo g / = 2*825.
/ =  antilog 2*825 -  916*45 in4 
which has an infinite num ber of solutions fo r the edge beam size but which can be 
determ ined to  su it various arch itectu ra l requ irem ents.
The procedure described above and the nom ogram s shown in F igure 12 apply only to 
unsupported edge beams which a re  fully re s tra in ed  at the low co rner. When two ad­
jacent edge beams a re  supported along the p erim e te r, th e ir  dim ensions a re  not con­
tro lled  by the deflection but by the sh ea r and norm al fo rces . The requ ired  edge beam 
sizes in this case could, of course, be much sm aller than in the o ther two. A rchitec­
tu ra l and other p rac tica l reasons, however, p re fe r  uniform  sizes of edge beam  along 
the whole p e rim e te r.
5 TEST ON ‘HYPAR’ MK. H
5.1 D escription of the Structure
The model was a single hyperbolic paraboloid constructed over a square with s im ila r 
geom etry to  model Mk. I. The shape factor, (k -  0*015 8), the position and num ber of 
lay e rs , the edge beam sizes and the whole method of construction w ere identical to  
those followed in the previous case.
The shell was supported a t the low corners and these w ere assum ed to  re s is t  vertical 
and horizontal forces only but they w ere completely free  to ro ta te . T herefore, bending 
moments w ere not expected to occur at these co rn ers . Only a secondary bending effect 
due to the tw isting resistance  of the edge beams was anticipated.
5.2 Setting up the Roof
To ensure the required  supporting condition, two separate  b u ttresses w ere constructed 
(Figure 13) from  plywood web box-beams having 8" x 3^" solid top and bottom flanges. 
Two d iam eter threaded s tee l rods w ere placed between the two webs at 24" cen tres 
and anchored into the floor sockets. The upper free  ends of these rods w ere locked 
against the top flange of the b u ttresses by w asher plates and nuts. To re s is t  the 
horizontal components of the forces at the support, the b u ttresses w ere propped against 
heavy concrete blocks which w ere anchored to the floor. Specially formed seatings 
were placed on the top of the flanges against the co rners of the shell to  tran s fe r the 
horizontal reaction  components to  the concrete blocks, (see also  Figure 13).
To keep the shell stab le, since absolute sym m etry of loading could hardly be achieved, 
one of the high corners and the adjacent edges which m eet here  w ere supported. These 
la tte r supports w ere assum ed to re s is t  v ertica l forces only. An edge condition often 
met in p ractice  was established in this way and the application of the m em brane theory 
became also  possible.
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5.3 Loading
The te s t load was calculated as for model Mk. I. It was applied at 64 points of the 
shell in this case , approxim ately cen tres from  one another. The positions of the 
holes a re  shown in F igure 1 4 B. At each of these loading points, a square loading pad 
was placed on the top of the shell as for model Mk. I, (Figure IE ) . The total calculated 
values of the loads a re  as follows:
(a )  working load = 790 lb;
(b ) 2 x working load = 1,580 lb,
corresponding, a t each point, to 
790
( a ) T 7  = 12*35 lb per hook;64
(b ) = 24-70 lb p er hook.
Figure 15 shows photographs of the shell under test*
5.4 M easuring Equipment
In o rder to observe the bending moment distribution and displacem ents over the shell, 
s tra in  and deflection m easurem ents w ere taken at a num ber of points over the top and 
bottom surface of the shell and along the edge beam s. E lec tric  strain-gauges w ere 
located along the positive and negative Gaussian curvatures and along the straight-line 
generators (Figures 14A and C) to m easure  bending and m em brane s tra in s . Demec 
s tra in  reading points w ere also  located in additional points of the top and bottom surface 
(Figure 14D) fo r the above m easurem ents. In o rder to obtain deflection contours over 
the shell, 33 dial gauges w ere positioned over half of the shell su rface (Figure 14 E) 
at frequent in tervals to indicate vertica l displacem ents along the straight-line generators 
and edge beam s. E xtra Demec reading points w ere added (Figurp 14F) to  m easure 
com pression in the edge m em bers.
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5.5 Evaluation of the Measurements
In estim ating stra in s  and subsequently the bending moments in the shell, s im ila r  a s s ­
umptions w ere made for the m ateria l to those taken for model Mk. I. The Young’s 
Modulus of the shell in each of the four directions was taken as
E s = 0-42 x 106 lb /in2.
The moment of in ertia , section modulus and cross-sectional a rea  w ere respectively 
taken as
I  = V768 in4,
96 
1and A  -  \  in'
F o r the calculation of m em brane fo rces , m em brane s tre s s e s  and bending s tre s s e s ,  the 
sam e form ulae w ere used which w ere derived in Section 3.5.
6 DISCUSSION OF RESULTS
6.1 Bending Moment D istribution
The distribution of bending moments along the positive principal parabola with different 
edge beams (Mk.A, B and C) and each combination subjected to twice the calculated 
working load is shown in F igure 16. The maximum values of the bending moments 
along the diagonal connecting the low corners occur between V6th and ith  of the span. 
These and the corresponding co rner moments a re  given in Table V, together with the 
bending and m em brane s tre s s e s .
Type of Edge Beam
Mk.A Mk. B Mk. C
M  lb-in 2-20 1*92 1*03
In the 
Span ph lb / in2 211 184 99
2 x Pm lb /in 2 76 61 31
Working Load
At the 
C orner
M  lb-in 
Pb lb /in 2 
pm lb /in 2
-  0*34 
32*70 
11
-  0*89 
85*6 
28
-  1*61 
155 
56
Table V
It can be observed from  Figure 16 and Table V that the bending s tre s se s  a re  about 
th ree  tim es as high as the norm al s tre s se s  but they s till do not exceed about 15% of 
the perm issib le  values. The maximum values of these bending moments will be found 
around V6th of the diagonal span. Towards the centre  of the sh e ll— where th is moment 
distribution has an axis of sym m etry— the bending moments rapidly decrease .
D istribution of bending moments along the negative principal parabola under the sam e 
loading conditions can also  be seen in Figure 16. The maximum value of the negative
bending moments and the other c h a ra c te r is t ic s  values of this diagram  a re  tabulated in 
Table VI.
Type of Edge Beam
Mk.A Mk. B Mk. C
M lb-in -  0-52 -  0*72 -  1*34
At the
supported co rner Pb lb /  in2 50 69*2 129
Pm lb /in 2 18 24 45
M lb-in -  1*28 - 1*02 -  0*76
cdo
Inner V12th of the 
diagonal span Pb lb / in2 123 98 73
bJD
" 3
Pm lb /in 2 45 37 26
U
O
& M lb-in -  0*41 -  0*06 ± 0*00
n<x>
. ?
At the centre of 
diagonal span Pb lb / in2 39*6 5*76 0*00
o
Id
O
Pm lb / in2 45 51 56
CD
A
H M lb-in -  1*96 -  0*96 -  0*95
X
<N Outer V12th of the 
diagonal span Pb lb /  in2 188 92 91
Pm lb /in 2 67 39 32
M lb-in -  0*52 -  0*65 -  0*88
At the 
free  co rner Pb lb /in 2 49 62-5 84*5
Pm lb / in2 17 21 31
Table VI
It can be seen that the maximum negative bending moment occurs at about V12th of the 
principal parabola near to  the free  co rn er, and these moments a re  higher than the 
corresponding co rn er m om ents, except fo r the shell with the stiffest edge beam . These 
values of the bending moments and th e ir  d istribution  a re  influenced to a very  g reat 
extent by the edge beam stiffness. The magnitude of these moments a re  much less 
than those observed along the positive principal parabola.
The bending moment distribution along the straight-line generators under twice the 
calculated working load can be seen in Figure 17. It can be seen that the bending 
moment diagram s reach th e ir maxima near the edges if the edge beam is strong enough 
to re s is t  rotation (Mk. B and C). When the edge beam is slender (Mk.A), the extrem e 
value moves towards the centre of the span. It should be noted that the maximum bending 
occurs not at the edges but near to it (Mk. B and C) or at som e other section along the 
generators (Mk.A). C onsequentljv the edge beam will be subjected to a g rea te r rotation 
in this supporting condition than it was in the case of shell Mk. II.
From  Figures 16 and 17, it can therefore be concluded that the edge beam stiffness 
has a prom inent effect oh the co rner moments and on the moment d istribution too. 
T herefore, by choosing suitable sizes of edge beam s, the edge moments can be kept 
at a reasonable level and subsequently, the edge disturbance zone will be reduced to  a 
certain  minimum; nevertheless, this la tte r  will, always be w ider than that for shell 
Mk. I. When the edge beams a re  stiff and the edge disturbance effect is strong enough, 
a m om entless region can be enveloped around the cen tre of the shell. The d iam eter 
of this region is g re a te r  in the d irection of the negative Gaussian curvature than in 
that perpendicular to it. The negative curvature form s an axis of sym m etry  for the 
whole moment distribution over the shell, while the positive principal parabola does 
not. Consequently, the m om entless regions can be enveloped by a num ber of egg-shaped 
curves, having th e ir m ajor and m inor principal axes along the negative and positive 
principal parabolae, respectively.
By perm itting  a  nominal value of the bending moment to occur at these m om entless 
regions, the principal axes of the egg-shaped a reas  can be stretched  and a considerable 
domain will be separated  where p ractically  no bending moments occur, (F igures 19 and 20).
When the edge beam stiffness is not sufficient to  re s is t  rotation, the edges become 
free  of bending, the edge disturbance cannot be lim ited to a certa in  zone and no mo­
m entless region can be separated  around the centre of the shell, (Figure 18). A
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sim ilar  phenomenon occurs on sh ells  built without edge beam s. Considering tim ber  
as the m aterial for the sh ell, this boundary condition w ill hardly be found in practical 
applications.
As in the case of shell M k.I, an attempt was made to cause failure by increasing the 
load but at about 4 tim es the calculated working load, no indication of failure could be 
observed and there the test was term inated.
6.2 V ertical D isplacem ents
Figure 21 shows the vertical displacem ents m easured along the edge beam s and the 
straight-line generators for different edge beams under tw ice the calculated working 
load. Considerable upward displacem ents could be observed when the edge beam stiff- 
n ess was low (Mk.A), together with severe  downward displacem ent of the free high 
corner. By increasing the edge beam s iz e s , the negative displacem ents of the sh ell 
gradually disappear and sim ultaneously, the free corner deflection shows decreasing  
values. The vertical displacem ent contours of the sh e ll under the described loading 
can be seen  in Figure 22.
If we accept the analogy of the physical properties between the model and the fu ll-size  
roof and that the displacem ents on the m odel are proportional to those on the prototype, 
an opportunity a r ise s  for extrapolating from the m odel to the fu ll-size  structure. The 
extrapolated edge beam s iz e s  of the fu ll-size  roof are given in Table VII.
Type of Edge Beam
Mk.A M k.B Mk. C
Model displacem ent 0*830 in 0*480 in 0*331 in
F ull-size  roof displacem ent 8*30 in 4*80 in 3*31 in
Edge beams for model £8" x i" (-* oolc
o
X 2&" x If"
Edge beam s for fu ll-size  roof 8g" x 10" 13f" x 10" 2 l i " x  1 3 f"
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From Figure 21 and Table VII, it can be concluded that the proportion of the edge beam
siz e s  of Mk. C to the shell thickness and side length are sufficient for a ll practical
purposes. The extrapolated vertica l displacem ent (3*31 in) at the free  high corner
under tw ice the calculated working load is  s t ill  acceptable if we lim it the corner def«
S L gQ x X2
lection under working load in term s of the edge beam length to i.e , ' z r  = 2*40 in.oUU oUU
6.3 Recommendation for the D esign Based on our Experim ental S tress A nalysis
As a resu lt o f  the above, a nomogram can be obtained which exp resses the vertical 
displacem ents of the free  high corner in term s of the edge beam moment of inertia. 
Table VIII contains typical values of the nomogram.
The nomogram itse lf  (Figure 23) gives the logarithm ic values of the edge beam moment 
of inertia so  that the relationship w ill be indicated by straight lines instead of hyperbolic 
ones. The use of the nomogram is explained by the following exam ple.
Example:
Consider our ‘hypar’ sh e ll, a = 55 ft, /  = 24 ft. For practical purposes, we allow a 
vertica l displacem ent of 4 in at the free high corner where the two unsupported edge 
beam s m eet. What are the n ecessary  edge beam s iz e s  to sa tisfy  this predeterm ined  
condition ?
The side length of the sh ell = S .L . = V552 + 242 ^ 60 ft.
60 x 12
n> T ’
60 X 12
from which 5 (%) = — ~— - = 180, say 200,
T herefore, the appropriate straight line is  the one corresponding to
Side Length Edge beam s ize Moment of Inertia log I V ertical Displacem ent
(S.L.) ft b in d  in I  -  h b d 3 in4 6 in
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The logarithm  of the n ecessary  moment of inertia given by the S .L.=  60' line is
l o g / = 4 - 575  
/ =  antilog4*575 = 67 670 in4.
This has an infinite number of solutions for the free edge beam s iz e s  and can be 
determ ined to suit various architectural requirem ents.
The other two edge beams which are supported can have reduced s iz e s ;  n evertheless, 
for architectural and other practical reasons, they w ill be kept uniform along the 
whole perim eter.
CONCLUSIONS
F tom  the results obtained during the te sts  and from the theoretical considerations 
outlined in the preceeding chapters, the following conclusions can be reached.
The s tr e ss  distribution over a substantial part of the sh ell can be controlled by the 
membrane theory. Bending moments occur only in a certain zone along the edges.
The magnitude of bending moment is a function of the edge beam stiffness; consequently, 
by increasing the edge beam s iz e s , larger and larger jnom entless regions can be sep a­
rated around the centre of the sh ell.
The largest bending s tr e s se s  w ill usually be at about 15-25% of the perm issib le  s tr e sse s  
and the sim ultaneous membrane stresses , are very low too. Due to the fact that tim ber  
r e s is ts  tension and com pression equally, the edge disturbance should never affect the 
safety  of the structure. As far as the s tr e ss  analysis is  concerned, the membrane 
theory can be regarded as satisfactory.
D eflections w ill usually be the critica l part of the an alysis. This is particularly so  
when the shell is  not supported along the edge beam s. Large horizontal and vertical 
displacem ents, and som etim es even sev ere  torsional deform ations, can be observed  
along unsupported edges as a result o f insufficient edge beam stiffn ess, although the 
beam s iz e s  are otherwise stress-com patib le. The displacem ent of the free  corner can 
be increased to such an extent that functional requirem ents of the .sh ell cannot be further 
sa tisfied  and may result in the sh e ll surface showing a tendency to plate buckling.
These phenomena focus attention on the deformational analysis of the tim ber sh e lls .
The membrane theory cannot give the answer; therefore, a solution could be found in 
either the non-linear theory or the bending theory or in both used sim ultaneously. 
However, the m athem atical d ifficulties involved in th ese analyses w ill lead the designer  
to the em pirical nomograms which can be used to obtain good approximations of the 
vertica l displacem ent of the edge beam s.
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OTPAR SHELLS. BOUNDED BY STRAIGHT GENERATORS.
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1. Introduction
The years following the last war have seen a gradual revival of interest 
in timber engineering and the Timber Development Association Limited, as the 
present Timber "Research and Development Association was'known at that time, 
expanded its activities from purely promotional work to the field of re­
search and development.
As regards research in structural engineering, emphasis was put on roof 
structures and a wide range of standard truss designs was the result of these 
initial efforts. It soon became clear that the high strength/weight ratio of 
wood and its attractive appearance made it^a suitable and competitive mate­
rial for structures such as shells, particularly hyperbolic paraboloids, 
which cover large areas without intermediate supports. The light weight of 
timber also made it ideally. suited for prefabricating
The development of prefabrication was of the utmost importance since 
it not only offered substantial economies, but also facilitated gluing which 
requires a high degree of quality control. This of course, can best be ob­
tained in factory conditions.
A great deal of analytical and experimental work has been carried Oiyb . 
to reveal how timber shells conform with an analysis based on isotropic ma­
terials and to establish the methods of construction taking the various 
properties.of timber into account.
The results of the work reported here are based partly on the results 
of the work described above and partly on the author’s own experimental 
work /1 /* , •. ...
2. Design Based On Analytical Considerations
Due to the mathematical difficulties that may arise-in an exact analy-' 
sis, the practical design of the hyperbolic paraboloid shells has been based 
on the membrane theory /2, 3 > 4-/ •
' ' ' . ■ ’ 3
Briefly, the programme of this theory is:
1) to produce an arbitrary stress-function which fits the basic diffe­
rential equation, the load and boundary conditions, .
2) to determine two arbitrary functions to rnodhy’. the boundary condi­
tions . : N
The weakness of this theory is that often it is not possible to find 
these functions fully, and there will always remain noh-equated stress compo­
nent j dicing certain edges. The situation becomes worse when - as an archi­
tectural requirements, for example - the shell is not supported along two 
adjacent edges, and these edges, are subjected to a certain vertical defor­
mation.
Although this problem can also, be solved /5, 6/ with the membrane theo­
ry, the- distribution of the edge .disturbance along these edges will always 
be uncertain, and particularly the vertical displacement at the high corner, 
where these edges meet.
The exact solution for these problems can be found either in the bend­
ing theory of the hypar, or in a non-linear analysis or in both applied si­
multaneously/7 , 8, 9> 10/a There are,, however, a number of new methods 
available which lead to the simplification of the governing differential 
equation system /ll, 12, 13/» Nevertheless, these are still insufficient 
to eliminate much of the tedious design procedures. The analysis of the 
hypar becomes more complicated when it is applied to laminated timber shells 
due to the orthotropic nature of timberf
The Use of the Experimental Stress Analysis
It is the experimental stress analysis which can help effectively and 
with sufficient accuracy to overcome the above difficulties and to provide 
the necessary information concerning the edge disturbances.
- The author has carried out tests on single hyperbolic paraboloid shells 
with a shape factor of K = 0.0158 (Fig.l) and with two different supporting 
conditions„ For shells Mk. I. the edge beams at the low corner were restrained 
against displacements and rotations, the edges themselves were otherwise un­
supported. In case of shells Mk.II. the edges at the low corners were sup­
ported against horizontal and vertical displacements only, and the two ad­
jacent edges were continuously supportedj while the opposite edges were un­
supported.,
4
Per iiQh aupperfeifig. oe&aitiesi;,'th§ shills wtr ©built with -sdgs b®&®§ 
of eenitant itiffsiiit Ttof© §©par&t@ tsiti with id©atisal loading ©sedi­
tions were oarris4 out on eaoh'type .of shall and for taoh fiat the stiffness 
of the edge beam was different^ Thus, in addition to the effect of the sup­
porting oondition^^' one c.ould also observe the effect of the edge beam 
stiffness*. Fig. 2 and Fig. 3 show the loading test , on the two types of hy­
par. ' ';
in uraer to determine a reasonable thickness for the shells and the 
magnitude of the applied test load, a full size roof with dimensions of 
a=b=55 ft* f=24 ft .a (k=0.158) and a thickness of t=2*5"was taken as a basis 
from which the test specimens were l/l2 and l/g scale models.
: ' Details of the test specimens and the loading data are given in Table
■1. : ;  • ' ' ' ■ ' ■ ■ ■ .
•The Mk.l and Mk.2 shells were built up in.four layers, using l/l6M x 1”
and 3/32 X 1.3/4” boards respectively, laid diagonally, and parallel to
the edges. Each layer was laid at 45° to that proceeding it. ■
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4 .  I n t e r p r e t a t i o n  o f  T e s t  B e s u l t s
In order to estimate the stresses from the strain readings taken during 
the tests and subsequently the bending movements in the shell, it was as­
sumed that the material - the glued and nailed timber strips - was homoge­
neous and obeyed Hooke’s Law. It is known that the timber is a variable ma­
terial and displays a high degree of aeolotraphyFortunately, the radial 
and circumferential elastic properties of timber are sufficiently similar 
to enable a sheet of boards to be considered as an orthotropic sheet with 
principal axes in the direction of the grains and at right angles to the 
grains. Denoting by E-^  and E^ the values of-Young’s Modulus along and per­
pendicular to the grain respectively, the equivalent Young’s Modulus at an 
arbitrary angle o^ s to the grain is given bys
E
E . =
4 (E1 ) 2 2 E1 4cos oc^  +    2w < sin eO cos oL> + sin1'
(G r ) E2
where G and are the shear modules and the Poisson’s ratio respectively. 
Generally the elastic constant ratios can be taken as
' E1 E1 -
= 12.5 ; “  = 20 • ■ and /</ = 0 ,25
E
E = a 2 2 A.
cos 12 sin oc cos oC +20sinw-
Because of the manner the layers were laid the Young’s Modulus of the 
shells has the same.value in all of the four directions and can be taken as
E = 0,42 x 10^ p.s.i.s . . .
If cfrp = ^  E g and c E g are the stresses in the top and bottom
fibres respectively - where 6^ and 6^ are the strains measured at the
top and bottom, then the stresses due to membrane forces (p ) and. moments
' m
It will be noted that a positive moment gives compression in the top 
fibres and tension in the bottom fibres.
The distribution of the bending moments at twice working load along
the positive and negative principal curvatures, and along, the horizontal., .
■enerators of the hypars M k . ^/i and Mk. "^/il with different edge beams is. 
shown in Fig. 4 and Fig. 5° Although stresses due to bending have the highest 
values, in the hyperbolic paraboloid shells (they are approximately 3 .5 tines 
larger than the simultaneous membrane stresses), they are still not more 
than 25 io of the permissible stresses allowed for the timber. Consequently 
failure never occurs due to bending in a timber shell, and no extra strengthen­
ing is required along the edges as it might be the case with concrete shells.
It can also be concluded that the edge.beam stiffness has no particular ef­
fect on the magnitude of the bending moment, but regarding bending distri­
bution the edge stiffness is of considerable importance. Therefore, by 
choosing suitable sizes for the edge beam and by taking practical conside­
ration of the admissibility of the moments at the centre of the shell it' 
becomes possible to restrict the edge disturbances in certain edge zones.
Edge beams B and C seem to suit these conditions.: The practically momentless 
regions are outlined by ellipses in case of Hypar Mk. I and egg shaped curves,
in case of hypar Mk. II (Fig .6)>
When the edge beam stiffness is not sufficient to resist rotations, or
no edge beams are used, the edges are completely free of any forces and
moments, and n o 'momentless region can be found on the top of the shell. ■: 
However , because o f :plate buckling, moisture- movement, etc., one would al­
ways use edge beams on timber shells.
It must be pointed out, that there is not yet much evidence available 
as to the niodel-prototype correlation in timber. Test results obtained on 
a quarter scale and a smaller model of a hyperbolic paraboloid church roof 
built in Gloucester, Great Britain, were convincingly, close to the actual 
behaviour of the completed roof /l4/» Similar results were obtained on the 
test of a quarter scale model of an interconnected diamond hyperbolic pa­
raboloid shell structure designed and tested by the author /l5/=>
One can, however, say with safety that the effect of edge beam stiffness 
011 the. bending moment distribution observed on small scale models can be 
extrapolated with good accuracy. Deflections, on the other hand, which are
that the deviation'of the actual displacement from the extrapolated onei 
will he insignificant.
: Table 2.
Type of . 
hypars
of hypars
Free corner displacement 
(IN)
edge beams* y
■ A . B c
Built in low Test model l/l ■ 0 .2 2 4 J  O.I62 0.095 ~
corner Test model l/2 0.451'- ' 0,325 0 ,192
Mk. I Full size roof 2 .24 1062 ;'0.95'
Supported low Test model Il/l 0.832 0.480 O.33I
corner Test model Ii/2 1.670 0.962': 0.660
Mk. ii Full size roof 8.32 4.80 3.31
Table 2.. includes the free corner displacements for both types of hy­
pars, where" the individual test specimens.were■subjected to twice the calcu­
lated working load, and also the extrapolated displacements for the full size 
roof due to working load by the introduction of a safety factor of 2.
Fig. 7 shows the'deflexion of. different edge beams in case of hypars
Mk. l/l and Mk. l/ll. under twice the calculated working load. The large 
influenced of the fairly low value of the edge beam stiffness (Edge Beams 
Mk.A) is evident in'both cases . With the increasing size of the edge beam, 
the edge, bending and the vertical displacement of the free high corner be­
come less and less* Edge beams Mk. B and Mk. C o f  hypars I and II respecti­
vely seem to be sufficient for all practical purposes and the deflections
1.62 ins, and 3*31 ins, extrapolated ', for the full size roof Mk. I and Mk.
II are still acceptable.
5« Recommendations for the Design Based on Our Experimental Stress Analysis
-If we accept the fact that displacements on the model are proportional 
to the displacement on the full size roof, a nomogram can be produced which
gives a practical relationship between the side length of the hypars ( s . L . )  
and the moment of inertia of the edge beams (i) for different corner displa­
cements .
Three values of these displacements were obtained from each of the 
tested hypars, one.for each type of edge beam. By plotting these deflec­
tions against the corresponding edge beam inertia and considering that if
£ —— >0 I —— ^oo
cf oo I ---0
we find that the! points plotted are the locus of hyperbolas which are fully
determined by the two ;-.asymptotae and by the three given points for each.
On the assumption given, similar hyperbolae can be obtained for larger 
shells. In such a way a number of hyperbolae can be plotted, each repre­
senting a certain side length. Prom these, one can read off, for any pre­
determined displacement, the necessary value of the edge beam inertia.
On Pig. 8 the logarithms;, values of the moments of inertia are plotted 
against the free corner displacements in order to obtain straight lines; 
instead of hyperbolae. By expressing these displacements as a percentage- 
of the side length,;a number of straight lines are obtained, for given va­
lues of displacements. This system of straight lines can be drawn to the 
cf axes.of nomogram (pig.8) against a vertical axis representing different ; 
side lengthy which makes it possible to determine the edge beam inertia to 
a given side length and predetermined displacement.
Example
• Consider a hypa.r with side length of 60 ft* and a permissible free 
corner deflection of 4 M
fiP,. ?, from which £  f0 = 180 say 200 .
df fo
The appropriate straight line therefore: cf = '"^q q *
and,..the logarithm of the necessary moment of inertia given by S . L .  =  60 ~
line is
A
for "built in low corner: log I = 2950 ; I = 977*70 ins
(dotted line)
for simply supported low oQ&rner: log I = 4575 ? I = 67670.00 ins^"
(continuous line)
which have arbitrary number of solutions for the edge beam sizes, and can 
be determined to suit various architectural requirements.,
Summary
The boundary conditions established for the shells discussed within this 
paper, serve;, primarily to obtain information about the magnitude of bending 
momentsf which can occur in a hypar and then to derive some relationship 
between the free high corner displacement and the edge beam sizes.
In practice, however, the built in low corner as a support condition is 
generally not realised, at least for timber shells; consequently, the bending 
moments in full size roofs of similar geometry to those tested, are essen­
tially smaller than those that were measured on the test specimens. If the 
edge beam is slender, the momentless region is very small at the centre .of 
the shell but by increasing the edge beam stiffness a considerable .ellipti­
cal or egg hshaped area.ican be separated where practically no bending moment 
occurs. As -timber is equally strong in tension and compression the edge 
disturbance will never cause concern as the bending stresses in this zone 
will not normally be more than 25 ^ of the permissible values.
Based on test results nomogrammes have been prepared, to determine the 
necessary edge beam size for a given side lengthand predetermined vertical 
displacement.
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■ P. ' SYNOPSIS - ' ' . / ,
Information is being present concerning the, 
loading test and related analysis of a precast concrete, 
hyperbolic paraboloid shell, constructed over a square
. . ; x-r I
(55" x 55"). The two low corners were built in and no 
edge beams were used along the perimeter. :The shell was 
. built of 11 " x 1 1 " x f 11 individual precast concrete hypar 
elements, which were joined together, during assembly, by 
insitu concrete strips. Neither in the precast elements 
nor in the insitu strips was any reinforcement used. FIG-. 1 .
Concrete hypar shells without.reinforcement are 
not realised in practice, and consequently the strength of ' 
the reinforced hypars of similar geometry will be essentially 
I ■ greater than that which is described in this paper.
It was observed that the maximum bending moments 
occur near the encastre.corners. However, the failure of 
the shell occurred due to shear along the straight 
generators under 2 . 5  times the calculated working load.
The test'results were not in very good(agreement 
with those obtained by the applied approximate bending 
\ theory, which leads to the conclusion.that for steep hypar
shells with the present'boundary condition, a curvilinear 
system of co-ordinates and also the non-linear behaviour 
have to be considered.
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1 . 1 . GENERAL
■1. 1.  INTROLUQTION ' ^
i '
Thin shells in the form of hyperbolic paraboloids 
are of importance in structural engineering, because of 
their fairly frequent use. The hypar surface offers a great 
deal of structural possibilities in the shell roof, constructions 
and at the same•time satisfies the many-sided requirements of. 
modern architecture. The' geometry of this shape makes the use 
of. simple formwork possible without the need of curved members. 
It offers great flexibility in covering almost any shape of 
plan by interconnected individual hypar elements, because the 
shell elements can be arranged in several ways resulting in 
aesthetically pleasant and striking combinations. .If the 
roof sections formed by individual elements can be reduced to 
reasonable small sizes, even prefabrication becomes possible. 
These advantages focussed interest on this particular surface 
■'and ’justified the efforts of all those who, decided to carry 
out research on hyperbolic paraboloid shells.  ^ . ;
1.2. SURVEY OE EXISTING RESULTS
. Since E. AIMONL)^^ in the early 1930’s exploited the 
potentialities of the doubly-curved anti^-Clastic shape t o . 
cover wide span aircraft hangars, many structures have been 
erected'and simultaneously much attention has been devoted 
to the study of the structural behaviour of this shape. The 
published literature on this subject, although extensive, •
\
has generally been restricted to the study of momentless 
stress condition. ( ^ ) (  3)( 4)( 5) yery. little attention has been 
devoted, however, to the consideration of bending moments 
and.displacements. '
The mathematical difficulties encountered in ,
determining these quantities partly justifies the aspiration 
which aims to develop relatively simple methods of analysis. 
Consequently the investigation of stress-strain and stress- _ 
displacement relations as well as the experimental stress 
analysis carried out on this field were, apart from 
exceptional cases, only of academic interest and the design 
of hypar shells, remained to be' based on the membrane theory.
The latter, heing a statically determinate method, has
serious deficiencies. The resulting integral functions
f^(x) and f 2 (y) do not effect the equilibrium and cannot
he used to modify the boundary conditions or to reduce.the
normal forces to zero along the boundary. The frozen
technique, which leads out of this difficulty, can only'be
applied for one certain boundary condition. This particular
behaviour of the "Hypar11 shells is due to the' fact that the'
governing differential equation is of hyperbolic type. The
equilibrium problem therefore becomes' an initial value problem,
which imposes the type of boundary condition to be applied.
This boundary condition requires to apply only one condition
for one pair of adjacent edges while the other pair of opposite 
*
edges must be treated as "open". The only possible solution 
is therefore to support the shell along two adjacent edges 
while the other two adjacent edges keep free of support.
•It can be concluded now that b y  predetermining the 
boundary conditions or prescribing the stress function, apart 
from the constant and linear terms, we have a very restricted 
freedom. There were, but only a few and particularly •
F. CAJIDELA, ^ w h o ,  in spite of this strong restriction, 
were capable of creating daring, surprising and wonderful 
constructions, where this unique boundary condition was always 
satisfied. In many other cases, however, the above restriction 
caused serious difficulties and threw great obstacles■against 
the creative activity of the architect.
1 When, at the end of the 1940's, "Hypar" shells became 
more widely used and as this new trend in architecture as well 
as the various functional requirements necessitated the appli­
cation of several methods of support, the problem of bending 
as well as the experimental stress analysis became inevitable. 
Thus V. FINSTERVALDEh/8 ) E.D1 SCHINGER, ^  ^ H. SCHOREr / 1 ° H a n d
S.TIMOSHENKO^ 1 \  all attempted to solve this problem hut the
(1 2)successful solution was only provided by Y. Z.YLASOYv • in the- 
form of two simultaneous differential equations of the fourth
order. VLASOV's results f u l l y  and generally settled the
long-disputed-problem of the -stress-distribution in the shells,.f
> ' - \ 
nevertheless for hypar shells\further unexpected difficulties
and certain disappointments have resulted. Por certain
boundary.conditions the variables cannot be separated,
consequently the differential equation remains partial and
it is to be so.lved as such. In..many other cases the solution •
-leads to unrealistic boundary conditions, in other words we
arrive at '1 "a solution" and not "the solution"-we are interested.
in.- Similar situation has been described by Professor E.P„
(1 -\)
PuPQV , who noted that his obtained boundary condition 
might be. somewhat unrealistic, nevertheless- the solution was ~ 
believed to provide a,basis for studying edge disturbance.
To overcome such difficulties, further research.took
place, which aimed at the modification and simplification of
VLASOV's equations for- "Hypar" shells. The most exact-theory
for this shape is due to W. BORG-ARD^ f , who derived three
simultaneous differential equations- for the three displacement
.. (-1 5V
functions. In.1961 E„ EOLCSKEIv presented a general theory 
for shells of arbitrary shape by the method of Vector Analysis.'- 
Similar, but more powerful method was derived by R.S.JEHKIHS^^^ 
in 1961, which based on matrix method. The contribution of 
■w. ZEENA^17!  P.A. GEEAKD^l8 t- and Professor A.I.BOUmA 19 ' 
were also very valuable. '
In spite of the work outlined above, the theory of 
"Hypar"-is not completely solved. The large number of possible 
variations in which this shape can be used,' as well as the 
particular boundary and loading conditions, divide the problem 
into a number of different SLibdivisions, of which only a few 
have so far been solved. Although the existing theories 
ensure realistic results for almost all of the shallow hypar 
shells, nevertheless the application of these theories for a 
given boundary value problem are very time consuming procedures 
which may involve serious 'mathematical difficulties.
Sometimes, as it will "be shown later in this paper, one
cannot he confined to a simplified bending theory,
particularly not if the shell is steep, but the most accurate
analysis has to be derived or applied or even the non-linear
behaviour of the shell has also to be considered. Numerical
methods lead sometimes to immediate solutions. .In 1960
N.C. DAS GUPTA used successfully the method of FINITE
DIFFERENCES to find stresses in rectangular shallow hypars
and to .study the edge disturbance. Unfortunately the - method
of EINITE ELEMENTS, which is a more powerful technique,' has
not yet been developed for anti-clastic surfaces. A fairly
modern and entirely general .method of analysis, which based
on complex mapping has only been applied for shells of 
(21 )revolution so far. It is the experimental stress analysis
which can help effectively to overcome all of the above 
difficulties and to yield the required information for any 
shape and boundary condition.
When, 15 years ago, on the initiative of Professor 
TORROJA, the I.A.S.S. was' formed, whose .aims included the, 
systematic study of problems and the exchange of data and 
information on an international level, the experimental stress 
analysis, in this field, gradually gained ground and became a 
highly accepted resource of future research. The. Proceedings 
on those SYMPOSIUMS, particularly the earliest ones , 2 ^
have, given accounts in great detail of the results obtained by 
experimental stress analysis for various shapes of hypars,' 
boundary and loading conditions. Very little attention has 
been paid, however, to the problem, of edge beamless hypars as 
well as the possibility of prefabricating or precasting*
1.3. SCOPE iQE THE RESEARCH
. * The object of the research was primarily to find the 
maximum bending moments which.may occur in a relatively steep 
hypar and secondly, to observe'the possibilities of precasting, 
and prefabricating of these shells.
The boundary conditions were selected, therefore', 
to submit the shell to the greatest possible bending effect,. 
and consequently to restrict the extent of bending moments 
to a relatively small.portion of the shell. No structural 
elements which may reduce this.bending moment (edge members,, 
supports'along the perimeter) were applied, but at the same 
time it was decided to create'a realistic shape and boundary 
condition which can be a basis for future practical application.
These requirements and considerations led to a . 
relatively steep,'(k = 0 .0 1 5 8 6 ) square,' edge beamless,' 
hyperbolic paraboloid shell, which was supported at the two 
low encastre corners. (FIG-. 1 ). The main object of the research 
involved now the investigation of the elastic behaviour of this 
shell, where particular attention was paid to the bending 
moments located near to the encastre corners, as well a.s. the 
deformation•of the shell. A further attempt was made to 
construct the shell of individual precast hypar elements and to 
join these by insitu concrete strips.
It was decided to 'take all advantages of. the compressive 
resistance of the shell, but allow all the possibilities of 
failure due to tension; consequently a very good quality 
concrete-mortar and no steel reinforcements were used in 
constructing the' test specimen.
2. TEST ON ELG-E SEAMLESS HYPAR
2.1. CONCRETE f
A .fairly high compressive strength and small size of 
aggregate, as specific properties were needed for the concrete 
used to construct the shell. The standard concrete mixes have 
not satisfied- these requirements therefore the suitable mix' 
had to.be designed and tested. ’
The; aggregates, .therefore, were chosen to contain 
55% - 7 3% crushed granite stone and 45% - 27% river sand. 
Considering the relatively small thickness of the shell, (■§•"), 
it was'decided.that the 3/ 1 6 M size of aggregate should pass' in 
1 00% and the maximum retained size of No.7 should not be more 
than 25% - 40%. Three types of ’aggregates were designed, all 
satisfying the above requirements and these are detailed.in 
TABLE I; also the corresponding grading curves are shown in 
EIGr.2. ' Eor cement/aggregate ratio of 1:2, 1:3 and 1:4 ' '
proportions were considered while for water/cement ratio
0 . 5  and 0 . 6  were chosen.
The above three, types of aggregates, the three 
values of the cement/aggregate ratio and the two sorts of 
water/cement ratios provide altogether eighteen separate 
mixes as the possible combinations of the above eight 
quantities. from these, we selected only six which were 
thought to be the most realistic ones and these were sub­
mitted to further investigations. These selected ■■■mixes 
are shown in TABLE II.
Standard test cubes, 4"' x 4" x 4" in size were cast, 
three for each of the six selected concrete mixes and were 
submitted to breaking test at their age of 28 days. The 
breaking forces are given in TABLE III.
In order to obtain higher cubic strength, the Mix 1 
was modified by using lower water/cement ratio. Eor Mix 1/A, 
w/c = 0 . 3 6  and for Mix l/B, w/ c = 0 . 4 0  were used. Six test 
cubes were cast for each of these modified mixes and the 
breaking forces as well as the corresponding cubic strengths 
obtained by crushing fest carried out on the 2 8th day-are 
shown in TABLE IV.
Mix l/A was selected for the concrete to construct 
the shell. The average breaking force and cubic strength 
calculated as a mean of the six test results are as follows:
Average breaking force: B  . = 84.8 ton.
Average cubic strength: e c -  1'1800 lb/sqin.
One of these crushed test cubes is shown in FIG-. 3.
2.2. DESCRIPTION OE THE STRUCTURE.
. # In order to arrive at reasonable sizes for the'shell
and loading.data,. a full-size roof with dimensions of a=b=5 5ft,
f = 24ft and a .thickness of t = 3 " was taken as a basis for
1-
which the test specimen w a s s c a l e  model.
The experimental hypar shell we^ s constructed over 
a timber form work built to the desired shape as shown in 
FIG-. 4. The form-work consisted of straight timber pieces 
placed along the straight generators providing the support 
. for ■§•" thick and -J" wide timber strips, placed diagonally 
over these supports, and forming the required surface for 
'casting the concrete shell. . :
Before concreting, the timber was sandpapered,, the 
. gaps filled with Polyfilla so that a smooth continuous 
surface could be obtained. 'This was then divided into' 16 
approx. 1 2 ” square hypar units, using thick and 2 " wide . 
timber pieces to separate each unit, leaving a ,3 ” wide strip 
free along the perimeter. 36 No. dia. timber plugs were 
.fixed to the formwork to form holes in the concrete shell for 
loading purposes. The completed form work, ready to receive 
the concrete, is shown in FIG.5. 'The units were then cast. 
They ted removed from the formwork four days later and .
stored until the experimental shell was erected. A", unit 
recovered after test is-shown in FIG.6 .
The construction of the model was carried out on the 
same formwork.(FIG.7). The grid elements were removed,, and 
•|-M thick timber strips were fixed to the surface along the 
perimeter along the 60" long sides of. the shell.- The two low 
corners of the formwork were sawn off parallel to the diagonal 
connecting the two high corners, leaving a clear distance of 
6 7 . 8 0  inches in plane between the lines along which the cut 
was made. The cut-off corner pieces were then attached to the. 
.formwork at their original position. The purpose of this 
operation was to ensure that after the concrete .shell was cast 
and sufficiently hardened, the corner pieces could again be 
removed, exposing ’thereby the low corners of the concrete 
shell. Thus they ..could be cast in at the supports to provide 
there the required restraintwhile the rest of the shell was 
supported by the formwork. The precast units were then placed 
onto the.formwork having approx. 2ins. gaps between- them, and 
these and the,3ins. wide strip left along the perimeter were 
filled up with fresh concrete mortar.
To ensure the full restraint at the supports, the 
shell was erected over heavy precast concrete buttresses 
which had facilities for being bolted to the laboratory floor.G 
The buttresses were L shaped and two were used at each corner 
and placed in such a manner that the backs of the vertical 
legs of eachpair were facing each other with a 2ins. ’gap in 
between them. The clear distance between the buttresses along 
the line connecting the two' low corners was 73. 80ins. (FIG-. 8 ).
The temporarily fixed low corners of the timber form 
work were now removed, so that each of the'two low corners 
of the concrete shell became exposed fins, over the truncated 
corners of the formwork. The formwork with the concrete shell 
on it.was now raised by jacks above the height of the 
buttresses, then moved over them and lowered so that the 
clear distance between them was exactly 67.80ins. • When the' 
blocks were cast, the. concrete was allowed to pour into the 
2 " gap left between the legs of the buttresses to a depth 
sufficient to reach the bolts passing through the -legs. An 
adequate anchorage was thus provided for the blocks against 
lateral.displacement. .
Eight/days after casting the concrete blocks., the 
jacks were released and the formwork removed.. The structure ■ 
then became ready for assembling the loading and measuring 
equipment (PIG-. 9 ).
2. 3. . LOADING-.
The loads on the model were derived from.those 
calculated for the full-size, roof described in Section 2.2.
The shape ratio was therefore:
1 “ 55in 24-in
and the thickness ratio .= . 3in = 8 . 0 0
. fin
consequently the test load
factor;n = 12 = 1 . 5
~E
LOADING- DATA ON THE FULL-SIZE’ROOF:
self weight: 150/4 = 3 7 - 5 0 lb/sqft.
snow load : 15.00___________
r _ = m i  = A m  = .
Total load on full-size roof 52.50 lb/sqft.
.LOADING- DATA ON TEST MODEL r
• Total load on test model: 52.50 x 1.5 78.60 lb/sqft^
' Self weight of model: 4.70 /
Loading equipment : 2.00
' 6 . 7 0  - 6 . 7 0  lb/sqft.
Applied load on test model 71.90 lh/sqft.
THE LOADED AREA OP THE TEST MODEL
A = - 4k J J xydxdy - built in corners = 2 2 . 9 0  sqft.
THE TOTAL APPLIED LOAD: 71.90 x 22.90 = 1645 lb, which was ' 7  
taken as'being uniformly distributed over the whole surface.
To approach the theoretically uniform distribution of the load 
over the shell,,the individual load points had to be•placed as 
near to each other as much as the measuring procedure made it 
possible. As a result' of this restriction, 36 i Mdia.: circular 
'holes were prefabricated on the shell surface at approximately 
9 in. centres from each other.
Over each of these, holes a triangular loading pad was 
placed on the top of the shell surface by a -J-"dia. threaded
steel rod at each corner. A hook was fixed at the centre of
each pad through the hole to which the loading bags were 
attached. The -load.'was then .transferred to the shell by the 
throe thro&d§d stool rsdi supporting tbg loading pads. The 
shell surface could thus be loaded a t .3 x 36 = 1 08 different 
points." 'The position of the loading .holes and loading- pads is 
shown in EIG-.10. Eor loading purposes,' bags filled with steel 
punchings were used. ■ 7(
Measurements were taken under:
a.- 0 . 5  x working load = 8 2 2 . 5 0  lb. .
b. working load = 1 6 4 5 .0 0 .lb.
c. A . 5 -x working ‘load.. =2467. 50 lb.
d. 2 . 0  x ■working load =3 2 9 0 . 0 0  lb.
The loading bags were suspended from.the hooks b j '  
chains ‘ and were supported by a square platform resting on
Jacks before it was. lowered to transfer-the load to the shell.
2.4. MEASURING- APPARATUS
In order to observe the distribution of the lending 
moments and the resulting deformations over the shell, 
deflection and strain measurements were taken at a number of 
points on the top and bottom surfaces. Dial gauges were 
positioned at frequent intervals over, the top surface and 
electri-cal resistance strain-gauges were located along the 
positive and negative principal parabolae and along the’ 
straight line generators. The strains were measured by 
means of a SAVAG-E & PARSONS 50 channel strain recorder.
The position, of the measuring apparatus is shown in EIG-. 10.
2.5. " EVALUATION OE THE MEASUREMENTS
the bending moments in the'shell, it was assumed that the 
material was homogeneous isotropic and obeyed. Hooke 1s Law. 
This assumption was justified by the fact that on the / 
macroscopic scale, concrete behaves statistically as .would 
a homogeneous'and isotropic material, and furthermore, that 
designs based on this assumption have produced safe and 
serviceable structures.
In determining the Modulus of Elasticity of the 
concrete, three test cubes cast from mixture 1/A were 
selected and submitted to compressive test. The strains 
were calculated from the mean of the two dial gauge readings 
taken during the test by measuring the displacements between 
the two steel plates placed.under and above the cube. 
Measurements were taken for.every 5 tons load increment.
The three load-displacement curves were very near to each 
other; one of them is shown in PIG. 1:1 . The Modulus of 
Elasticity could now be’ calculated as follows:
In order to estimate the stresses and subsequently.
E £ _ P/16 _ P___ 50 x 2240e _ e/4 4e • 4 x 0.00434
= 6 .45x 1 0^ lb/sqin
The section modulus and the cross-sectional area of the
shell were obtained by taking a 1-inch wide shell element: A
z = ■ = 0.02 3 aJ  \n? . -O
.. A  =  1 x - | -  =  0 - 3 7 5  i n . 1
If , 6 i - d i E is the stress 'in the top fibre and <yb«-'£ e
is the stress in the bottom fibre at any point of the shell, 
then the stresses due to normal forces and bending moments - 
are: "
■ pn = ^ 4 ^  - — — ------------- d o
p m  = 1 — I6 '’ * - U )  _ - - i — — — ----  (2)
When the stress due to bending is preceeded-by two signs, 
the top refers to the top of the shell and the bottom one:
-to the bottom surface. If N is the normal force per unit 
width and M is the bending moment per unit width in- the 
direction of the gauge,
then _
N = pnA = 0.375 Pn  r  ------ — (3)
. M = Pm Z = 2 . 344.10“ 3 ----------- ------- -— ^— r —•-(4)
It shoiild be noted that positive moment results in 
compression in the top and tension in the bottom fibres.
2.6. INTERPRETATION OF TEST RESULTS.
The distribution of bending moments along the positive 
principal parabola under.the calculated working load is shown 
in FIG-71'3 (Section 11 - 1 1 , indicated by The maximum
bending moment occurs at the encastre corners and the moments 
gradually decrease towards the centre of the shell. The bending, 
moment distribution under the same loading along the negative 
principal parabola is shown also in PIG-. 1 3(Section 1 0-1 0, 
indicated by The maximum value of the negative moments
is nearly the same as that occurring at the encastre corners 
and they develop.a t 'the.points lying at approximately\one-third 
of the half arch. A
'The stresses due to bending are fairly high (between
1 2 0 - 1 4 0 p.s.i.) and are concentrated near to the corners. ( /
The centre of. the shell remained practically free of bending.
This phenomenon is very similar to that observed on shells
with edge beams and with the same supporting conditions. The
author has previously investigated a number of square hypar
shells with the same supporting condition but with various
(25)sizes.of edge beams. ' It has been found that the stiffness 
of the edge beams does not influence extensively the occurrence 
of the bending moments along the principal curvatures.
The bending moment distribution along the straight 
generators are shown in FIG-. 14 (Sections 1-2, .- 9-9, indicated 
by It can be observed that these diagrams reach
their maximum values at the centre of the shell. The bending 
moments decrease towards the edges, and■the edges are practically 
free from transverse moments except those points lying near to 
the encastre* corners. Height values of bending, moments are 
observed, however, along the edges, which are in fact the 
highest ones occurring over the shell (Section 1-2). 'The 
distribution of the transverse moments is completely different 
from those observed on the shells with edge beams. If edge 
beams are used, the transverse bending moments (.which are 
negative) are concentrated along the edge zone while the central 
region of the shell is practically free from bending. With the 
deduction of the edge beam sizes, this momentless region as well 
as the negative transverse edge moments decrease. When no edge 
beams are used the negative transverse moments in the edge zone 
disappear and positive moments develop, concentrated over the 
central region of the shell. ■
FIG-. 1 5 (Sections 1-2, - 9-9 indicated-by -.-.-. ) shows 
the normal displacements of the shell measured along the: free 
edges and straight generators-under the calculated working load. 
The large influence of the fairly low value of the edge stiffness 
on the shape of the deformed edge can be observed.in Section 1-2. 
This deformation pattern'is characteristic to the free edges. 
Similar deformation line was obtained for the shells with very 
slender.edge beam. .By observing sections 3-4, 5-6, and 7-8, 
the deformation.lines become more and more regular. ■
f
The points* on the edgesnear to the encastre corners show c
"upwards or even no displacements at all while those towards 
the free corners deflect downwards. The deformation of the 
horizontal'generators are symmetrical about the centre of. 
the shell.
FIG-. 16 (Sections 11-1.1, and 10-10, indicated by 
shows the normal displacements along the principal parabolae.
It can be seen that along the positive principal parabola 
only upwards deflections occurred’while the free high corners 
moved downwards. FIG.17 A ~shows the deflection.contours(-.-.-) 
under the calculated working load. ;
2.7. THE BEHAVIOUR ~0F THE STRUCTURE UNDER LOAF. ■
In order to observe the behaviour of the shell under 
loading, the free corner (2 5 ), the middle point of the edge(15) 
and the centre of the shell (1 1 ) were selected as characteristic 
points for additional deflection measurements, and readings' were 
taken for each i  times working load increments. The measured 
deflections are given in TABLE Y. load-deflection'curves are 
plotted in FIG. 18 for each of these selected points'. It can 
be seen that the behaviour of the centre point of the shell is 
essentially linear, even when the load approached that causing 
failure. The other- tw^ o points behaved' linearly until 1 . 5 -1 .75 
working load was reached.
* . The failure of the structure occurred under a loading
2 . 5  times the working load and developed to complete collapse 
in approximately 10-12 minutes. In the initial stage of the 
failure, hair; cracks-appeared, moving from the edges towards 
the centre in a direction perpendicular to the edges; the most 
prominent being at the centre of the free edge. (FIGA9A).
After a while the centre' cracks opened .further up as shown in 
.FIG.19B. In'the. - third stage the centre cracks were found to be 
more -or less fully developed' and the two quarter partsof the- 
shell incorporating the two high edges broke completely away, 
leaving the two remaining quarters attached.to 'the two supports.
(FIG.190). It appeared that the shell behaved at this stage 
like a fixed arch with a hinge, at the centre. In the fourth
stage, clicks appeared rapidly developed in the vicinity 
and parallel to the encastre corners, and the shell hehaved 
like'an arch with a hinge, at the centre and with semi-rigid 
honndary conditions along, the supports,(PIG.19L ). At the 
same time each quarter of the remaining shell lost some of 
its corner part in the same manner as the two quarter parts 
of the original shell hroke away. In the last stage the 
centre part of the shell gave way, leaving the remaining 
parts as cantilevers (FIG-. 19k); immediately thereafter • it 
collapsed completely (FIG-. 1 9F )
3. THEORETICAL ANALYSIS .
3.1. BRIEF SUMMARY OF THE APPLIED THEORY.
The rigorous analysis of hyperbolic paraholoid shells 
is based on the consideration of curvilinear co-ordinates, 
from which an orthogonality is assumed. Taking a rectangular 
hypar, where two families of straight lines.can he separated, 
it can he assumed that these lines form an orthogonal mesh on 
the middle surface of the shell. It will he convenient to 
substitute this mesh for the curvilinear system of co-ordinates 
then the equation of the middle surface is given hy
z = k x y ----------------------- — ----- (5 )
Due to the assumed orthogonality of the co-ordinate lines it. 
follows that the first quadratic form is:
ds^ = A^dx + B ^ d y -------------------- -(-6 )
and the Lame Parameters are as follows:
. 2 j i 2 2 \A = 1 + k y )  /7 n -
•o2 , , 2 2 ) V 'B = 1 + k x j
Taking advantage of the generalised Hooke's Law, the internal 
moments of the shell can he expressed in terms of the. strain 
components in the following form:
X IfcO -  />x) { U ,  * r  l - M
M
y
*y
(8)
•<u \ + p)
where U* , Uy and t z are the corresponding strain components, 
and these are given as follows:
“ w ^ os (
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where w = w(x,y) describes the displacements normal to the 
middle surface. Let w(x,y) be considered in the form of 
the following algebraic polynomial:
w = A 1 + A 1 (x-y.) ^ +A^ (y-x) S A 2x 2y 2+A^ (x 4+y 4 ) (-| o )
U/HiCH
where A^ ,A2 , A^ and A^ are constants have to be determined 
in such a manner that w satisfies the boundary conditions.
To simplify the problem, it was assumed that the fixities 
of the low corners are exactly at the low corner points 
where x = y = +27.5 and x = y = -27. 5 > and these imaginary 
conditions were used instead of the real fixities, which
were located at x = y = +25 and x = y = -25. (LIG-.12).
The boundary conditions could be specified now in the 
following form:
if x = y = +2 7 . 5 ; u = v = w = 0 )____„____^  ^
if x = y = -27. 5 ; u = v = w = 0 )
u and v in Eq(H) are displacement components occurring 
parallel to the x and y co-ordinate lines respectively. 
Although it was necessary to prescribe u = v = 0 at. the low 
corners, nevertheless only:the w components were determined 
because these are in direct relation with the bending moments 
we were interested in. ...
. The A, A^ ,• and A^ constants can he determined ^
either experimentally or analytically, Toy minimizing the ' 1
strain energy of the shell. The former method was used for 
reasons to he explained later.
3.2. ' RESULTS OBTAINED BY THE ANALYSIS
The normal displacements 'W and the lending moments 
Mx , M , due to the working load were calculated on an
I.B.'M. 1620 computer and the results are given in TABLE YI.
-^n EIG-.13 (Sections 1 1 - 1 1 and 1 0- 1 0 ) the distribution 
of lending moments along the positive and negative principal 
parabolae are shown, drawn in full line.
BIG-. 14, (Sections 1-2, - 9-9 also in full line) shows 
the distribution of bending moments along the straight line 
generators.
The calculated normal displacements, under working 
load, indicated by full line, can also be seen in FIG-S. 15 &. 16 , 
while the displacement cdntours are given by FIG-. 17B. '
4, CONCLUSION
4.1. COMPARISON OE THE ANALYTICAL AND EXPERIMENTAL RESULTS
Comparing the bending mgment diagrams obtained 
dxpehimehballjf and 14) §§§
that the measured and calculated bending moments are in fairly 
good agreement over the central region of the shell. At the 
corner points and along the edges, however, serious discrepan­
cies occur. Some of these were caused by the fact that the 
original boundary conditions were changed for idealized 
conditions. By modifying these idealized conditions the 
discrepancies can be reduced. Another part of the discrepancies 
is the result- of the simplifications made in the basic con­
siderations. These are accompanying phenomena of all the 
linear bending analyses, consequently they cannot be"eliminated.
By investigating Sections 11-11 and 10-10 of
BIG-. 13, it can Be seen that the analysis gave positive 
moments at the encastre corners. This result, however 
unrealistic, is in agreement with Boundary condition (11) 
To eliminate this contradiction, another restriction has 
to Be added to Eq(11), i.e.
.if x = y  = +25 | _w' = 0
(1 2)
and . c* « A s °
It can also Be seen, (Section 10-10), that the
analysis resulted in unlikely great negative moments at 
the free high corners'* This indicates again the inadequacy 
of the Boundary condition (11 ). If we prescriBe additionally
-that ' , ; '
the Bending moments at the high corners can Be reduced to zero.
4.2. . (GENERAL CONCLUSION .
It should Be pointed out that the purpose of this 
investigation was not'to; estaBlish 'the exact theory for this 
particular Boundary value proBlem at the first attempt. It 
was done mainly Because the proBlem involved had Been unexplored 
and greater reliance was placed on experimental results than on 
an attempt of a mathematical analysis which would have involved, 
even in the case of approximation, a great deal of work of 
douBtful value at"this stage. This justifies the choice of 
A, A^ , ^ 2 * and constants ,-By means of experimental methods.
The deficiences in the idealized Boundary conditions were.also 
anticipated; ' it was thought,1 however, that for the first 
approach these would Be sufficiently accurate.
if x = 27.5
3 . 3 'ji
and x =-27.5
y =-27.5 av
A* „ 1. “ ^  4 (13)
y = 27.5
The applied theory gave realistic results over the 
central region of the shell and therefore .it can he a Basis  ^
for further investigations. jEq(ll), together with Eqs(l2) 
and (13), conforms with the theoretically correct Boundary 
conditions. Eor these it is worthwhile now to carry out 
the long procedure of minimizing the strain energy of the 
shell to obtain the A, A^ , A^, and A^ constants analytically. 
This could Be a subject of further 'research. The displacement 
function w calculated with these constants as well as the 
and M Bending moments will give realistic values now over 
a significant position of the shell, which is presumed to Be 
as shown in FIG-. 20.
Unfortunately, the discrepancies observed Between 
measured and calculated Bending moments along the edge zone 
cannot Be modified unless changing the original Boundary 
conditions completely. If we restrict ourselves to the 
original Boundary conditions, these uncertainties will always 
occur as long as linear analyses are used. The reason for 
this can Be found in the Basic assumptions, which include the 
omission...of the terms of second order. Again, the"measured 
displacements along the edge zone were Between 0.10-0.19 ins., 
which compared with the thickness of the shell (0 .3 7 6ins.) is 
not negligible at all.- Consequently the shell-was subjected 
to large deflections. Finally, the shell Being doubly-'curved,” 
even small deflections may cause considerable differences in- 
the local geometry of the surface. The inclusion of all of 
these effects lead to a non-linear elastic theory.
It has Been shown that large Bending moments can 
develop around the centre of the shell. It is, however, 
interesting to note that'failure was not ..caused By these 
Bending moments But By.shear along the straight generators.
As no reinforcement was provided in the model to take up these 
shear stresses, it follows that the formation of shear cracks 
can Be prevented By the use of suitable reinforcement.' .
The experiment shows'that constructing the shell 
with smaller prefabricated elements does not create undue 
difficulties. ■ Incorporating: suitable reinforcement along 
the edges, which can offer resistance against shear cracks, 
even shells without edge beams can be built provided'that 
deflections can be kept within reasonable limits.
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Sieve
Sizes
"Grading 1 Grading, 2 Grading' 3
Quality"
■ vRetained 
' lb.
Passing
1°
Retained
lb.
Passing
1°
Retained 
lb.
Passing 
*  •
‘V l 6 M o 100 0 100 0 100
Crushed
Granite’ 7 ' 25 . ' -75 • 35 65 40 - 60
14 • 30-. ; . 60 ' 29 ; "55 - ■. 33 . ■ 45 ■
RIVER
SARD
25 ...25 . 45 21 . ■ 42 18 31
I 52 ' 15 25 13 13.5 8 11 .
1100 ' 5 0 2 0 1 .0
Gradings for Concrete Aggregate' 
. TABLE I.. , ’
MR
| of Mixes
Cement p-+*n 
• Aggregate ^ 1
Water A , ,  w " " ‘-i- RsxiLo -Cement Grading
1 .1:2 . ■ 0.5 3
I 2 ‘ .1:2 \ 0.6' 3 |
I 3 1 :3 . 0.5 " 2 1
I 4 ~ 1 23 ' 0.6. 2. |
5 - ' 1 :4 0.5 ' . '1 ' .j
I 6 -'1:4. 0.6 ■ . ..... .■ 1
The Selected Concrete Mixes
TABLE II,;:,
■ MR 
of Mixes
0 '.Breaking Forces 
For the Three. Test Cubes
Average
Breaking
Force
Ton ITon ' Ton • Ton
1 60.00 58.00" 62.00 " '60.00 I
r
2 46. 50 47.00 47.30 - 47.00
v3 - 42.00 43.50 4^ • O O 42.00 .
■ 4 . 35.40 34.00 34.50 . • ■34.50
• 5, 43.50 •^43.00" 44.00  ^ 43.50 '
6 . 37.80 36. 50 38.00 37.50 • I
X Breaking forces Obtained By Mixea-1-6L ,
 ---TABLE-III ' : r
Mix
Breaking Forces (Ton) and Cuhic Strengths 
■ (lh/sqin) .For the Six Test Cuhes.
1/ A
Breaking
Forces • 84 86.5 ; 85 84 83.8 84.8
Cuhic
Strengths 116 20 1 2100 11800 11620 11 600 11 880
1/ B
Breaking
Forces 72.5 72 73 72.6 73.20 72'
Cuhic
Strengths 1016 0 10050 10200 10000 10250 10050
Bre-aking Forces And 0111310 Strengths 
for the'Modified Concrete Mixes.
TABLE IV. '
Loading
Deflections
• (25) (15) (11 )
i  W.L. 0.029 0.017 -0.007
i  W.L., 0.060 0.030 -0.012
i w .l ..' 0.096 .0.043 -0.019
'1 . W.L. 0.124 0.062 -0.028
i i  W.L. 0.160 0.078 -0.035
W.L. 0.195 0.095 -0.044
if W.L. 0.238 0.1-25 -0.052
2 W.L. 0.290. 0.151 -0.061
2 i  W.L. . 0.380'• 0.182 -0.069-
2i W.L. ■F A I L U R E
•Deflection Of Points (25),. (15) And
(11) Under VarioLis Loading Conditions.
' ■ TABLE V.
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Normal Displacements- in ft.
P O I N T    BMX ;  i BHY 'j - . 2 2 2 5 1 3 6 1 E-02
2 il42420339E*O2 ;■ „"42-42C3332*C2 -~2 29171101-06
'
3 vl 2413737E+02 v57436896E*02 -^57316673 E-03
4 149155563E+02 19155563E-5-02
i
-*232993125-02
90175356-02
5 v35 67320324-62 i T55902701E+02
6 l56666004t4-G1 X70919258E-:-02
.142350752-02
7 .5328427724*02 ■j53234277E*02 -123392629E-02
8 ^45 0195-47 £4-02 CS7420293E-;-02 . -’.208841882-02
9 p3153718824-02 V64167431E-S-02 , ~ J  044-07 65 E -02
10 11530585624-01. V79l 83988E-I-G2,c~ '.34377527E-02
11 - .. 15481567824-02 154815S78E-J-02 -'.234000002-02
*
12 15175017224-02 . v56349784E-:-02 -il 5208952-02
13 14348544324-02 V&0485799E-5-02 - J  5073751E-02
130003082E4-02 i67232935E-f02
’
-.232421 672-04
15 -135202582E-02 18224949 IE-l-02 I 2643787E-02
16, 153284277E4-G2 : 453204277E+02 - i  64305552-02
.
17 54501954724-02 457420293E-I-02 -”74335 544-2-03
18 ' 11537188E-S-02 ; 4641 6743 IE^ -02 1)36643052-03
19 432321003E-5-02 16124737E+02 1 55655252-01
20 1 9 1 55563E-S-02 ' 19155563E+02 '.'24327723E-03
21 ;35673203E*02 ! ."559O27OI E-f02 .190613372-02
22 -;*28184988E+02 :.87860007E-:-02 '.'150372862-01
23 j42420339E-i-02 V42420339E+02 1334347532-02
24 .124137372*02 v5 7 43 6896E-^02 ’.78038591 E-02
25 j27430292E-i-02 ; .27430292E-I-02 '.103458872-01 
j o ? j
1 .. ”3569835 lE-s-02' v35698351E*02
 END OF JOB _____  ,  ,__ ___
Bending Moments and Normal - Displacement 
obtained Analytically.
TABLE VI -
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TO DETERMINE THE SURFACE DEFORMATION UNDER 
j THE WORKING LOAD.
POINTS . 'READINGS FOR - DEELECTIONS
ZERO LOAD iWORKING LOAD (•in. ) .
1 412 . 412 0 . 0 0 0  •
2 211 217 -0.006
3 799 .. 800 -0 .0 0 1 ' '
' 4 995 4 -0.009
5 . 148 - 154 -0.006
6 2 2 6 ’ ' 2 2 2 0.004
7 ■ ' 583 . 597 . -0.014
' 8 . 379 . - 3 8 8 -0.009
9-. n o 117/ -0.007
•• 10 12 . 1 0 . 0 1 1
. 11 744 L.756 ■ - -0 . 0 1 2  .
. 12 A 2 9 6 5 0 6 -0 . 0 1 0
13 67? : 685 -0.006
14 . 569 569 . 0 . 0 0 0
15 142 1 1 2 0 . 0 3 0
16 336- . ’ 345 -0.009
17 ■ 913 915 ■ -0 . 0 0 2
18 - 295- 2 9 0 . 0.005
19 48.- 973 0.075
2 0 417 . 417 0 . 0 0 0
21 156 147 , 0.009
, 22 X 784 - 718 0 . 0 6 6
23 , . 5 6 8 ■ 352 . 0 . 0 1 6  ■
24 514 472 0.042 • /'
.25 625 565 ■ 0.060'
DIAL GAUGE READINGS FOR POINTS (l) TO (25 }
TO DETERMINE THE SURFACE] DEFLECTION UNDER 
, . WORKING LOAD.
.POINTS READINGS FOR DEFLECTIONS 
. (in)ZERO LOAD WORKING LOAD
1 412 • 412 0 . 0 0 0  -
■ • 2 ' . - 211 ■ '225 -0.014
3 799 , ' 802 -9. -0 . 0 0 3  /
4 ■ ' .995 • ' 15 ■ -0 . 0 2 0
5 148 . 1 6 0 .. '' -0 . 0 1 2
6 .226 217 0.009
7 583 6 1 0 -0.027
8 , ' 379 397 A -0.018
9 110 122 -0 . 0 1 2  ■
10 12 989 0.023
11 7 4 4 • 772 ' -0.028 '
12 2 9 6 ','317 -0 .0 2 1
13 677 689 -0 . 0 1 2
14 569 s 5 6 8 • 0 .0 0 1
15 142 80 ■ ' 0 . 0 6 2
16 336 ■* 352.. .. -0 . 0 1 6
17 913 917 -0.004
18 295 286 0.009
19 48 8 9 6 , 0 . 1 5 2
2 0 .417 418 - -0 . 0 0 1
21 ' 1 5 6' ' 138 0.018
2 2 • . 784 • 649 v ■ 0.135 .
23 3 6 8 ’ 336 0 . 0 3 2
24 514 ' 429 ■ 0.085
25 . 615 . 491' > . .. 0.124
DETERMINE. THE SURFACE DEFORMATION UNDER TIMES 
THE WORKING LOAD.
POINTS
READINGS FOR
DEFLECTIONS 
. (-in) •ZERO LOAD l i  xWORKINGi LOAD
1, 412" 412 0.000
2 211 . 232 -0.021 ;
3 799 803 -0.004
.4 995 26 -0.031
- 5 148 . - 167 -0 .019 ;
6 '. 226 • 214 0 .012.-.
7 583 • 624 - -0.041
8 379' - \ 406 -0.027
9 110 128 -0.018
. 10 12<. ' 978 0.034
11 744 v 788 • . -0.044 ' ■
12 296 328 -0.032
. 13 677 695 -0.018 '
14 ■ 569 567 ■ 0.002
1-5.. . 142 •" ’■ 47 0.095
16 . 336 ■ 360 • -0.024
17 . ’ 913 920 -0.007
18. 295 281 •0.014
- 19" 48 . 768 • 0.280
20 417 ; 419 -0.002
21 156 ■ . 129 0.027
. 22 /  748 458 0.290
23 368 -■ 317 * 0.051
24 514 . 339 0.175
25, . 615 420. , 0.195
DIAL GAUGE READINGS FOR POINTS (l) TO (25) TO
DETERMINE THE SURFACE DEFORMATION UNDER 2 TIMES 
THE WORKING LOAD.
POINTS
READINGS FOR ' DEFLECTIONS 
(in) .ZERO LOAD 2x WORKING LOAD
1 412 “ 412 0.000 •
2 , 211 240 -0.029
. 3 799 ■ ' 806 .- -0.007
4 995 37 ' -O.O42
5, . 148 • • >- 173 -0.025
6 226 206 0.020
7, 583 339 -0.056 ;
8 ' ; 379 417 -0.038
: 9 110 „ 135 . . -0.025 .
10 ’• 12 967 0.045
11 744 805 • -0,061
12 - 296 347 ■ - . -0.051
13 ; 677- , -.806 -0.029
'14 ' 569 . 564 . 0.005 '
. 15 142 991 0.151
16 336 377 . ' '• -0.041
17 '911 921 -0.010
18 295 274 0.021
19 • 48 664 0.384 ' !
20 ■ 417 422 ' A -0.005. ..
.21 .156 108 ■' 0.048
. 22 784 ., - 443 0.341
■ 23 ; 368 •293 0.075
24'.. '514 A .309 / 0.205
.25 ; 615 325 ■ 0.290
THE STRAIN GAUGE TECHNIQUES
In this section formulae will Toe - derived which .. 
enable S’one to . calculate / all shell actions., (forces, 
and moments) based on strains measured on the top . '
and bottom.surfaces simultaneously; nevertheless only 
a few of these formulae were used in. this ra r t i c l e , -  .
1, Tensile strains will be denoted by (+) while the
compressive, ones by (-), and the; position of the
strain gauges is shown in Fig..21 .
If and £ b are the strains 
i n ■the top and bottom fibres 
respectively, and E the Modulus''of 
Elasticity of the material of.the 
shell, then the stresses' in the top 
and bottom .fibres are:- ■
B .O T T Q M  Q  <^(J G e
O T T O  M
and FIG. 21 .
The stresses, in the direction of the gauges, which are 
caused by normal forces and bending moments are'now
respectively':
to• n and I n- 6" t “ 6"i=,•2. : 1 m  ~ 2
A-typical stress diagram and the corresponding normal'
and.bending stresses are shown in Eig.22.
- - ' ■ ' '
IN = p A 
M = p Z
The corresponding normal forces and bending moments, 
in the direction of the gauge- can now he obtained, by: 
Normal force': 
t c Bending moment :
It is necessary sometimes io calculate shear forces
and torsional' momentsas well as normal forces and ■
bending moments in some other, directions. In such. cases,
more than one strain gauge is located at the point under
uinvestigation (same number at the top and bottom), and
the'‘number of.gauges depends on whether the point lies
on one.of the-principal parabolae or not*
If the point is on the principal parabola, we
, locate two gauges (two--on the top and two on the. bottom)-
- and the position of these in plan is shown in Pig.23.;
The gauges 1 and 2 measure ■ 
the principal stresses (5^
■and GV.in this case, from' 
which we know that: ■'
“ 2.V tils
PIG-. 23
*(14)
It follows now, that: - + and because the
point, is on the principal parabola , consequently
'61
which ■ lead® to. the following relations
D 
IQ 
EX
T 
tO
W
 
if
N = N =
x . . . y
X  '
*1 + K2
1
2
+ 2
(15)
■ . y 2 !
/It also follows from Eq(l4)
: - <?V =  A ? 1
and therefore : — '2T- =—<* .
and obviously:-
, but .
2.
■N
T
N,
xy 2
= M 2 ' - M|
—  (1 6)
, xy
If the point where the shell.actions are:to be : 
found is not onTone of .the principal parabolae, the - 
' principal stresses cannot be obtained by direct , 
measurements. for a two dimensional stress system,'
■three stress-components entirely determine the 
governing state of .stresses at-any point of the shell. 
Consequently, we -have, to place three gauges around the ... 
point, (three at the top.and- three a t 'the. bottom). The 
position of .these gauges is 'Shown in Eig.24..
Along the directions a, b and 
^  y, the normal forces'and- bending 
 ^ moments are obtained.by direct
' measurements.■-
PIG.24
’ . The normal stress in an arbitrary direction n can 
be obtained by , V  : j
6 V  ~ 6tf) + 2- Gy) cos To< +• sia ToC
i( it o  n i
where c< for direction a is 30 and for direction b
-i r\0 ~ . 1 'i s  -30 .
Consequently : ' - j j
(Oa = * T  ^  •'
. i . 1 ' ds = + iC^h-6^)q - 'S'
It follows now that ■
d a . + 6A> -  GA' +• (5 y  +• '2. ) .
da" d b  “ ■ fl S  
Erom the-first of Eqs(l7) we have:
(IT)
( la . + &\=> — 6" a  ■*• <31/  +
d  «
2. '2.
d/ 6V -a, 
~ “ 2
T C6"^  + dbY- d/
. fpom which
(la) •
And from'the second of Eq(l7) we obtain
O ^ '  -  ( j a - d b
|” r' '  • • • • t o * . * - * * *  •  * * •
. . ' ' \l 3 . ,
It 'follows"’now, from1 Eqs(l 8)- and (19)» that
*
K = 2(N +K, )r - Kx v a b y •
3 '  ^ 3 . ”
_m x  = 2(Ma+My  - M y :
T
'xy
xy
N
, ^  : 
A M a
d
( 19 )
(20|
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I N T R O D U C T I O N
Since studies into c o n s t r u c t i o n  of shell roofs in timber 
wer e starte d some eight or nine years ago by the then T . D . A . , a 
great n u m b e r  of timber shells have been built for va rio us 
p ur poses, such a s .c hu rches, ind us tr ial b uilding s,  libraries etc. 
In itially, the A s s o c i a t i o n  pr o v i d e d  a de sign service for these 
roofs. As this was ca rried out mor e or less s i m u l t a n e o u s l y  wi t h  
the d e v e l o p m e n t  w o r k  at the laboratory , it was now de ci ded to 
carry out a survey of these roofs after they had been in service 
for about three or four years.
The p u r p o s e  of this survey, w h i c h  was limited to roofs 
de s i g n e d  by T.D.A., was to a s c e r t a i n  the v a l i d i t y  of the 
a s s u m p t i o n s  re lat ed  to the c o n s t r u c t i o n a l  p r i n c i p l e s  appl ied 
at the d e s i g n  stage and to see wha t c o n c l u s i o n s  can be de rived 
from this, w h i c h  could form part of an u p - t o - d a t e  shell roof 
c o n s t r u c t i o n  guide, h a v i n g  the b a c k g r o u n d  of b ot h l a b o r a t o r y  
and p r a c t i c a l  exper ien ce.
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l )  W ilton R oyal Carpet F a cto ry .
The r o o f  c o n s is t s  o f  fou r  55 f t  x  55 f t  square hypars . The 
s tr u c tu r e  was o r ig in a l ly  supported a t th e  fo u r  e x te r io r  low  corn ers by r e in ­
fo r c e d  co n cre te  columns ( s e e  F i g . l . ) .
A lthough th e g eo m etrica l p r o p e r t ie s  s a t i s f y  -  ju s t  about -  th e  T.D.A. 
and T.R .A.D .A . recom m endations, one g e ts  th e im p ression  th a t th e  r o o f i s  
unduly f l a t  ( s e e  F i g 92 „ ) .  One sh ou ld  add to  t h i s  th a t th e  a c tu a l th ick n ess  
o f  th e  r o o f i s  1o l / Q  in s  as opposed to  what i s  recommended in  th e A dvisory  
L e a f le t  fo r  H„P. s h e l l s  o f  t h i s  s i z e ,  i . e .  minimum 2.1/4- in s .  This ex p la in s  
perhaps why th e r o o f  i s  sp r in g y , as one walks on i t .  What i s  more, th ere  are  
d e f in i t e  s ig n s  o f  p la t e  b u ck lin g  on the r o o f ,  where water can c o l l e c t  (s e e
Fig.3*) • This can only be seen from the top of the rood as inside th e method 
of laying the bottom layer so far eliminated optically the appearance of the 
local sags.
The e x te r n a l edge beams are ra th er  s tr a ig h t  however, sm all l a t e r a l  
bending and tw is t in g  can be observed  on them (s e e  P i g .4 c ) .  These do not in ­
d ic a te  weakness as lo n g  as th ey  do n o t exceed  a c e r ta in  l i m i t ,  as th ey  are  
accompanying phenomena o f th e edge .deform ation.
The v e r t i c a l  d isp lacem en ts o f  th e  fo u r  fr e e  h igh  corners are d i f f e r e n t  
and th e  h ig h e s t  v a lu e  o f  them was measured as 8 in s .  This measurement was 
taken when th e  c o n s tr u c tio n  was com pleted a f t e r  th e  su p p ortin g  framework was 
removed. The 8 in s  v e r t i c a l  d isp lacem ent seems to  be la r g e 5 i t  corresponds  
to  a S . l / 8 5  s id e - le n g th /d isp la c e m e n t  r a t i o .  When t h is  e x c e s s iv e  d e f le c t io n  
was n o t ic e d  th e owners o f  th e  r o o f  arranged fo r  a d d it io n a l supports to  be b u i l t  
fo r  th e  edge beams, w ith ou t the removal o f  th e  e x is t in g  d e f le c t io n s .
The rea so n a b le  s id e - le n g th /d isp la c e m e n t r a t io  cou ld  be tak en  somewhere 
between SL/200 -  SL/300 which corresponds a max.3” -  4" v e r t i c a l  d isp lacem ent 
a t th o se  c o r n e r s . The n e c e ssa r y  edge-beam in e r t ia  in  t h i s  ca se  would be ap-
■7 1 -7 I
p rox . 4 .3 0  x  10 in s  opposed to  th e  a c tu a l 2 .1  x  10 in s  . In  a d d it io n  to  th e  
la r g e  v e r t i c a l  deform ation  o f th e  e x te r io r  edge beams a f a i r l y  stro n g  g lu e - l in e  
f a i lu r e  can be seen  on th e  e x te r n a l fa c e  o f  th e  beams, a long th e  l i n e  where th e  
s h e l l  and th e  top  edge beam m eet. This damage can be observed  most above th e  
b u t tr e s s e s .
Each o f  th e  s h e l l s  c o n s is t s  o f  th r e e  la y e r s .  The two e x te r n a l ones 
(top  and bottom ) were p la c e d  p a r a l l e l  to  th e  edges w h ile  th e  middle la y e r  was 
d ia g o n a l.
For the co n stru ctio n  o f th e  p la te  o n ly  n a i l in g  was u sed  to  jo in  
to g e th er  the la y e r s ,  apart from a 6 f t  wide s t r ip  along the ed g es , which was 
a ls o  g lu ed . A l l  the boards u sed  in  th e d if f e r e n t  la y e r s  are  very  sh o r t ,  
con seq u en tly  a very  la r g e  number o f  end j o in t s  had to  be u sed , which are a l l  
ordinary b u tt  j o i n t s .
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2) Chantery Primary S c h o o l9 Ip sw ich .
The b u ild in g , which was e r e c te d  about 6 y ears ago -  c o n s is t s  o f  
16 n o . 25 x  50 f t  sq* in d iv id u a l classroom s b lo c k s , and 2 n o , 50 x  50 f t  sq„ 
h a l ls  0 Each o f  th e  classroom s are covered  by two 25 a. 25 f t  s q . in t e r ­
connected  h yp ars, and each o f  th e  h a l l s  by fo u r  25 x 25 f t  s q . hypars.
A ll  the s h e l l s  are b u i l t  up from two la y e r s  o f  1 H th ic k  T. and G, 
b oard s, which were f in g e r  jo in te d .  The boards were q u ite  lo n g , th e r e fo r e ,  
a v ery  l im ite d  number o f  end j o in t s  was necessary*, The boards in  th e la y e r s  
were p la c e d  d ia g o n a lly  and fo r  jo in in g  them to g e th er  n a i l in g  and g lu in g  were 
u sed  over th e  whole a r e a .
The edge members, g lu e -la m in a ted  beams, are supported  a t  th e  low  
corners by means o f  co n cre te  colum ns, and the h o r iz o n ta l r e a c t io n  components 
are balanced  by t ie - b a r s .  The edges are a ls o  supported a t  a number o f  
p o in ts  by th e  main w a l ls ,  and th e  stro n g  window fram es seem to  a c t  as support 
t o o .  C onsequently  two o f  th e  ad jacent edges are supported anyway and so  th e  
membrane c o n d it io n  i s  s a t i s f i e d  fo r  each s h e l l .
A l l  o f  th e  s h e l l s ,  edge beams and o th er  s tr u c tu r a l elem ents are in  
p e r fe c t  c o n d it io n , qnd no in d ic a t io n  o f  permanent deform ation  can be observed  
The s tr u c tu r e s  are in  e x c e l le n t  c o n d it io n  above th e  k itch en  and d in in g  room 
where one may exp ect some e f f e c t  o f  th e  hum idity and tem perature to  a very  
g rea t ex ten t*  th ey  arb even s ta b le  above th e  gymnasium where sw in g s, clim b­
in g  rop es and o th er  equipment are suspended from th e  in t e r io r  edge beams.
3) Covered Stock Yard, Stutton, Suffolk,
The roof is constructed over a rectangular area of 50 ft x 75 ft 
and consists of six multi-connected hypars (see Fig.5.)» Each of the panels 
are single plough surfaces (see Fig.6.). The first four of these have their 
horizontal edges along the perimeter and the two rear ones have one inclined 
edge (one for each) along the perimeter. The roof is supported by vertical 
solid timber columns placed at the low corner of the shell panels. Only one 
interior support is used, which is at the common low corner, where the two 
interior horizontal edge beams meet. The high corner at the rear elevation 
is unsupported. The horizontal forces at this low corners are balanced by 
tie bars.
The shell panels are built up of two layers of 1 in thick T, and G-. 
boards. In both of the layers the boards were placed, diagonally. The layers 
were joined together by gluing and nailing over the whole area.
The structure is an open barn and is used to keep cattle under cover. 
There are no surrounding walls, so the structure is not protected against the 
weather. The outside surface of the shells was painted at the time of con­
struction with oil paint. During the years the paints wore off and now for 
about two years the roof has been practically fully exposed to the weather 
(see also Fig.6.) .
Despite this the shells are in very good condition and no indication of 
critical deformation can be observed.
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4 )  S in g le  Diamond S h e ll  a t th e  Park, Ke.yn.sham.
The s tr u c tu r e  i s  a s in g le  diamond lam inated  tim b er, h y p erb o lic  
p a ra b o lo id  s h e l l ,  w ith  h o r iz o n ta l sh ort edges and in c l in e d  lon g  ones (s e e  
F ig o 7 „ ) . The s h e l l  covers an area o f  approxim ately  1800 f t  sq . The s tr u c ­
tu re  i s  co m p lete ly  open supported  o n ly  by two b u ttr e s se s  ( s e e  F i g . 8 . ) .  A 
sm all n ew s-stand  i s  b u i l t  -under the s h e l l ,  near to  th e low  corn er ,, where ■ 
th e  h o r iz o n ta l edge beams m eet. The w a lls  o f  t h is  s ta n d , b u i l t  up o f v e r ­
t i c a l l y  p la c e d  cedar board s, g iv e  some a d d it io n a l support to  th e s h e l l  s u r fa c e .
Glued lam inated  beams are p rov id ed  along th e  ed g es . These are  
supported  by b u t tr e s s e s  p o s it io n e d  in  such a way th a t  th ey  are capab le o f  
b a la n c in g  the v e r t i c a l  as w e ll as th e  h o r iz o n ta l r e a c t io n s . Short r e in fo r c e d  
co n cre te  beams c a n t i le v e r  from th e  b u ttr e s se s  to  about 4  f t  le n g th , having  
rec ta n g u la r  cr o ss  s e c t io n s  approxim ately  th ree tim es as la r g e  as th a t o f  th e  
lam inated  beams. The lam inated  tim ber edge beams sire b u i l t  in to  th e s e  con­
c r e te  c a n t ile v e r s  so  th a t  p r a c t ic a l ly  p e r fe c t  f i x i t y  fo r  the edge beams has been  
o b ta in ed  ( s e e  F i g ,9 e ) .
The s h e l l  i t s e l f  c o n s is t s  o f  th ree  3 /4  in  th ic k  la y e r s .  Each o f  
th e se  has been b u i l t  up from 6 in s  wide T. and G. boards. The la y e r s  are  
jo in ed  to g e th e r  by g lu in g  and n a il in g  over th e  sh o le  a rea , and th e  boards have 
been p la c e d  d ia g o n a lly  in  each o f  th e  la y e r s  ( s e e  a ls o  F i g . 9 . ) .
The w hole s tr u c tu r e  which Y/as e r e c te d  in  1959? i s  in  p e r fe c t  c o n d it io n .
The edge beams are s t r a ig h t  and n er th er  tw is t in g  nor bending can be seen j  
co n seq u en tly , th e v e r t i c a l  d isp lacem ent o f  th e  unsupported h igh  corn er i s  neg­
l i g i b l e .  The s h e l l  su rface  i s  smooth and no f la t n e s s  or o th er  d is t o r t io n  can  
be observed  on i t .

l i l l l l
FIG. 9 .
5) Four S ec tio n  Hypar S h e l l ,  D auntsey S ch o o l.
The ro o f covers a rec ta n g u la r  area o f  30 f t  x 3& f*t. This area  
i s  d iv id ed  in to  fou r equal p a r t s ,  th ere fo re  th e  s iz e  o f  one in terc o n n ec ted  
s h e l l  p an el i s  13 f t  x  18 f t  ( s e e  F ig .1 0 ) .  Each o f the s h e l l  elem ents 
are s in g le  hypar s h e l l s  having on ly  in c l in e d  ed g es . The s tr u c tu r e  i s  sup­
p o rted  a t  th e  four low  corners by r e in fo r c e d  con crete  b u t t r e s s e s 0 No 
other supports are used  so  th e  edge beams a lon g  the p er im eter  are p e r f e c t ly  
fr e e  ( s e e  F ig .  1 1 . ) .
The s h e l l s  are b u i l t  up from two 1 M th ic k  and 5,t wide T. and G-. boards, 
which were p la ced  d ia g o n a lly  in  th e two a p p lie d  la y e r s .  N a ilin g  and g lu in g  
has been used to  jo in t  them to g e th e r . The s tr u c tu r e  i s  in  an e x c e l le n t  con­
d i t io n .
HIGH CPftUEH LOU CD HUE, ft. UtGU CPg.UEH
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6)  C y lin d r ic a l S h e l l a D auntsey S ch o o l,
The s h e l l  covers a rec ta n g u la r  area  o f  15 f t  x 20 f t  and i s  supported  
alon g  th e  edges hy th e  main w a lls  and a lon g  th e sh ort edges by g lu e -la m in a ted  
arches 0'
The s h e l l  c o n s is t s  o f  two la y e r s .  Each la y e r  i s  b u i l t  up from 1 in  
th ic k  and 5 in s  wide T. and G, b oard s. The boards in  each o f  th e  la y e r s  are  
p la c e d  d ia g o n a lly . N a ilin g  and g lu in g  has been used  over th e whole area to  
jo in  to g e th e r  th e  la y e r s »
The s h e l l  i s  in  an e x c e lle n t  c o n d it io n  and no in d ic a t io n  o f  c r i t i c a l  
deform ation  can be ob served .
-  18 -
7) F ir s t  Church o f  C h r istia n  S c ie n t i s t ,  Hendon.
The ro o f was ere c ted  f iv e  y ears  ago and c o n s is t s  o f  fo u r  id e n t ic a l  
diamond H.P. s h e l l s ,  in terco n n ected  in  such a manner th a t th e  r e s u lt in g  
s tr u c tu r e  covers an octagonal p la n  (s e e  F i g .1 2  . ) .  The d iagon a l o f  the  
octagon , measured between two o p p o site  corn ers, i s  about 55 f t .  The common 
h igh  corner o f  th e  fou r  diamond s h e l l s  i s  above th e  c e n tr o id  o f  th e  octagon , 
and the other fou r h igh  corners are over th e  p er im e ter , p ro v id in g  th e  r o o f  
w ith  in c l in e d  edges a l l  along th e  p er im eter .
The s tru c tu re  i s  supported by r a d ia l  and p e r im e tr ic  edge beams. The 
former are jo in ed  above th e ce n tr o id  o f  th e  octagon a l p la n  and su pp orting  a 
s p ir e .  A heavy ch a n d e lier  i s  suspended from the middle o f  i t ,  and t h e ir  
combined w eight i s  about 3 .5 0  tons ( s e e  F ig .  1 , 3 , ) .  The p e r im e tr ic  edge beams 
are co n tin u o u sly  supported by th e  w a l ls ,  and where windows occu r, l i n t o l s  are  
u sed . A l l  th e  edge beams are g lu e -la m in a ted , b u i l t  up from 6 " x 1” b oard s, 
to  a 9,f d ep th . A d d itio n a l r e in fo r c e d  con cre te  columns g iv e  support to  th e  
r a d ia l edge beams a t  th e lovr corners a lon g  th e p e r im e te r s , d esign ed  to  r e s i s t  
the h o r iz o n ta l f o r c e s .
A ll  th e  fo u r  s h e l l s  are co n stru c ted  o f  th r e e  la y e r s  b u i l t  up from 5" 
wide T. and G-. boards to  a t o t a l  th ick n ess  o f  2” . They are g lu ed  and n a ile d
a l l  over th e s h e l l  su r fa c e . The boards are p la c e d  d ia g o n a lly  in  th e  f i r s t  
and th ir d  la y e r  from low corner to  low  corner and the middle one p erp en d icu lar  
to  them.
The whole s tr u c tu r e , s h e l l s ,  s p ir e ,  i s  covered w ith  copper p la t e .  I t  
i s  in  e x c e l le n t  co n d itio n  and nh in d ic a t io n  o f leak age can be ob served . The 
ro o f i t s e l f  seems to  be a ls o  in  p e r fe c t  c o n d it io n , w ith ou t s ig n  o f  u n d esira b le  
deform ation .
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8 ) B u sh -H ill L ib rary , Edmonton.
The new l ib r a r y  b u ild in g  a t  B u sh -H ill, Edmonton, c o n s is t s  o f  fou r  
33 f t  square s e c t io n s ,  p la ce d  s id e  by s id e  in  such a way th a t th ey  form an 
L shaped p lan  (s e e  F ig .*  , V . ) .  Each o f  the s e c t io n s  i s  covered  by a 
rec ta n g u la r  hypar.
The low  corners o f  th e  hypars are supported  by r e in fo r c e d  con cre te  
columns or by s o l id  b r ic k  p ierw . l 0l / 2" m ild  s t e e l  t i e  rods span betw een  
th ese  low  co rn ers, to  take up the h o r iz o n ta l f o r c e s .  The h igh  corners are  
a ls o  supported  by s o l id  brickw ork and a d d it io n a l supports are  g iv en  to  the  
e x ter n a l edges by w a lls  a t  a number o f p o in t s .  Although th e  e x te r io r  edges 
have no supports over the la r g e  windows, th e  supported p o r tio n  i s  s u f f i c i e n t  
to  s a t i s f y  th e  membrane c o n d it io n  in  each s h e l l .
A ll  the s h e l l s  are b u i l t  up from th ree  la y e r s  o f  3 ” w ide T. and G. 
b oard s, g iv in g  a t o t a l  th ick n ess  o f  2n (s e e  F ig .  1 , 5 . ) .  The boards are p laced  
d ia g o n a lly  and are end jo in te d  by f in g e r  jo in t s  and are g lu ed  and n a ile d  a l l  
over th e s h e l l  su r fa c e .
A ll  th e  edge beams are g lu e  la m in a ted . The in te r n a l ones appear in  
double, each bein g  o f  a w idth  o f  711 and a depth o f  9,f♦ The e x te r n a l edge 
beams are o f  th e  same c r o ss  s e c t io n a l  d im en sion s.
The r o o fin g  i s  made o f  copper s h e e t s .  A l l  o f  th e s h e l l s ,  edge beams 
and other s tr u c tu r a l e lem en ts, in c lu d in g  in s u la t io n ,  are in  p e r fe c t  co n d itio n  
and no in d ic a t io n  o f  any deform ation  can be ob served .
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9 ) Water~Leys S ch oo l, W igston F ie ld s ,  L e ic e s t e r .
The in terco n n ec ted  s h e l l  s tr u c tu r e  which forms the r o o f  o f  a sch o o l 
covers a rec ta n g u la r  area about 66 f t  x  40 f t  . The r o o f  c o n s is t s  o f  fou r  
h y p erb o lic  p a ra b o lo id  s h e l l s  (two o f  th ese  are  20 f t  square and th e  o th er  two 
46 f t  x  20 f t )  jo in ed  to g eth er  along the common in te r n a l edge beams and sup­
p o rted  a long th e  p erim eter by r e in fo r c e d  co n cre te  b u ttr e s s e s  and by b r ic k  
w a l l s .  (See F ig . 1 6 ) .
The edge members are g lu e lam inated  beams, 6n x  8tt in  s i z e  and th e  
in te r n a l ones appear in  d ou ble. The lo n g itu d in a l in te r n a l edge beam i s  
h o r iz o n ta l and th e  sh o r te r  one, which i s  p erp en d icu lar  to  th e  form er, i s  in  
an in c l in e d  p o s i t io n .  Two r e in fo r c e d  co n crete  b u t tr e s s e s  are p o s it io n e d  a t  
the lon g  s id e s  o f the rec ta n g u la r  p la n e , a t  20 f t  from each o th e r , measured 
from th e  co rn ers, where th e  in te r n a l and e x te r n a l in c l in e d  edges m eet. The 
b u ttr e s se s  are capable to  r e s i s t  th e  h o r iz o n ta l r e a c t io n ,  con seq u en tly  th e  
u su a l t i e  bars become redundant.
The s h e l l s  are b u i l t  up from th ree  la y e r s  o f  4 ” x  5/8" T. and 0* boards,
which are p la ce d  d ia g o n a lly  in  a l l  la y e r s ,  and are b u tt j o in t e d .  The la y e r s
are co n stru cted  by n a il in g  and g lu e in g  a l l  over th e  s h e l l  s u r fa c e .
Bitumenous r o o fin g  f e l t  i s  u sed  fo r  w ater in s u la t io n .  I t  i s  in  e x c e l­
le n t  c o n d itio n  and no in d ic a t io n  o f  leak age  can be ob served .
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10 ) Fire Station at Billesdon.
Four 30 f t  x  20 f t  h yp erb o lic  p arab o lo id  s h e l l s  form an in terc o n n ec ted  
r o o f ,  coverin g  an area o f  60 f t  x  40 f t  ( s e e  F ig .1 ? . ) .  Two m utually  p e r ­
p en d icu la r  beams prov id e the in te r n a l support to  the r o o f e These in te r n a l  
edge beams are l a i d  h o r iz o n ta lly  and cro ss  each o th er  above the c e n tr o id  o f  
the rec ta n g u la r  b a se . The lo o f i s  co n tin u o u sly  supported  along th e perim eter  
by the main w a l l s Q
The s h e l l s  are b u i l t  up from th ree  la y e r s  o f  5" x  5 /S ” T. and G-. boards, 
p la ce d  d ia g o n a lly  in  a l l  la y e r s .  The la y e r s  are jo in e d  to g e th er  by n a i l in g  
and g lu e in g  a l l  over the a r e a 0 The boards are b u tt  jo in te d .
The r o o f  i s  covered by two la y e r s  o f  bitumenous f e l t .  The in s u la t io n
and the s tr u c tu r e  are in  e x c e l le n t  c o n d it io n .
P e r sp e c tiv e  View o f  th e  R o o f.
11) Glade H i l l  Prim ary S ch o o l. Nottingham*
•— T i i w r n t i r w  i ■  IIMH t w ii f n w  n t M ii w i i T i j i n w i i J r m i M i i i i  n ,« ii i n n i  w n a w n iw iiim  w i
The gymnasium o f  th e  above prim ary sch oo l (area  o f  60 f t  x  44  f t )  
i s  covered  by a m u lti-co n n ected  r o o f ,  c o n s is t in g  o f  fo u r  id e n t ic a l  r ec ta n g u la r  
h y p erb o lic  p arab o lo id s ( s e e  F i g . I B ' . ) .  The r o o f  i s  supported  a t  th e  fo u r  
low  corn ers o n ly  by 16 ” x  16" r e in fo r c e d  con crete  colum ns. The e x te r n a l w a lls  
are f u l l y  g la z e d  and th e  very  s len d er  m il l io n s  are  not s u ita b le  to  support 
th e  s h e l l  ed g es . l . l / 2" diam eter t i e  bars are p la c e d  between th e  low  corn ers
to  tak e  up the h o r iz o n ta l component o f  th e  r e a c t io n . V
t Glued lam inated  beams are a lon g  th e  in c l in e d  ed ges . Each o f  the  
in te r n a l edges are s t i f f e n e d  by beams o f 6" x  4 ” s i z e .  The e x te r n a l edge 
beams ( 6" x 4 ") have s l id in g  j o in t s  over th e windows a llo w in g  some v e r t i c a l  . 
movement w ith ou t tr a n s fe r r in g  lo a d  to  th e m i l l io n s . A ll  th e  edge beams are  
v ery  s t e e p ,  co n seq u en tly  the t w is t  in  th e s h e l l s  i s  much g r e a te r  than what i s  
u s u a lly  found on such r o o f s .  N ev er th e le ss  the b u ild in g  i s  v ery  a t t r a c t iv e .
The s h e l l s  were b u i l t  up o f  th ree  5 /8 ” th ic k  la y e r s ,  jo in e d  to g e th e r  
by n a i l in g  and g lu e in g  a l l  over the su r fa ce  a rea , To ach ieve  a rea so n a b ly  
smooth su rfa ce  fo r  t h i s  s te e p  r o o f ,  narrower boards had to  be u sed  than o th er ­
w ise  n e c e s sa r y . The d ia g o n a lly  l a i d  la y e r s  are b u i l t  up w ith  3* wide b oard s.
The r o o fin g  i s  made up o f  two la y e r s  o f  bitumenous f e l t .
Both the s h e l l s  and th e  r o o f in g  are in  very  good c o n d itio n  and no 
in d ic a t io n  o f permanent deform ation or leakage can be observed .
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12) N.A.ApF.1.  Shop a t  A ld ersh o t.
The r o o f  which was e r e c te d  fou r y ea rs  ago p rov id es cover to  a shop 
b u ild in g  a t  one o f th e  main roads o f  A ld ersh ot and c o n s is t s  o f  one la r g e  
(70  f t  x  70 f t )  h y p erb o lic  p a ra b o lo id  ( s e e  F i g c 1,9 . )«
The s h e l l  i s  supported a t each o f  th e  low  corners by heavy con cre te  
b u t tr e s s e s ,  w hich are d esign ed  to  take a l l  the sh ear fo r c e s  and h o r iz o n ta l  
r e a c t io n s  tr a n s fe r r e d  by th e in c l in e d  edge members ( s e e  F ig .  2 , 0 . ) .  Two ad­
ja c e n t  in c l in e d  edge beams are co m p lete ly  f r e e ,  and jo in e d  to  th e  window 
fram es by s l id in g  j o i n t s ,  a llo w in g  some v e r t i c a l  movement w ith ou t tr a n s fe r r in g  
lo a d  tp  the m u llio n s8 The o th er  two a d jo in in g  edge beams are supported  a t  
a number o f  p o in ts  by w a lls  so  th e  membrane c o n d it io n  i s  s a t is f ie d , .
The edge beams a re  o f  g lu ed  lam inated  co n str u c tio n  9” wide and 18** 
deep and are b u i l t  in to  tfre co n crete  b u t tr e s s e s .
The s h e ll  i s  b u i l t  up of th ree  la y e rs , n a iled  and glued together a l l  
over the sh e ll  a re a . The T. and G. boards (V  x 7/8” ) are p laced diagonally 
in  a l l  of the lay e rs  and finger jo in te d . Three layers of bitumenous f e l t  ; 
are  placed aver the top sh e ll su rface .
The whole s tr u c tu r e  i s  b e a u f i f u l ly  d esign ed  and v e r y k e a tly  con s­
tr u c te d . The s h e l l s  and a l l  o th er p a r ts  o f  th e  s tr u c tu r e  are in  e x c e l le n t  
c o n d it io n .
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13) Egg and P o u ltry  Packing S ta t io n , Haughley Park, S u ffo lk ,,
The r o o f  -was b u i l t  in  in s ta lm e n ts . The f i r s t  s ta g e  was s ta r te d  in  
1938 and n in e  s h e l l s  were e r e c te d . Four more were added th e  fo llo w in g  
year and la t e r  another th r e e , b r in in g  th e  t o t a l  number o f  s h e l l s  to  s ix t e e n ,  
form ing a square on p lan  w ith  fou r  s h e l l s  to  a s id e .  In  I 965 fo u r  more 
were added to  one s id e 9
The s h e l l s  were 45 f t  square on p la n , and th e r i s e  from low  p o in t  to  
h igh  p o in t was 8 '6 ’*, The s h e l l  membrane was b u i l t  up from th ree  la y e r s  to
5 /8 ’* th ic k  T, and G. boards, th e  top and bottom la y e r s  o f  w hich were p a r a l le l  
to  the edge beams and p erp en d icu lar  to  each o th e r , and the m iddle la y e r  was 
l a i d  p a r a l le l  w ith  th e  d iagonal from h igh  corner to  h igh  co rn er . The la y e r s  
were n a ile d  to g e th e r  and a p h e n o lic  g lu e  was added between them, in  a s t r ip  
3* wide round the perim eter  o f the s h e l l ,  -
The edge beams were b u i l t  up from te n  7 /8 ” la m in a tio n  8' w id e , f i v e  
above and f i v e  below  the membrane and fo llo w in g  the shape o f  th e  r o o f .  Adja­
cen t edge beams were s lo t t e d  to g e th er  and la t e r  two la y e r s  o f  1 /8 ” plywood  
were a ls o  employed as a t i e  between them. The membrane was covered  w ith  a 
la y e r  o f 3/4" in s u la t io n  board and th e  w hole ro o f covered  w ith  bitum enous r o o f­
in g  f e l t  f in is h e d  w ith  aluminium p a in t .  The s h e l l s  were supported a t  t h e ir  
low  corn ers on 20” x  20” R.C. colum ns, and a 1 ,1 /8 ” d ia ,  MacAlloy b a r , supported  
from th e  membrane a t  in t e r v a ls  acro ss  th e  span, was employed as a t ie - b a r .
The membrane in c lu d ed  tw e n ty -f iv e  r o o f  l i g h t s  each 1* 6” x  1*6” and most suppor­
te d  a t l e a s t  th ree  v e n t i la to r  u n it s  and, in  a d d it io n , some, supported  in f lo w  
u n it s .
The s h e l l  su r fa c e  was n o t ic e a b ly  warped and in  some c a se s  d e f le c t io n  
cou ld  be seen  i n  th e  edge beams. Two su rveys have been c a r r ie d  out on th e  
r o o f ,  the f i r s t  in  i 960 and th e  second  in  19&5o The deformed shapes o f the  
r o o fs  were found to  have damaged in  t h i s  tim e but not to  have become markedly 
w orse. For t h is  reason  th ey  were n o t exp ected  to  le a d  to  f a i l u r e  b u t, never­
t h e le s s ,  th ey  do mar th e  tru e  h y p erb o lic  p a ra b o lo id  sh ape, The r o o f  was 
su b je c t  to  la r g e  d if fe r e n c e s  in  tenqperaturd and hum idity  c o n d it io n s  d a i ly ,  due 
t o , t h e  nature o f  th e  work c a r r ie d  out beneath  i t  and th e s e  co u ld  have been  
p a r t o f the cause o f  the e x c e s s iv e  deform ation .
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CONCLUSIONS
Except fo r  one, a l l  th e  s h e l l  r o o fs  examined were o f  th e h y p erb o lic  
p a ra b o lo id  ty p e . I t  has been shown th a t  a s u b s ta n t ia l  p a rt o f  th e  s h e l l  
can be kept fr e e  from bend ing , which may then be l im it e d  to  a c e r ta in  zone 
alon g  th e  edges ( t ) .  I t  i s  th e  d e f le c t io n  o f  th e ed g es , as has been seen  
on th e  examples su rveyed , which i s  u s u a l ly  c r i t i c a l  and i s ,  th e r e fo r e , to  
be g iv e n  c a r e fu l a t te n t io n  in  the a n a ly s is ,  even i f  th e  s t r e s s e s  in  the  
s tr u c tu r e  are  equal t o ,  or l e s s ,  than th e  p e r m iss ib le  v a lu e s .
I t  has been found th a t in  th e  ca se  o f  sm all s h e l l s  not exceed in g  
about 25-30 f t *  s q . ,  the board th ic k n e sse s  u sed  fo r  b u ild in g  up th ree  
la y e r s ,  and th e  edge beam s i z e s ,  gave adequate s t i f f n e s s  to  th e  s h e l l  to  
p reven t the edges from a d e f le c t io n  o f  u n d e s ir a b le  m agnitude. For th e se  
s h e l l s ,  supports a t  the I o y /  corn ers on ly  proved to  be s u f f i c i e n t «
To c o n tr o l th e  d e f le c t io n  o f  th e  edges on s h e l l s  la r g e r  than  
30 f t .  s q . ,  which as a m atter o f  f a c t  may develop  to  such  a degree th a t  
c r i t i c a l  d is to r t io n  o f th e  s h e l l  ta k es p la c e ,  th e  edge beam s i z e s  can be 
in c r e a se d  beyond th a t req u ired  fo r  th e  tra n sm issio n  o f  th e  shear fo r c e s  
to  th e  su p p o rts . I t  w ould, o f  co u rse , be uneconom ical to  keep in c r e a s in g  
th e  edge beam s i z e s ,  and a more r a t io n a l  s tr u c tu r a l la y -o u t  may be o b ta in ed  
by th e  in tr o d u c tio n  o f  supports a lon g  th e  p er im eter .
Another im portant fa c to r  i s  th e  p o s i t io n  o f  th e  boards in  th e  
d if f e r e n t  la y e r s .  The s a t i s f a c t o r y  method proved to  be th a t  vdiere th e  
boards were l a i d  d ia g o n a lly , p o s s ib ly  u s in g  lo n g  or end jo in te d  boards, so  
th a t th e number o f  th e b u tted  in  s i t u  j o in t s  can be e lim in a te d  or reduced  
tp  th e  minimum. I t  seems a d v isa b le  th a t th e  la y e r s  are jo in e d  to g e th e r  by  
n a i l in g  and g lu in g  over th e  whole area o f  th e  s h e l l .
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